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Sheet 9: renormalization
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1*1 Feynman parameters

Prove the Feynman parameter identity

1

P a1
1 P a2

2 · · ·P an
n

=
Γ(a1 + · · ·+ an)

Γ(a1) · · ·Γ(an)

×
∫ 1

0

dx1 · · · dxn δ(1− x1 − · · · − xn)
xa1−11 · · ·xan−1n

(x1P1 + · · ·+ xnPn)a1+···+an
. (1)

Hint : Make use of the integral
∫∞
0
dt e−tP ta−1 = Γ(a)P−a. You may assume that Pi > 0, ai > 0.

2* Optical theorem

a) Define the T -operator through S = 1 + i T , where S is the scattering operator. Derive the identity

i(T † − T ) = T †T , (2)

and show that it is equivalent to

Tβα − T ∗αβ = i

∫∑

γ

dΠγ(2π)4δ(4)(pα − pγ)T ∗γβTγα , (3)

where
∫∑
γ

denotes a sum/integral over a complete set of (multi)particle states labeled by their three-

momenta and possible other quantum numbers.

Apply the above equation to the case where α = β is a single-particle state at rest to derive a relation
between the imaginary part of the self-energy and the total decay width of the particle. Note that in
the general case of an unstable particle, the LSZ formula applies to the on-shell limit p2 → m2

∗, where
m2
∗ = m2 − imΓ is the complex pole location of the two-point function, and this relation defines the

physical mass m and width Γ.

b) Assume a field theory of two real scalar fields φ, a with Lagrangian

L =
1

2

(
∂µφ∂µφ−m2φ2

)
+

1

2
∂µa∂µa− gφa2 . (4)

Compute the physical mass for both scalar particles at the one-loop order in terms of the bare mass
as well as the residues of the two-point function of bare fields (that is, the on-shell wave function
renormalization constants) in dimensional regularization. Note that for the φ particle the location of the
pole becomes complex. What is the physical interpretation of the imaginary part? On a different note,
which further terms must be included in the Lagrangian to render it renormalizable?

1The * means to be handed in.
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3 Loops in dim. reg. [discussed at central tutorial of 23.01]

Consider the two-loop contribution to the self-energy of a real massless (i.e. m = 0) scalar field in φ4

theory.

a) Usually the result for a two-loop diagram with divergent subdiagrams contains a 1/ε2 double pole.
Explain why there is only a single 1/ε pole for the diagram below, and why there would be a double
pole if m 6= 0. No explicit calculations are required.

Problem 22

Consider the two-loop contribution to the self-energy of a real scalar field in massless φ4

theory (i.e. m = 0).

a) Usually the result for a two-loop diagram with divergent subdiagrams contains a 1/ϵ2

double pole. Explain why there is only a single 1/ϵ pole for the diagram below, and why
there would be a double pole if m ̸= 0. [No explicit calculations are required.]

b) Compute (in the massless theory) the complete two-loop self-energy −iΠ renormalized
in the MS scheme, i.e. the self-energy at order λ2.

[Note: use that in dimensional regularization

∫
ddk

(2π)d
1

k2
= 0.

Why does this hold? More generally, why do all diagrams independent of external scales
(masses, momenta) vanish in dimensional regularisation?

For part b) it proves useful to first compute the integral

µ̃2ϵ

∫
ddk

(2π)d
1

[−(p + k)2 − iη] [−k2 − iη]a

for arbitrary a, and without expanding in ϵ, with the help of Feynman’s parameterization.]

Problem 23

In dimensional regularization the MS coupling renormalization constant has the expansion

Zλ = 1 +
∞∑

n=1

λn
n∑

k=1

znk

ϵk

where λ = λ(µ) refers to the renormalized coupling. Prove

a) that the d-dimensional beta-function can at most be linear ϵ,

b) that the n-loop coefficient βn−1 of the four-dimensional beta function

β(λ) =
∞∑

n=1

βn−1λ
n+1

is determined from the single pole term zn1, and

c) that znn can be expressed in terms of z11.

b) Compute (in the massless theory) the complete two-loop self-energy −iΠ renormalized in the MS
scheme, i.e. the self-energy at order λ2.

Hints : Use that in dimensional regularization

∫
ddk

(2π)4
1

k2
= 0 . (5)

Why does this equation hold? More generally, why do all diagrams independent of external scales (mas-
ses, momenta) vanish in dimensional regularization?

For part b) it proves useful to first compute the integral

µ̃2ε

∫
ddk

(2π)d
1

[−(p+ k)2 − iη][−k2 − iη]a
, (6)

for arbitrary a and without expanding in ε, with the help of Feynman’s parametrization.
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Feynman diagram snowflakes!
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