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ÉYÑts & RNCT0NALN=0NS

Recall definition of MPLS

Glory .
. .

,
an;H=§¥%, 6193; an;D

aj --40,1. - s}
*
SPECIAL

91 F) = # login
case of

HPI

MPLS fulfil non-trivial funds
and zloties

if variable
"

X
"

appears
with complicated functional

dependence ⇒ Moreover sometimes it is posable to

express MPLS in terms &
.

simpler functions

⇒ we'll see how to make sense of these things .
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Fame of HRs due to

- extreme symmetry , simply !

- wide applicability to diverse high-energy

physics problems !

Remember canonical differential Equations added

by one loop bubble u Dn 2
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⇒

dñ=e /
° ◦

± ÷.

- ± ]ñ
result is HPLS in ✗

✗ called

LANDAOVARIABLf-ifoe.tothen p2 > 0 [Euclidean
kinematics ! )

at every
order result written as

fdx / ¥ ; ¥, } Eloi ;✗ )
of = 10, -1 } HPLS
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Explicitly foe bubble ,
ma

dmi"

-d✗
= ◦ ⇒ mi

"
= Co

I. boomdog card .

dmz"'

*
= ¥ mi" + 1¥ , - E) co

↑
TADPOLE

In our normalization

Ms = it EYE - E3 } +old ) E-
_⇔)

so

my
"'

= 2619×1 + to /261-1, ×) - 619×1] + Cs
I
must be fixed still !
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We can use regularity ,

remember

Ma = @)pÑ+mT Mz

↑ physical interpol
must be regular at pIo

M2 = { f- M2 = £ m¥p(✗+1) %

f2→o corresponds to ✗ → 1 (p2=m2¥
to pole ¥, must dropper !

Mi
"
= { mz÷,,µ , co

^

¥,

so co⇒

Mi
"
= m¥⇒,, [ 2419×1+4 +É(26G
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as ✗→ i 419×1 = logcx ) ~ (✗- s> !

Mi" - ±, [ g. + + . . . ]
must be zero too !

so regularity tells us thot c◦=c

ME
'

=
0

min = 2610, ×) = 2log pafe !

=

d÷¥= Enki" +1¥ ,
- E) mi"

=l¥i⇒
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MY )= 461-1,0, × ) - 2610,9×1+4
↑

still to
be

E-

apim
I went Mi" - ¥,

mi" → Fnte
• ✗→ 1

Glo,H~( x-D 610,0, ✗Ink
-112

61-1,9×1 = [ ÷,
logit ) when ✗→ 1-

61-1,911--1%2=-31
• Mi

"

¥, ¥, [ C2 + 32] ⇒ ↳ = -32
=
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Fondly we get

MY'= kcd-l.fi/)-2Gl99x)-3z-
only functions and

houses of transcendental
weight 2 -

thee out every
order in E ⇒ eh

≤ weight h

We say that integrals thot fulfil
coronial

differential equations are also of

UNIFORM TRANSCENDENTAL WEIGHT (UT)
=

◦<✗< a ⇒ Euclidean p3o ⇒ 5<0
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FUNCTIONAL RELATIONS & LINEAR INDEPENDENCE

If we think about MPLS or special case of iterated

integrals ,
we see that statement on linen independence

applies here straight friendly _

For MPLS Wi = dloglx- ai )

if all ai different , then clearly all wioeeiude-pe.cat

⇒ $ f-

RA.to#Emdrthoty&biWi-df
to by constructions

,
MPLS evaluated d- generic .

point
"

x
"
ore broody independent if they¥

"

different ⇒ after applying dlSHvES .

q



For linen independence at is FUNDAMENTAL

that MPLS ore function of the same variable E)

oud that ✗ does not enter in the indices !

613,2 , 0 , ×) ≠ 612,1 , O, X) etc

if instead G evaluated of some special

numerical point ,
this is in general not

true !

Also 610,1 ; x ) cannot be easily composed

with 610,1, 1-× )
I. or any

non - filial function
↓ of ×

they might in general not be

independent ⇒ FUNCT0NALRECAthNS-
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We know this very well with normal boys

bogus = - log# I

⇒ Glo
,
✗ I = - Glo

,
¥ )

SOMETIMES functional relations involve cloning a

bunch out !

611
,
E) = log 4- E) if ×> 1 ok

if 01×21 broach
art !

Keep track of d- with ie ✗→ ✗+is

log /Hie - 1)1µg ) = logcx-1-iiel-logcx-Y.es
= loyla-x) + log C- I + ie ) - loglx )

= 611
,
×) -619×1 +i imaginary post

µ



lwportoutpamt__ : when dealing with MPLS

if we understand functional relations

for WEIGHT 1 functions ( LOGS ! )
we can derive ALL FUNCTIONAL RELATIONS of

any weight
, abortively !
=

for example we have seen

Eli , & / = 611×1-619×1 + it ◦ ≤ ✗ ≤ 1

' f [Imix )){410
, f) = - 619×1
-

From here
,
we can derive similar relations for

%

6191
,
E) = / ¥ 611 , t )

0
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¥4191, ¥ ) = - ¥ (g) 411, E)

= - ¥613 ± )

= { 619×1 - ¥611, ✗ I - tilt |f◦≤fImlx) > 0

to integrating back
✗

610,1
,
H = fdx / ¥610,4 -1×611×1 -¥] + C

= 610,0 , ×)
- 610,1

,
× ) - it 610,4 + §

constant
to be \
fixed •

him ✗ →1

410,11 ) = - 6191,1 ) + c ⇒ C = 26191
,
1)
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610,1^1 = [ ¥ high -×) = - Lian ) = - ¥

4191,1×1=4199×1-6191, × ) - ¥ - it Glqx)
EE TEE!

! is conjectured that ALL FUNCTIONAL RELATIONS

among MPLS preserve transcendental weight÷÷÷÷⇔
variable / INCLUDINGINDICES ! ) we obtain MPLS of hwI

.

in this way we can work out ANY functional
relation bottom -up , starting from LOGARITHMS

in other words
, if we understand fictional relations

for logon terms , we understand them for ANY MPLS
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Let us consider the two following quantities
( O <✗<1)

A = GC-1,1, × )

B =L- his /¥) + logs toga -1×1 - G÷ +¥ ]

at turns out A- =D

we can prove it by differentiation

,
= ¥, Guin = G¥¥ 77.1-a !
:& = + lot " + loyal ,÷× = login-H

Ix

then when ✗→ ◦ { A-G)
= 0

Bco) =-1¥ + bg¥ _ log¥ +1¥ = ◦
✓

⑤



if we are interested into relations among finches
of higher weight , we need to devote this procedure

A- = Glo
, 1,1 , × )

B. = -421×1 login - ×) - { log ✗ login - x)

+¥ log [a-×) - Liz (a-×) + 33

to prove A = B

✗= { 911,1×1 = ¥ { log% - ×)

%✗= + G÷¥ + 42¥ -His * loyaltyat
Tx

-¥ Ex + "Y

16



8A
=
log% -×)
Tx

%ʰ× = bY¥¥+,!z[ Light + Lisle- ✗ I *logxbgli-✗ 1-¥
-

1- to be equal , this should
be zero !

C = Light + Lisle - x1 a-logxlogli-x) - ¥

to I need to consider how

0C

☒
= 0 [ obvious time we go down to boys ! ]

[area
°

= -9k¥ ; 0k¥ 't = bq¥ ]
out notice CG→£ ) = 0

using Lietz) = ¥ - body etc

it


