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1 Application of the Exact Renormalization Group Equation
(ERGE) to gravity

The objective in this talk is to compute the beta functions of Newton’s constant, and of the cos-
mological constant using the ERGE. In particular, we will use the Wetterich equation, and we will
restrict to the Einstein-Hilbert truncation. This talk will be amply based on the references [11 2} [3], [4].

In the second part of this talk, we will use the beta functions to discuss the proposal of Asymptotic
Safety in gravity, as well as the criticisms to such scenario. This discussion will be based in [T} 2, [3]

4,5, 6] 7, 18]

1.1 Review of ERGE, and notation.
1.1.1 The Wetterich equation, and the regulator

Let us recall the motivation behind the ERGE: we implement the Wilsonian idea of integrating out
“one momentum shell at a time”, momenta shell-by-shell, instead of all at once [9] [I0]. Practical
implementations of this idea lead to the Wegner-Houghton equation [II], the Polchinski equation,
which solved some issues introducing a smooth screening of modes [12, [I3], and finally, lead us to the
Wetterich equation [I4], 15, [16].

For the Wetterich equation, we use the effective action and smooth regulators. Furthermore, we
introduce a momentum-shell parameter, k, and we write a k-dependent effective action, also called
averaged effective action,

ru(0) =supy ( [ 70— W) - Asico).



where W (J) = log Z(J) is the generator of connected correlators, which also depends on the scale
k through the generating functional Zj(.J), computed with the action S + ASy. Let us recall that
ASy(¢) is the regulator whose general properties we specify below. In the effective action, ¢ is the
vacuum expectation value of the field.

However, resorting to clarity from the context, below we will write both the fields, and their vacuum
expectation values with the same symbol.

Finally, let us recall that 'y, interpolates between the bare action S(¢) and the full effective action

F(d)))

k—Auy are k—0 ’

where we emphasize on the notation Ayy for an UV cutoff, as oposed to the symbol A, which we will
use below to denote the Cosmological constant in the Einstein-Hilbert action.

The regulator is quadratic in the fields. It has the general form,

AS(6) =5 [ dio VGoRA)6.

where A is the cutoff operator [I]. Hence, Ry has been written as a kernel, but we will also write the
functional form Ry(z), where z can be thought as eigenvalues of A. In flat spacetime z is just the
momentum squared.

Let us recall the general properties of the regulator [I [15]:

e As the scale k — 0, Ry — 0, in order to recover the usual 1PI action from I'y at the deep IR.

e For z > k2, then Rj, — 0 sufficiently fast, in order to leave undisturbed the integration over UV
modes.

e For 2z < k?, then Ry(2) = k?, in order to “freeze” the IR degrees of freedom by giving them an
effective mass k.

Finally, let us recall the general form of the Wetterich ERGE, or flow equation,

dlx(9) 52T, -t
L o G5+ )

1
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1.1.2 Extracting the beta functions from the ERGE

Let us now find the Beta functions using the ERGE equation for the averaged effective action,
k.
To approximate the solution to the ERGE we will take a derivative expansion,

1%@=Zm®@w, (2)

where O; (k) are integrals of monomials in the field and its derivatives, and g;(k) are running couplings.
Now, it is clear how to obtain the Beta functions from the ERGE. First, plugging-in the derivative
expansion (2)) on the left hand side of (T]), we obtain,

dl'y[¢]
i =X o g
where we have identified the Beta functions as,
dgi
Bi(gjvk) = dt ) (4)

where the g; dependance for f3; denotes that the latter can be functions of all, or a subset of the
couplings, and they depend on the scaleﬂ k [1]. Now, we expand the trace in the right hand side

1Let us stress that although k is usually denoted IR cutoff, curing IR divergences is not the primary purpose of the
scale k. It denotes the momentum scale above which the momentum modes are integrated out.
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of the ERGE on the basis of operators {O;}, such that we can extract the 3; by identifying the
coefficient of O;.

An example of such a procedure was shown in the Anharmonic oscillator in the second session
of the current topic. However, the operator basis chosen for this example contained no derivatives
(Local potential approximation). Below, we will perform a derivative expansion in powers of the
curvature invariants.

1.2 The flow equation for gravity
In order to apply ERGE to gravity, it is convenient not only technically but also conceptually to use
the background field method. We consider the (euclidean) Einstein-Hilbert action,

S(g) d'z /g (2A - R), (5)

~ inG

and we decompose the metric (g,,) into a fixed background (g,,) and a quantum fluctuation (h,,),

uv = g,u,l/ + h;u/ . (6)

Below, we take the convention that indices are raised and lowered with g. Furthermore, the inverse
takes the form,
g =g — A" + hFORY + L.

The conceptual usefulness of the background field method to compute the ERGE is the following:
in curved, dynamical spacetime there is no preferred definition of distance between points, nor of
norm of momentum vectors, hence, it is difficult to define coarse graining without a background
reference g,,,. Since the ERGE explicitly depends on the momentum scale %, it is hard to follow an
alternative method [I].

The technical usefulness is related to the definition of the gravitational path integral. This is
briefly discussed as additional material in the section below Only a few results will be used
below in the Wetterich equation; hence, it is possible to refer to these particular equations only when
they are needed.

Additional material.

1.2.1 The basics: The gravitational path integral, and the background field
method

The gravitational path integral

We would like to write the generating functional integrating over geometries {g}, with a
diffeomorphism-invariant action, modulo diffeomorphisms [I]. However, there is a simpler
approach using the background field method, which, in any case, we will need to use to
compute the ERGE. In this case, we can use the standard Faddeev-Popov procedure. Hence,
the euclidean functional integral with the regulator is,

Z(j, J, J3§) = /dh dC dC exp (=S(h; g) — Sar(h; g) — Sen(C, C;9) — ASk(h,C, C; )
+ / A%z /G s + JHC, + J“C,L> :
where C* and C}, are the Faddeev-Popov ghosts, anti-commuting Grassmann-valued fields.

The gauge fixing term is quadratic in h,

11
Ser(h:9) = 50 T6na

_ 1_ _ 1_
/ diz/g <v%w — 2V#h> gt (vahw — 2vyh> , (7)
where « is the gauge parameter, and we have denoted,

h = gwjh,uu )




up to complementary discussions where we avoid explicitly writing Lorentz indices. The ghost
action is,

Sgh(éu C; g) = - / ddw \/EC_'M (A(gh))ltycl/ ) (8)
where,

(Agn), = 5;?”% + V'V, -V, V", 9)
where V and V are the Levi-Civita connections compatible with the background metric g, and
the complete metric g, respectively. Hence, this part of the action introduces ghost-h mixing
terms (For a detailed deduction, see for instance [I] section 3.3).

In the effective action, these terms are valued on the vacuum expectation values of the fields.
Below, we will take an approximation where (h) = 0, hence, both covariant derivatives co-

incide, compatible with the background metric, such that the kinetic operator for the ghost
term is written as,

(Agn),” = —6;?2 = RM”. (10)

Perturbations around a general background

To implement the background field method, we need the expansion of the action around a
general background g,,,,,

S(g) =S(@) + SV (h; )+ SP(h;g) + ...,
where the S(™(h; §) term is,
1 oS
S™ (h: g :—/dx .dx,
(h:9) n! ! 59#11/1 (1) ... 59unvn (xn)

For , we must compute the modified propagator of the form,

62T, -1
<6¢>5¢ * R’“) ’

hence, we will be mostly interested in S® (h; ), which is quadratic in h. Furthermore, let us
recall that to obtain the ERG Wetterich equation , we introduce a regulator that is also
quadratic in the field A, much as the gauge fixing term .

h#1V1 (ml) cee h#nl’n (.’En) 0

g

Now, expanding at quadratic order in h, and collecting terms together with the gauge
fixing term (7)), in the Feynman gauge oo = 1 (See further deatils in [I] section 3.4),

1
5(2)(h;§)+SGF = o ddx\/ﬁhWH/“’P"hpg (11)
) 2 (L - K/,vacr(_?Z _ 2A) 4 UgHveo
1
KW = (@5 + 775 — 35" (12)
v D v 1 UV D DY ~ i D v
B = BKE L0 R+ 5~ 00R) RO,

where H is the Hessian (There are also notations where Hessian refers to the determinant).
For our discussion of ERGE, we will not discuss the necessary, important changes that need
to be done to H, which would take us far from our main objective (Plase note a detailed
discussion in page 58 [1I]). The Hessian to be used in this talk is,

vpo va A o
HWPo = KWPAG 7 (13)
where,
A v = v v
A(h)pau = 7(v2 + 2A)1za + Wpau (14)
v v d— 4— DUV 1 D=LV
Woo = 20U — =G (R” - 5 Rg" ) (15)




To define the gravitational averaged effective action I'y we add the following regulator, quadratic
in h and the ghosts C'C,

~ 1 WV PO [ — =~ —uv —
ASi(h,C.C5g) = 5 / A2/l R () + / d'x/gCug" R ()C, - (16)
Now, the effective averaged action is written as,
Ly(h,C,Ci9) = =Wi(j, J, J;9) + /ddﬂf\/ﬁ(j“”hw +J1Cy + J'Cy) — ASk(h,C,Cig),  (17)

and the Wetterich equation can be written as follows,

d 1 1 2T+ ASy)\ ' d 1 62A
ST (@;g) = =Tr iM i Sk’
dt 2 NG 0PiP dt /g 696

where, as we emphasized before, we have denoted the quantum part of the fields as ® = (h,,, Cﬂ, CL),

and for simplicity, resorting to clarification from the context, we also denote with ® their vacuum
expectation values (®).

(18)

In order to expand the ERGE, let us note that computing the 2— point vertex function F,(f) we

will find a Hessian with the following structure,

5T, Rl A 5y,
Shéh  6héC  ShdC

3°Ty, 0 3°Ty,

oCoh ) 5CsC |’
) Fk ) Fk O

5C6h  5CsC

where the mixed terms h — C and h — C terms come from expanding the covariant derivatives in the
ghost action . Let us also note that the regulator term only modifies the h — h and C' — C terms.
This structure is similar for the inverse. Finally, let us also note that from the right-most term in
(18) and the quadratic form of the regulator there are no mixed terms h — C and h — C, hence,
the trace can be written as the sum of two terms, although the mixed terms are still considered in
the traces,

dUi(®5g) _ 1, (1 8Tk + ASy) -1 AR (L (L + ASy) AR
NI L dt N '

The minus sign in front of the ghost contribution arises because of the anti-commuting nature of the
ghosts, Grassmann-valued fields.

dt 9t

(19)
oo At

1.2.2 Single metric approximation for the ERGE

In order to compute the ERGE there are a number of possible approximations, for the most of this
discussion we will use the single metric approzimation.

Let us recall that the effective average action for gravity necessarily depends on two fields. Namely,
not only the gauge fixing, but also, for instance, the regulator term introduce separate depen-
dances on the background g,, and quantum fluctuation h,,. For that reason, we have written
explicitly T';[®; g]. The approximation in this section consists in setting the vev of the fluctuation
hyw to zero,

<h;w> =0« <guV> = <§Mu> ) (20)

such that we are left with a gauge invariant functional of the background alone §,,,, which we denote
as,

(g) = 'x(0,0,0:9) .

We can also split the average effective action as,
Li(h,C,C;9) = Tw(g + h) + Ti(h, C, C; 9), (21)

where the first term on the right hand side depends only on the full field g,, = guv + hyuw. In other
words, the first term cannot carry h-dependance only, by the regulator quadratic on h, neither the
gauge fixing. It is clear that,

fk(070,0,§) =0.
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Now, the problem within the single metric approzimation reduces to write the flow equation for T,
by putting all the vacuum expectation values of the fluctuations to zero. In such a case,

V=V,

in the ghost operator @, thus obtaining , and the mixed terms in the Hessian for I'y do not
appear anymore,

5°r
(5h6;§ 0 0
0 0 L
o sC6C ’
)
0 5C6C 0
such that (19) can be written as,
dTe(g) 1 1 82T, ARy 1 82T D\ AR

=-Tr(—=—-4+R — —Tr| —=—= RY — 22
a2 r<\/§6h5h+ ’“) i r<\/§5050+ ) dt (22)

where the first term on the right hand side is entirely due to the metric fluctuations and the second
due to the ghosts. Note, however, that the right hand side depends on I'y, while we wish a closed
equation for I';. To do this, let us approach the same problem from a different perspective: the
1—loop approximation to the effective action. Below, we will identify the necessary assumptions to
get a closed equation for I';, starting from .

Additional material. A review, and a “renormalization group improvement”:

As a first plausible approximation for the flow equation of only I';, let us recall the structure
of the full effective action (See for instance [I7], section 11.4), without a regulator, and in flat
space for simplicity,

2

1 5°S
L(®) =5(®) + iTr log <(5<I>(5<I>

> + O(h?) Connected diagrams + Counter terms,
where the second term on the right hand side includes the 1—loop contribution,

1 528
(1-100p) () — 2
r (@) = 5(®) + 5T log (5%@) .

Furthermore, let us recall that the averaged effective action with the momentum scale (IR
cutoff) k is obtained by the replacement, S — S + ASj and the substraction of the regulator
AS), from the Legendre transform. Hence, the 1—loop averaged effective action takes the form,

—1l00 —_ 1 : S
F’(; 1 p)(q)) (S(CI)) T Ask) D) Ir log (((5@5 <I>k)> F
F —100 (b —_ 1 I 5 25

where we have used for the argument of the logarithm, the property that the regulator is
quadratic in the field.

Let us also note that taking 0; at both sides of we obtain an analogous structure as
Wetterich ERGE, with 'y replaced by the scale independent S. This is of course, a 1—loop
approximation of ERG flow equation ,

1—loo 1 625 !
at].—‘,i P) = §Tr ((M +Rk> 8tRk> 5

hence, the replacement S — T’y on the right hand side of the latter equation is sometimes
called “renormalization group improvement’ in the literature [I], which would bring us to .
We will use this replacement below.




Now, let us come back to gravity. Let us use (23) to write the 1—loop approximation of T, at
vanishing fluctuation h, T,

1
i@ = S@+ 5T log<

1 6%(S+ Sgr + ASy)
— —Trlog [ — =
NG Ohdh heo NG 6CoC
1 5QS(§) 52SGF 1 628 h h
L Ty ] L 0y (gh)
(7 o h_0> #Re) ~viog (s + R

where, from the first to second line we have used the fact that the regulators are quadratic in h or
CCO, and besides, that S = S(g) = S(g + h), hence, the functional derivative with respect to h is
simply with respect to the argument g at h = 0. Now, we derive the flow equation for the 1—loop
approximation, also within the single metric approximation, taking J; at both sides,

_ —1 2 —1
—an, 1 1 (6°S(g) | 0°Sgr B 1 6°Sgn | 1(gh) (gh)
oLy (9) = 2Tr ((\/§< 5395 + Shoh - + Rk O Ry — Tr J7300C + Ry WRy

and finally, as defined in the Box below equation 7 it is plausible to take a “renormalization group
improvement” from the 1—loop approximation of the ERGE, replacing S — I'y, which leads us to
the

1 62(S+ ASS’”))

- 1
[ = S(@+ 5 log

single metric flow equation:
- 1 1 52fk 5%Sar -1
I'n(g) = =Tr | —=
0L (g) 5 (\/5 (5§5g+ Sish h_O+Rk> O R
1 628, w) h
~ Tr <<\/§50590 + R >) RWM ) (24)

Let us note that was derived from the 1—loop contribution to the effective action, plus the
“RG improvement”; hence, it is in principle not the ERGE. To justify calling the ERGE in the
single metric approximation 9;I'(g), we must plug-in in the derivation of the ERGE with the
single metric approximation , and identify

To summarize, we reach the single metric flow equation if starting from the ERGE
(1)) (or more precisely, for the gravitational path integral, the starting ERGE is (18])), we take
two approximations,

e the single metric approximation where we assume <h;w>7: 0, such that we are left
with the gauge invariant functional of the background alone I'x(g),

e we ignore the running of I in , which is evident on that the right hand side of
does not depend on k.

Furthermore, within these approximations, we have written the averaged effective action
as,

Fk(hv Ca Ca g) = fk(g + h) + SGF(h;g) + Sgh(é,c;g) (26)

Furthermore, let us note that we reach the 1—loop flow equation 8tf‘,(€17100p), if we neglect the

running of the couplings in the Hessian 6°I'/§g? on . On the other hand, because of the single
metric approximation is not the full ERGE. Although there are better approximations to address
asymptotic safety in gravity (See for instance, chapter 7 in [I]), we will restrict this discussion to .



1.3 Computation of the flow equation
1.3.1 The Einstein-Hilbert truncation

The simplest truncation is to consider that only the terms in the Einstein-Hilbert action contribute to
the operator expansion for Ty, with the couplings depending on the scale k. Namely, we assume
that T';, has the form of the Einstein-Hilbert action with the cosmological constant A, and the Newton
constant G depending on k,

Tu(g) =: m%a(k) / d%e\/G(2A(K) — R). (27)

1.3.2 The choice for the regulator

Now, for the Wetterich equation there is a free choice for the regulator, which however, must satisfy
the conditions reviewed in section (1.1} In order to mantain background gauge invariance, the cutoff
cannot be simply a function of momentum squared but must be defined by means of the background
covariant derivative ?M. Let us choose for ,

~ 1 WV PO [ — — A UV —
ASy(h,C,C:9) = 5 / Ay R () o + / d'a/5C,a" R (9)C

REPT = ZnKMP?Ri(As) (28)
R, = 5" Ri(Agn) (29)
where we have denoted,
1
=7
6rG N
as the field renormalization constant, and we have defined the following operators,
7Y A Ly v 721 v v
Dgpo = Ay, F2ALL0 = =V W (30)
v . —2 SV 914
A(gh)u = =V%,- R, (31)

where KH¥P? is a tensor that depends only on the background metric g. It was defined in .
Similarly, W, ** defined in depends only on g through different contractions of the Ricci tensor,

which depend only on g (hence, we write them as R). Aé\h)pa” ¥ is the kinetic operator of the graviton
after gauge fixing and , which was introduced in .

1.3.3 The computation

The left hand side of the flow equation (24]) in the Einstein-Hilbert truncation,
contains only a constant field operator and the first power of the Ricci scalar. Namely, taking the
0y derivative of 'y, in the Einstein-Hilbert truncation , and taking the single metric approximation,

9T (g) = /ddx\/§ <at <162£g‘8€)> P <167T10(k)> R) . (32)

The right hand side of the flow equation ([24))

Now, let us proceed to compute the terms on the right hand side of the single metric flow equation
. We shall only be interested in approximating the right hand side of up to the same order
in the derivative expansion as in the in the righ hand side . Namely, in the Einstein-Hilbert
truncation, up to O(R).



For we need the 2-point vertex functions including gauge fixing, ghosts and regulator. Using
the Hessian and the definition ,

1 6%y uvpa 1 6°Ty 5°Sar uvpo
Vi Shdhy, T =G <5gul/5990 " 5hw5hw> e
1 6T
TS TRET = 2N (Ao Ry(8n) = 20). (33)
puvOllpos

where we have used on the left hand side, also within the single metric approximation
taking (h,,) = 0 (Let us recall that the effective action depends only on vacuum expectation values
(®) which we have denoted as ®). In particular, S p) @ is quadratic in h, hence, we have dropped
the evaluation on |,—o.

Also using (26]),
1 6T A ]
k (gh)/ — gh + (gh)/ = (A(gh) + Rk(A(gh)))(sEa (34)

N o o AN ¥ ToIN To R
where A g,y was defined in . Furthermore, using and (28),

ORI, = 5,0 Rk(Agn) (35)
and,
nvpo d vpo
Ry, = %ZNK" P7 R (As)
= KMP (O ZNRr(A2)+ ZnO:Ri(Ag))
8,5722”’”" = ZNK“VPU(—??NRk(AQ) + atRk(AQ)) R (36)

where, in the last line, we have used the definition for the anomalous dimension,
nN = 7at10gZN.

Now, let us plug-in , , , in the single metric approximation to the flow equation (plus
the “improve(ﬂ’ 1—loop approximation) ,

n — 1 1 62fk 6QSGF -1 1 (SQSgh (gh) -1 (gh)
1 1
=_-T Krveoy=l gzl 7z KHPo (—pn Ry (A O: Ry (A
2 <A2+Rk(A2) —op BT AN (i R (A2) + OBk 2»)

1
Ty O Ry (A h))
(A(gh) + Rk(A(gh)) ' ( J

(ﬁk@):%ﬂ (_UNRk(A2)+8tRk(A2)> s ( 0, Ri(Ayn) )

Ag + Rk(Az) —2A A(gh) + Rk(A(gh))

where we have used,
1
(KreP) LT = S (067 + 6307) = 137
Evaluating (37) with the heat kernel expansion,
Now, let us evaluate using the general heat kernel expansion for the trace of a functional W
of an operator A,
1

TWO) = o QW) Bo(A) +Q_,(W)Ba(A) + ... | . (38)

2Let us recall the renormalization group improvement that was discussed below equation 1j
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Defining the functionals,

N Re(As) 4+ 0 Rk (A)
Wa(B2) = 22 iRk(Ag) —kQA (39)

atRk(A h)
A = ? 4
Wign)(Agn)) Aggny + Ri(Bgny) v

we can rewrite using , , , as,

OTwlg) = Tr (Wa(d2)) = Tr (Win(Aien)
ara) = (4;3 (@ (W) Bo(89) + Qg (W) Ba(do) + ... |
1

Q4 (W) BoBgm) + Qg (Wign) BoBgn) +--| . (41)

4
2

(4m)

where B,,(A) are heat kernel coefficients that can be found in the literature [II, 3],

B, (A) = /dd:c\/gbn(A), (42)
bo(a) = 42 bo(A i) = d (43)
bo(Ag) = @R ba(Agny) = %R. (44)

Plugging-in and collecting in powers of R, we can rewrite the right hand side of as,

o T'k(g) =

[dteva ([d(dj Do, o) - da, (W@h))}

[0y -y )| B) 9

(4m)?

where in the Einstein-Hilbert truncation, we have explicitly diregarded the ellipsis, which denoted
higher order terms in the derivative expansion (Higher powers of scalars built with the Ricci tensor).

Evaluation of QQ—functionals in (45

Now, let us evaluate the @ functionals. They are are generally given by,

1 > n—1
Q.(W) = () /0 dzz2"""W(z), (46)
if n>0.

In general, the @Q—functionals depend on the regulator that modifies the operators and the eigen-
values z (z has k? units). There are a few that only depend on the general properties of the regulators
that were reviewed in section These will be computed at the end. However, let us first show
a particularly illuminating computation that we will use to evaluate , where we will use the
properties of smooth regulators.

Consider the @Q—functional corresponding to W5(As) (39)

B Ot R (As2) NN RE(Agz)
Qu(Wa(82) = 0, (o), (It ) (47)

for the first term on the right hand side,

&ng(Ag) o 1 ° n—1 8tRk,<Z)
@n (A2+Rk(A2)2A) B F(n)/o dzz z+ Ri(z) — 2A (48)
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For the so-called “optimal choice”, Litim regulator,
Ri(2) = (k* — 2)0(k* — 2) OiRy(2) = 2K20(k? — 2) — 22(k? — 2)0(k* — 2).

Let us stress that the the Dirac § on the right hand side must only be evaluated inside an integral.
This will make evident the sort of ambiguous expressions we would get if we were to use sharp cutoffs
[16]. Therefore, we must resort to the C' character of the Litim regulator, and interpret the step
function, and derived Dirac deltas in a proper way. Namely, plugging in ,

0. ( Ot Ri(Ag) ) _ Fl ) /O“’ dzz"‘le O(k?* — z) — 22(k* — 2)0(k* — 2)

As + Ri(Ag) — 2A (n z4 (k% — 2)0(k? — 2) — 2A
_ 1 oo n—1 2k2 2
_Fn)/o Sy e T s p y RA R

I L n—1 22(k? — 2)
I'(n) /0 d z+ (k%2 — 2)0(k? — z) — 2A

Sk —2), (49
we find that the last line of includes an expression of the type,

/ dz f(0(x))b(z)

which is not well defined. Hence, we must use Morris’ lemma to make sense out of (49)),

£(6(x))8(x) = 6(z) / dt (1),

which is proven considering general, smoothed step and delta functions [I3] (See also pages 184-185
n [16]). This is an example of why we have chosen smooth regulators. In particular, using Morris’s
lemma, expanding the last line of it clearly vanishes, and defining

A

A:ﬁ’

we are left with the first line,

A I 2k? 2 K
Qn < 8tRk( 2) > = / dz anl 2 = = dz anl
Agy + Rk(Ag) —2A F(n) 0 z+k%2—2—-2A F(n)(]_ — 2A) 0

IR (A2) = 2
o (Az + Rklzﬁz) - 2A> - k() (1-28)

which holds for n > 0 (It also holds for n = 0, but the deduction is slightly different).
Now, the computation of the right most term in follows in the same way, without the need
to use Morris’ lemma. Collecting terms, we have,

__ e _
QuWa(an) = s (2= 1) 1)

furthermore, the deduction for the @—functionals for Wigp)(A(gn)) follow in the same way. In fact,
they can be obtained by directly setting A and 7 to zero in the last expression,

2k2n

Qn(Wign)(Agny)) = AT (52)

Final result of the flow equation for gravity in the Einstein-Hilbert truncation

Plugging-in and in the truncated flow equation , with some algebra, we obtain the
final result:
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o g Jeeal (0 22 0) e oo o0 )

1.3.4 The one-loop beta functions

Now, let us extract the beta functions. Plugging on the left hand side of , we identify the
factors on both sides, according to the powers of R,

o (1271:6(:]2@)) - (4w)§; (4 <_4+ 1df+2i~\ (d—?ﬂ)) (54
% (167;*(1@) B (47:;;2(3) % (4(d +6) - % <1 B Z)) (55)

2 Next session: Asymptotic Safety (AS), and the critiques to
this scenario in quantum gravity
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