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Sheet 10: Dirac Equation, Gamma Matrices (11.7.2017)

1 Lorentz invariance of the Dirac Equation
Given a set of four n X n matrices v* that satisfy
{7} =24"", (1)

we can write an n-dimensional representation of the Lorentz algebra,

5w = 10" 7). @)

a) Show that the S indeed satisfy the commutation relations for the generators of the Lorentz group,

[S/uz7 Spo'] _ -(gyps;w . gppsya . gyasp,p _’_guasyp)‘ (3)

b) Given an infinitesimal Lorentz transformation z# — z'# = A" x¥ with A#, = 0 + w*  define
S(A) = exp (—iw,,S* /2). Then the Dirac spinors transform as ¢'(z') = S(A)y (). Show that

STHAYS(A) = Ay (4)
Then show that the Dirac equation (i7*0, — m)y = 0 is Lorentz invariant.

c) Define ¢ = 4? and M = 1M T4, with M an arbitrary 4 x 4 matrix. Prove that

MMy = M2W1,
(1 Mpn)* = 1y My, (5)

=
Prove also that S(A) = 7°ST(A)y° = S~'(A), and use this result to find the transformation behavior of
Y(z) =Y (@)’
2 Representations of Clifford algebra and Dirac Spinors

The Weyl or chiral representation of the Clifford algebra is given by

() ()

a) Show that the above matrices indeed satisfy {7*,+v"} = 2¢*”. Then find a unitary matrix U such
that (¢/)* = Uy*UT, where (y')* form the Dirac representation of the Clifford algebra,

no_ (10 ni [0 o
) —<O _1>, m-(_ai O>. )


https://www.t75.ph.tum.de/teaching/ss17-relativity-particles-fields/

b) The plane-wave solutions of the Dirac equation are ¥ (z) = u*(p)e P or ¢(x) = v¥(p)e™™@P, where
in the chiral representation

s N HaS s Vp-on®

u(p) = ], )= _ | (8)
VP& —Vp-on

where o# = (1,5) and 6* = (1, =), while £* (s = 1, 2) is a basis of orthonormal two-component spinors,

satisfying (£7)7¢* = 6", and similarly for n®. Show that

u'(p)lut(p) = 2B,6™, W (p)u(p) = 2mo"
V(p)'vt(p) = 2E,0™, 0" (p)v(p) = —2md"™, (9)
while the orthonormality conditions are
@(p)v"(p) =0,  w(p)v'(-p)=0. (10)
c) Finally, show that

dwpup)=p+m, D *P0(p)=p—m. (11)

s=1 s=1

3 Useful identities for gamma matrices

Using only the algebra in Eq. (1) (that is, without resorting to a particular representation), and defining
the object v° = i7%y1~4243, prove the following results:

a)
1. Try* =0,

Trata?” =4g",
PPy =2D1-D2— P, P,
TPyt ==2p and . p Pt = 4Api-pe,

Te(p, p, Py p,) = 411 - p2)(p3 - pa) — (P p3)(P2 - pa) + (P1 - pa) (P2 - P3)],
Tr(p, ... p,) =0if nis odd,

A A e

b)
1. (7*)*=1and Try° =0,
2. Tr(y’p, p,) =0,
3. Te(V°p, Py By B,) = —4i €uupodi P D5 DT,
4. {v*,7°} =0 and [S*™,7°] =0.

Hint: Some useful tricks include using the cyclicity of the trace, and inserting (7°)? = 1 into a trace.



	Lorentz invariance of the Dirac Equation
	Representations of Clifford algebra and Dirac Spinors
	Useful identities for gamma matrices

