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1 Vanishing of torsion in pure gravity

Consider the Einstein action

SE =
1

16πG

∫
d4xE R mn

mn , (1)

where E = det(emµ ). In this problem we prove that the variation of SE with respect to the connection
implies vanishing torsion.

a) By calculating the variation of SE with respect to the connection, show that in the absence of matter
the equations of motion take the form

Dµ[E(eµme
ρ
n − eµneρm)] = 0 . (2)

b) Prove that Eq. (2) can be equivalently written in the form

eρqS
q

mn − eρmS
q

qn + eρnS
q

qm = 0 , (3)

and show that this last equation implies that the torsion coefficients vanish identically, S q
mn = 0 .

2 Einstein’s equations

Derive the equations of motion of pure gravity

SE =
1

16πG

∫
d4xE R mn

mn , (4)

by demanding a vanishing variation of the action with respect to the vierbein, emµ .

Recall that the Riemann tensor can be written as

Rmn
pq = (eµme

ρ
n − eµneρm)(∂µωρ

pq − ωµrpωρrq) . (5)

As intermediate steps, you will need to show that the variation of E = det(emµ ) is given by

δE = Eeµmδe
m
µ , (6)

as well as the identity
δeµm = −eλmeµq δe

q
λ . (7)
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3 Spin-1 and Spin-2 interactions

a) Derive the leading interactions of a spin-1 U(1) gauge field, Aµ, with a complex scalar, φ, by requiring
that upon the transformation

Aµ(x)→ Aµ(x) + ∂µπ(x) (8)

such interactions do not depend on the longitudinal mode π. Note the complex scalar will need to
transform as well,

φ→ φ+ i a π φ+ b π2 φ+ · · · , (9)

where the parameters a, b, . . . will need to be determined as well.

Hint : Start from the interaction
L ⊃ −iAµ(φ∗∂µφ− φ∂µφ∗) (10)

and derive the complete set of interactions iteratively.

b) Derive the leading interactions of a spin-2 gauge field, hµν , with a real scalar, φ, by requiring that
upon the transformation

hµν → h′µν + ∂µπν + ∂νπµ , h′µν = hµν + πα∂αhµν + (∂µπ
α)hαν + (∂νπ

α)hµα (11)

such interactions do not depend on the vector mode πµ at linear order. Note the scalar will need to
transform as well,

φ→ φ+ πα∂αφ . (12)

Hint : Start from the interaction

L ⊃ 1

2
hφ , (13)

where h ≡ hµµ, show that the Lagrangian must at least contain

L ⊃ φ+
1

2
hφ (14)

in order to cancel terms with two fields, and determine the complete set of interactions by iteratively
cancelling terms with increasing number of h fields.

Recall that both Eq. (11) and Eq. (12) follow from general coordinate transformations x→ x+ π,

hµν → (δαµ + ∂µπ
α)(δβν + ∂νπ

β)[ηαβ + hαβ(xγ + πγ)]− ηµν , (15)

φ→ φ(xα + πα) , (16)

at linear order in π.
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