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1 Vanishing of torsion in pure gravity

Counsider the Einstein action .
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where E' = det(e}’). In this problem we prove that the variation of Sg with respect to the connection
implies vanishing torsion.

Sk

a) By calculating the variation of Sg with respect to the connection, show that in the absence of matter
the equations of motion take the form

DuE(epeq, — ener)] = 0. (2)

b) Prove that Eq. (2) can be equivalently written in the form

e’rS,,l —er S, 9 +eS 1=0, (3)

q~mn m*~qn n™~qm

and show that this last equation implies that the torsion coefficients vanish identically, S,,,9 = 0.

2 Einstein’s equations

Derive the equations of motion of pure gravity
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by demanding a vanishing variation of the action with respect to the vierbein, ej'.

Recall that the Riemann tensor can be written as

Rmnpq — (6’/;165)1 — eZe’rpn)(auwppq _ wﬂ"'pwprq) . (5)

As intermediate steps, you will need to show that the variation of £ = det(eL”) is given by

0F = Ee}de;’ (6)
as well as the identity
dekt = —ef‘ne’q‘éeg\. (7)
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3 Spin-1 and Spin-2 interactions

a) Derive the leading interactions of a spin-1 U(1) gauge field, A,,, with a complex scalar, ¢, by requiring

that upon the transformation
Au@) = Au() + O (a) (®)

such interactions do not depend on the longitudinal mode 7. Note the complex scalar will need to
transform as well,

= dptiang+bmid+---, (9)
where the parameters a, b, ... will need to be determined as well.
Hint: Start from the interaction
LD —iA (¢ 0ud — $0,07) (10)

and derive the complete set of interactions iteratively.

b) Derive the leading interactions of a spin-2 gauge field, h,,, with a real scalar, ¢, by requiring that
upon the transformation

h/w — h;w + @/ﬂTV + 81;77'# ’ h:w = h#y + Waaah/w + (a,uﬂ—a)how + (aVWO[)hlwé <11)

such interactions do not depend on the vector mode m, at linear order. Note the scalar will need to
transform as well,

¢ = ¢+ 10, (12)

Hint: Start from the interaction

E:)%h¢, (13)

where i = hf;, show that the Lagrangian must at least contain

£3¢+%m> (14)

in order to cancel terms with two fields, and determine the complete set of interactions by iteratively
cancelling terms with increasing number of h fields.

Recall that both Eq. (11) and Eq. (12) follow from general coordinate transformations = — = + m,

Ty = (0, + 0um)(8] + 0y ap + hap(a” + 7)) = 1 (15)
¢ = oz +77), (16)

at linear order in 7.
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