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The solutions to the following problem set should be handed in by the 17th of November at
8:30 a.m. at the postbox next to PH 3218.

1. (1 pt.) In R
3, consider a ray [0,∞) (infinite movable stick) attached perpendicularly

to the z axis at 0. Imagine we start rotating the ray around z while we move its
endpoint upwards according to a given relation and let θ ∈ [0, 4π] be the angle by
which the ray is rotated. Answer the following questions using geometrical arguments:

(a) If the relation is z = sin2(θ/2), will the set of points described by the ray be a
manifold? If not, can you restrict the set in a clever way such that it is?

(b) If the relation is z = sin(θ/2), will the set of points described by the ray be a
manifold? If not, can you restrict the set in a clever way such that it is?

2. (2 pts.)Verify explicitly that the bracket of fields [·, ·] defined in the lecture fulfills
the Jacobi identity:

[X, [Y, Z]] + [Y, [Z,X ]] + [Z, [X, Y ]] = 0 (1)

for X, Y, Z being smooth vector fields.

3. (3 pts.) Find the expressions for the gradient,
∑

i ∂iΦdx
i, the divergence ∂iX

i, and
the rotational, with i-th component ∂jXi dx

i ∧ dxj in spherical coordinates.

4. (2 pts.)Starting from the Minkowski metric

ds2 = −dt2 + dx2 + dy2 + dz2, (2)

make the following coordinate change, “rotating coordinate frame”,

t′ = t (3)

x′ =
√

x2 + y2 cos(φ− ωt) (4)

y′ =
√

x2 + y2 sin(φ− ωt) (5)

z′ = z (6)

where tanφ = y/x. Find the components of the metric in these coordinates.
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5. (2 pts.) Prove the following relations between the covariant derivative and the usual
derivative:

Γα
βα = ∂β(ln

√
−g) (7)

∇αA
α =

1√
−g

∂α(
√
−gAα) (8)

Notice it also works for antisymmetric (2,0) tensors

∇βF
αβ =

1√
−g

∂β(
√
−gF αβ) (9)


