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In previous lecture we hare seen how Feynman lmtywb,
through differential equations, con naturally he expressed

a terms of lTERATEDlNTEGRALS_ .

⇒ At least their E- expansion !

iterated integrals ore befell
,

but the ore a huge
don of functions

,

and it turns out that in

practical applications, sane special SUBSf of
them are

mostrelereutspecify.mga subset amounts to specifying the type

of differential forms

the most important loud historically the First)

type of iterated integrals that was studied for

nts applications to particle physics
,

ore the wallet

MULTIPLE POLY LOGARITHMS

①



Historically , from the very fast dogs of
perturbative QFT

, physicists stated noticing thot

some specially tyres of functions and numbers would

appear over and over ofoim in perturbative

adulators _

typical examples :
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⇒

pdoioatiouiuQED.mn
= [guv_ Pj! ] Icp? my

Tcp? my > p.ge#.tu(F-F-)E-uii-irp.
We see logarithms, IT, 5h Zeta values

,

etc . . .

3n= É
,

ten ; k> 1

which for even
"
n
"

gives
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32h =
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Bz = to ; Ba = - ¥ ; BG = £5 ③



he g-2 we also encounter clinical pdylogaithu
✗

Links = felt
2in" " ) Little login - t )

o

=L
_

LinU)=5nns1_

Notice that arguments of log a mom is

" complicated
"

algebraic function !

Can we make some order ?

• which functions ore

"

allowed to appear
"

?

• which argument ? can I get logllogxl ?

• what about e
, je, light ) etc , which you see

in QFT books ? Are they really there ?
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First of all we need to define on important

plsperty of numbers ( out functions, in some extended

Heise ) ⇒ TRANSCENDF-NTAL.IT#

• A number (me ) in algebraic @ez IQ) if it
is the root of some polynomial with coefficients in $

- 9 C- ☒ algebraic ⇒ 2--9=0

- q c- IQ ⇒
"

of algebraic , 2-
"

-9=0

-

i c- ¢ is algebraic ✗2+1 = 0

• A number that is NI algebraic , is called

TRANSCENDENTAL
_

[gebroie
numbers frm a field !

Otb ;
Orb ; ¥ still algebraic if
-

1a,b are algebraic



Or Function is algebraic if it is a root of a

polynomial with coefficients that ore RATIONAL Functions

④ +1) 2-2 - 3 ✗ = 0

Z = ±⇒ algebraic
= function !

it is in general VERY DIFFICULT to prove that

a number on a function IS TRANSCENDENTAL_
.

There is a therein [ LINDEMANN , WEISTRASS - GECFOND]

• if y ,
2- c- ¢

, Algebraic , Y -40,1 ,
- 2- notational

⇒ y£ is transcendental

• e is transcendental [ e1=e ; 1 algebraic J

-1 both
• IT is transcendental ei"= - 1

/ {i } algebraic 6



• IT
" loud so Gen ) ore transcendental

• Gelfand 's constant ⇒ @
it)
- i=@g-

i

• logx is transcendental since eG✗=✗ is algebraic !

Note that 33 is the only odd 3 value that

was proven to be transcendental
,
35.7.9 etc just

conjecture

GNJECNRE-3.ir and all Link )

ore transcendental !

at looks like both algebraic and transcendental

objects offer in Feynman Integrals . There exist

another clan of objects that we can define , out
that has non-trivial intersection with the previous

ones :
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PERIODS

A complex number is a period if 2- = ✗+ iy s - t

✗if can both be written os integrals of

algebraic functions with algebraic coefficients over

a domain defined by polynomial inequalities
with algebraic coefficients

• Every algebraic number is a period

✗ = [ dy
•
the logarithm is a period

login = /
✗
dy

a
I

• IT is a period

* = ↳j≤ 4×4 8



•
All Colonial ) pdglogs ore periods

dtndLitt )= f
◦ ≤ tz≤tn≤z

till - tz)

iimx
,
cos ✗
, logllogx ) ore

CONJECTURED not to be periods !

[ oxsimx is ! it's a log ! ]

• lMPORNT_ THEOREM (Bogner, Weiniial 2009 )

if you properly normalise them
, Eynmaihtegols

a- periods

I
"! else E d%j 1-

✓ =L ¥2 De .
. . DN

↑

this normalization removes ALL occurrences

of je g



the lost therein motivates us to consider

iterated integrals that produce
"periods

"

_

simplest type of " algebraic
"

functions that
we can imagine to integrate ,

ore RATIONAL

FUNCTIONS

RCX
, F) = national function
I set of orbitwily many rosettes

By partial fraction ing ice ×
, dealy we have

fdx ✗
~

= ¥1 ✗
"+1

|R*Ñ)ᵈ× = [ ✗ ¥aiy , ]" - ¥, ¥ay ,] " ME

t.ch#yy=loyCx-ajH;n-- I
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We see that integrating a rational function
we get something other than a rational function

only if we integrate over a Ingle pole

⇒ Undue #0
,

multivariate function called
cogoithmr-
-

.

it is very natural
to aloud this construction allowing

iterated integrations
2-

1 Easy
" [%# ) =

0

if n> 1
,

con do integration by ports

✗
2-

= -±
, ¥.sn- i / ᵈYy÷b + ±

, /¥.sn b) ok
✓ -

goin just log + national functions ! 11



again , only 'f n = 1
,

I get something
"
new

"

2- ✗

f-¥
. !ᵈy÷ = G- 1%42-1

◦ Fist example of a
Multiple pdglog

BERNINI MP#_

|Gl9Q2,:.,Qn;✗)=§t¥,Glʰ3--;Qn;t#
-

see that nthahre definition has a problem when

an = . . - = an = 0 ⇒ tangential base point reguhitota
or simply

|GE÷9×bgc
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•
Mpls ore iterated integrals, whose different'd

forms are - dlogslfcxs )

-
where fcx) is a RATIONAL FUNCTION
-

• 919 . . . ,0 ; × ) = £, login consistent with

T
= f✗ᵈᵗˢ . . . [

""

dtn

ts In
1 1

07 = Qs
,

. . -

,

an called indices of pdglog

n = length =

!

t weight
SPECIAL FOR POLYCOGS !

✗

619×1--1 a
= log /a- %) =

transcendental

function
0 of weight 113



• 8199 .
_
. ,q× ) = nf.bg/a- E)

ʰ

I product gves
transcendental weight

" R"

• As
every iterated interpol , they fulfil all

properties kedudimg SHoFFLEPRoD

G- 19 , × ) Gcb , × ) = Gla ,b, ✗I + 6lb , qx)

Gleb ,x) GK,
d ;×)= 49444×1+6194,4×1

+ 610,944×1+61496,4×1
+ 614944×1 c- Gcc , d,qb, × ) etc

eonsisteutwih-G.la
,
×) ◦ . . . • 619×1 = h ! Goya, . . - , 9 ; ×)
- w

n times h times

"

logll - E)
"
= h ! Gla

,

- . .

/ 9. × ) he



OTHERBASICPROPERTIES.tl
) Glay . . . ,Qn ; ×) is logoithmidly divergent

when ✗→ as

2) Glas
,
.
.
. .hn ; x)

is smooth oh ✗ = ◦ 'f aj≠o
and GlQs,;Qn;oI=◦-

3) Glory . . .

,
an ;x ) as

a function of ✗ c- ¢
,
has

a branch cut Atmos if Relx ) > Delhi ) Vi

but not necessarily !

619
,
✗ I = logfi - ÷ ) has branch out if ×> a

6194×1 = [¥ /◦ᵗ-, =
- Lish)

touch been
Rix) > I 15



4) Rescaling : f-a
,

then

GGas
,
-

,
tan ; ✗ 1=6101, . . . , an ; ¥ )

5) CLASSICAL POLYLOGARITHMS ore especial case

Linh ) = .

-

Gl0÷
1
,
× )

Li
,
(x ) = - 610,1 , ×)

etc

Liz 1×1 = - 66,91
,
×)

6) HARMONICPOLYLOGARITHMS-lt.IMs) most famous
MPLS

fix indices = 10,1 , -1 }
99
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