4 Renormalization

Main references for this section are [10, 11].

4.1 Introductory remarks

Consider a Wightman theory (H,U,Q, ¢, D) as in the previous lecture and sup-
pose we want to describe a collision of several particles: The LSZ formula gives:

(Ola(ky) ... a(k)Sa'(pr) ... at(pn)|0) = ((\;%))nM g(kf —m?) H(p? —m?)x

ey .
X /d4x1 dradtyy . dYy, €= B P

x(QUT(¢p(xe) .. dp(T1)dB(Y1) - - - OB(Yn))2),

J=1

The ‘renormalized’ field ¢ := Z~"/?¢p is again a Wightman field. To compute the
S-matrix of (H, U, Q, ¢, D) we drop Z and the index B on the r.h.s. of the formula
above.

Possibly after regularizing the time-ordered product, we can express the Green
functions of ¢ above by the Wightman functions and then analytically continue to
Schwinger functions G ,. If the theory satisfies also Osterwalder-Schrader axioms,
we have

5 5 )
5Ty 57y e oo ZEU]Z/S; Ddu(p), (56)

GE,’!L(Ila st 7$n) =

for some Borel measure dy and J € Sg. (We changed ¢#(/) to e#(/) where J € Sg,
making use of the Osterwalder-Schrader axiom of analyticity).

Today we will attempt to construct this measure in A¢* theory. This endeavor
will not be completely successful. In the end we will obtain G, as power series
in the coupling constant A whose convergence we will not control. Thereby we will
abandon the Wightman /Osterwalder-Schrader setting and delve into perturbative
QFT. Strictly speaking, we will also abandon the realm of quantum theories, as
there will be no underlying Hilbert space and thus no control that transition prob-
abilities of physical processes take values between zero and one. On the positive
side, the finiteness of individual terms in this expansion will be an interesting
problem in the theory of differential equations.

4.2 From action to generating functional

Consider the Euclidean action written in terms of the bare (unphysical) quantities:

1 1 A
Selion) = [ d'a(30uend"sn -+ ymibeh + S2h). 67)
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Introduce the physical parameters via g = VZo, mp = Zmm, A\g = Z)A. This
gives

1
Sele] = / d'z5 (Dupdp + m*¢?)

[tz - Doeire + L2z — 1w+ DL

= Spole] + Se1le)- (58)

Let us start with the free action Sg. The corresponding generating functional is
ZiolJ] = e TP T0C®Tw) _ / Do), (59)
Sk

I _ ”
dﬂc(@) — ”Nice SE,D[‘P]D[SO] , (60)

where C'(p) = m and du¢ is the corresponding Gaussian measure given formally
by (60). The candidate generating functional for the interacting theory is

1

Zg) =
N Js,

A SE e i (i), (61)

where N is chosen so that Z&m4[0] = 1. Problems:

e dyic is supported on distributions so p(z)? appearing in Sg 7[¢] is ill-defined
(UV problem).

e Integral over spacetime volume in Sg ;[¢] ill-defined (IR problem).

4.3 Regularized generating functional
To make sense out of (61) we need regularization: We set
1 _p24m?  Pam?

2 (p) ::m(e A —eT AT ). (62)

Here Ay is the actual UV cut-off. 0 < A < Ag is an auxiliary cut-off which will be
needed for technical reasons. Thus Cll\‘o is essentially supported in A < p? < Ay.

Lemma 4.1 dua, is supported on smooth functions.
A

Thus the following regularized generating functional is meaningful

1 A
Zg’AO[J] _ N/ee@(f)e SE[’]I’(V)[QD]duC//\XO (¥), (63)

where we also introduced a finite volume V. Of course, when we try to take the
limit Ay — oo, we will get back divergent expressions. The idea of renormalization
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is to absorb these divergencies into the parameters in Sg“l % (therefore we added
a superscript Ag). For simplicity, we rename the coefficients from (58) as follows:

Sg‘“[ ke [ | = /‘/d%(al\oﬁuwa“go + blhop? 4+ cAO/\<p4). (64)

We list the following facts:

o Zp" generates (regularized) Schwinger functions G,

o —log (NZy"°) generates (regularized) connected Schwinger functions G/E“C\(jl

o XM == —log (NZy™[(CA°) 7)) + L(J|[(C40)~"J) generates (regular-
ized) connected amputated Schwinger functions with subtracted zero-order
contribution Gy > lacn

Given energy-momentum conservation, it is convenient to set

5711\71\0 (ph . 7pn71)(27r)45(p1 + -+ pn)
— / i(pre1+-+pnn Gg?& acn('rl’ A 7In)d4$1 e d4$n(65)

4.4 The problem of perturbative renormalizability

The renormalization of ¢* in 4 dimensions is only understood perturbatively. This
means we treat S2A0 as a formal power series

St =3 NG, (66)
r>1

i.e. a series whose convergence we do not control. (Order by order the limit
V — R?* can be taken, so we will not discuss it anymore). Similarly, we treat the
coefficients from the interaction Lagrangian as formal power series:

av =Y "Nalo, b= "Nk, =) are (67)
r>1 r>1 r>1
Furthermore, we impose the following BPHZ renormalization conditions (RC)
S$a(0) = dra, 53°(0) =0, 9253°(0) =0, (68)
which fix the physical values of the parameters?.

Theorem 4.2 (Perturbative renormalizability) There are such {a®0, b2 ¢t} 5 5o
that the limits

Srn(p) == lim SO Ao(i), p=(p1,--,Pn-1) (69)

A()*}OO mn

exist and are finite, and the renormalisation conditions (68) hold.

2The physical meaning of our RC is not so direct, since we are in the Euclidean setting.
Before substituting our n-point functions to the LSZ formula for the S-matrix, they have to be
analytically continued to the real time and transferred to the on-shell renormalization scheme.
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Example: Consider the leading contribution to the two-point and four-point func-
tion:

SOAO() = . O X,
_ paeh [ 4 e 2(atop? + b
- €1 (27T)4 ( )_'_ (Cl p + 1 )7

Ao d4q 1 7% Ao, 2 Ao
= 12C1 (27()4m6 0 +2(a1 p +b1 )7 (70)

Mo

S1 °(p1,p2,p3) = 4!011\0. (71)

For any finite Ag the integral above is convergent, but it diverges for Ag — o0.

We have to choose the behavior of af?, b, ¢ s.t. this divergence is compensated

and the RC are satisfied. We get from the three RC conditions, respectively,
glefo =1, 12cforbo p ot =0, 24l =0. (72)

Hence, ¢ = 1/41, b = —(1/4)I" o = 0 and thus " absorbs the divergence
of the integral I,

4.5 Flow equations
Properties of 4% [J] := —log (NZp™[(C40) "1 J]) + L(J|(C2) L)
° e_EA’AD[J] = fd’ucj\\o (gp)e_sg?lu-‘r%’].
o limy_,p, MM0[J] = Sp%[J] since limp_,a, C1°(p) = 0 and therefore, formally,
lima o dpigro(9) = 6(0) Dl

° aA(e—zA,Ao[J]) — %(%'aAC//\\o%>e_EA,AO[J].

This gives the following equation for SN (p) := ShM(p1, ..., pa_1)

AAo (Y } d'p Ao A, Ao
aASr,n (B) - (aACA )(p)S7 n+2(p17 ceos Pn—1,D, _p)

2 (2m)4
1 n A,A A A A
B 5 Z (TL/ — > [ST/ TL/O (p17 cee 7pn’—l)(aACAO)(q)Sr/;,ng/(_qﬂpn’a cee ,pn—l)]sym7
v/t =r
n'+n"'=n+2
(73)
where ¢ = —p; — - -+ — py—1 and sym denotes the symmetrisation in py,...,py_1-

Boundary conditions:

(a) A=0:573°(0) =60, 5;5°(0) =0, 9,255°(0) =0 (RC).
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(b) A=Ag: 9vShoto(p) =0 for n+ |w| > 5. (By second bullet above).
With the help of the above equation one proves the following theorem:

Theorem 4.3 The following estimate holds

Py(|p|) for 0 <A<,

awsA,Ao < 3
| rn (£)| = { 4*77«*U’P2(10g A)PS(‘%) for 1 S A S AO

where P; are some polynomials independent of p, A, Ag, but depending on n,r, w.

In particular this shows that SQ;LAO (p) stays bounded if A = 0 and Ay — co. With

more effort, one also shows convergence as Ag — oo, required by the renormaliz-
ability property (69).

4.6 Outline of the proof of Theorem 4.3

Observation®:
Shho =0 for n > 2r + 2. (74)

Given this, the structure of the flow equation suggests the inductive scheme as in
the figure: Indeed, we can start the induction in the region where (74) holds and
therefore the estimate from Theorem 4.3 is satisfied. We suppose the estimate
holds for

3Indeed, without assuming connectedness we clearly have vanishing of these functions for
n > 4r. Now (r — 2) verticies need to use at least two lines to keep the diagram connected. 2
verticies need to spend only one line. So altogether n > 4r — 2(r — 2) — 2.
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e (r,ny) for ny > n+2.
e (7r3,m2) for ry < r and any ns.

Since only Sﬁ:ﬁf’ as listed above appear on the r.h.s. of the flow equation (73),
we can apply the estimate to this r.h.s. Then (after quite some work) the flow
equation gives the required estimate on the 57{}7,1/\07 which appears on the Lh.s. of

the flow equation (73).
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