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1* 1 Dirac spinors

a) Starting from the Lagrangian
L = ψ̄ (iγµ∂µ −m)ψ (1)

for a Dirac spinor field ψ, show that the free Hamiltonian H0 =
∫

d3x (πψ̇−L) with π = ∂L
∂ψ̇

is given by

H0 =

∫
d3x ψ̄(x)

(
γi

1

i
∇i +m

)
ψ(x) (2)

=
∑
s=± 1

2

∫
d3p

(2π)32Ep
Ep
(
a†(p, s)a(p, s) + b†(p, s)b(p, s)

)
(3)

up to the zero-point energy for every degree of freedom. Both forms of the Hamiltonian should be
derived, and Ep =

√
~p 2 +m2.

b) Verify the completeness relation for the fermionic coordinate eigenstates:∫ ∏
n

dξ∗n dξn |ξ〉e−
∑

m ξ∗mξm〈ξ| = 1 . (4)

The result 〈ξ|η〉 = exp(
∑

n ξ
∗
nηn) may be used.

2* Majorana spinors

Compute the free generating functional and derive the non-vanishing contractions for a left-handed
Majorana fermion field with Lagrangian

L = ψ†αiσ̄
µ
αβ∂µψβ −

m

2

(
ψαεαβψβ − ψ†αεαβψ

†
β

)
. (5)

3* Compton scattering of a scalar particle on an electron

a) Compute the scattering of a real massless scalar φ with a massive electron ψ, i.e. φψ → φψ, with
interaction

L = gψ̄ψφ . (6)

1The * means to be handed in.
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Specifically, derive the differential scattering cross-section in the rest frame of the incoming electron,

dσ

d cos θ
=

g4

32πm2

(
E ′

E

)2(
E

E ′
+
E ′

E
+ 2 cos 2θ

)
. (7)

θ is the scattering angle between the incoming and outgoing scalars and E,E ′ their respective energies.
Note you should average and sum over incoming and outgoing spins of the electron, respectively.

b) Repeat the calculation but with the interaction

L = igψ̄γ5ψφ . (8)

Explain, why we have written an i here.
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