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Abstract

Since their first detection more than 100 years ago, the origin of ultra high-energy
cosmic-rays remains an unresolved mystery in modern physics. Not only since the
measurement of an astrophysical neutrino flux in 2013 and the first observation of a
potential neutrino source in 2017, is it believed that neutrinos contribute the missing
piece of the cosmic-ray puzzle.
In this thesis three different studies are presented that help to improve our current

understanding of the neutrino puzzle. At first, a novel approach to model atmospheric
leptons by means of hadronic interaction cross-sections measured by particle accelerators
is reported. Detailed knowledge of the atmospheric lepton fluxes is not only essential for
the search of astrophysical neutrinos and their sources but also for the investigation of
low-energy neutrino phenomena. The method presented in this work allows the access of
the dominating hadronic uncertainties of conventional atmospheric muon and neutrino
fluxes in a mostly model-independent way.
The second analysis concentrates on astrophysical neutrinos hiding in the bulk of

atmospheric particles. In order to discover the origin of these neutrinos, the correlation
between different categories of blazars detected by the Fermi Large Area Telescope
above 10 GeV and high-energy neutrinos observed by IceCube is tested. No significant
neutrino emission from any of these blazar populations was found, with the strongest
correlation being observed for LBL&IBL objects at a 1.9σ level. Based on this analysis,
constraints on different models of neutrino emission from GeV gamma-ray emitting
blazars can be placed. While, in general, high-energy neutrino emission from GeV

gamma-ray emitting blazars is not ruled out, this population of sources cannot explain
the bulk of neutrinos observed in IceCube.
With no sources of high-energy neutrinos discovered after 10 years of operation time in

IceCube, different strategies can be pursued in the future. In this work the prospects of
neutrino point source searches are discussed on the basis of a globally combined neutrino
telescope network. By means of a collaboration of all currently planned observatories,
every direction of the Universe becomes observable with local improvements of the
sensitivity of factors up to ∼ 160 compared to IceCube. Hence, a global network
will not only improve the chance to observe extragalactic sources of the highest-energy
neutrinos but also allow detailed studies of phenomena apparent in our galaxy.
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Zusammenfassung

Seit ihrem ersten Nachweis vor mehr als 100 Jahren ist der Ursprung der ultrahochener-
getischen kosmischen Strahlung ein ungelöstes Rätsel der modernen Physik. Nicht erst
seit der Messung eines astrophysikalischen Neutrinoflusses im Jahr 2013 und der ersten
Beobachtung einer möglichen Neutrinoquelle im Jahr 2017 glaubt man, dass Neutrinos
das fehlende Stück des Puzzles der kosmischen Strahlung beisteuern könnten.

In dieser Arbeit werden drei verschiedene Studien vorgestellt, die alle dazu beitragen
können, unser gegenwärtiges Verständnis des Universums zu verbessern. Zunächst wird
über einen neuartigen Ansatz zur Modellierung atmosphärischer Leptonen mit Hilfe von
hadronischen Wechselwirkungsquerschnitten berichtet, die mit Teilchenbeschleunigern
gemessen wurden. Eine detaillierte Kenntnis der atmosphärischen Leptonenflüsse ist
nicht nur für die Suche nach astrophysikalischen Neutrinos und ihren Quellen, sondern
auch für die Untersuchung von niederenergetischen Neutrinophänomenen unerlässlich.
Die in dieser Arbeit vorgestellte Methode erlaubt den Zugang zu den dominierenden
hadronischen Unsicherheiten der konventionellen atmosphärischen Myon- und Neutri-
noflüsse auf weitgehend modellunabhängige Weise.

Die zweite Analyse konzentriert sich auf astrophysikalische Neutrinos, die sich in der
Masse der atmosphärischen Teilchen verstecken. Um den Ursprung dieser Neutrinos
zu entdecken, wird die Korrelation zwischen verschiedenen Kategorien von Blazaren
und hochenergetischen Neutrinosgetestet. Es wurde keine signifikante Neutrinoemis-
sion von keiner dieser Blazar-Populationen gefunden, wobei die stärkste Korrelation für
LBL&IBL-Objekte auf einem Niveau von 1, 9σ beobachtet wurde. Auf der Grundlage
dieser Analyse können Einschränkungen für verschiedene Modelle der Neutrinoemission
von GeV-Gammastrahlen emittierenden Blazaren vorgenommen werden. Obwohl im
Allgemeinen hochenergetische Neutrinoemission von GeV-Gammastrahlen emittieren-
den Blazars nicht ausgeschlossen wird, kann diese Quellenpopulation den Großteil der
in IceCube beobachteten Neutrinos nicht erklären.

Zuletzt werden die Perspektiven der Suche nach Neutrino-Punktquellen auf der Grund-
lage eines global kombinierten Neutrino-Teleskopnetzes diskutiert. Durch eine Zusam-
menarbeit aller derzeit geplanten Observatorien wird jede Richtung des Universums
beobachtbar mit lokalen Verbesserungen der Sensitivität um Faktoren bis zu ∼ 160 im
Vergleich zu IceCube. Somit bietet ein globales Netzwerk nicht nur die Chance, extra-
galaktische Quellen der hochenergetischen Neutrinos zu beobachten, sondern auch die
Möglichkeit taillierter Studien der in unserer Galaxie auftretenden Phänomene.
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1
Introduction

Albeit their first observation dates back more than 100 years, the origin of high-energy
cosmic-rays remains a mystery [1]. While the exclusive information provided by these
particles is limited, the study of additional astrophysical messengers might shed light
on this puzzle. At the site of cosmic-ray acceleration, high-energy neutrinos can be
generated in hadronic processes. Other than cosmic-rays, these neutrinos are almost
unaffected on their path towards the Earth. Hence the identification of astrophysical
neutrino sources can be a smoking gun indication for sources of high-energy cosmic-rays.

Since the discovery of a high-energy neutrino flux in 2013 by the IceCube Collabo-
ration [2], the search for their sources is an abide field of study. While pure neutrino
observations seem to be insufficient to reveal the origin of these particles, the IceCube
Collaboration found first evidence for the neutrino emission from the direction of the
gamma-ray emitting blazar TXS 0506+056 by means of multi-messenger observations
[3–5]. Next to neutrinos, these high-energy photons can be generated at the site of
astrophysical accelerators. Correlating the information from these multiple messengers
can not only enhance the potential to discover the origin of high-energy neutrinos, but
can also reveal unique details of the processes apparent at the site of these astrophysical
objects.

The main focus of this work is on a multi-messenger correlation study of the popula-
tion of GeV gamma-ray emitting blazars observed by the Fermi-LAT and high-energy
neutrino data measured with the IceCube neutrino telescope. To build a comprehen-
sive analysis framework, I aim to provide all information necessary to gain insight into
the complete multi-messenger picture, from cosmic-rays to astrophysical photons and
neutrinos.

Next to this multi-messenger correlation study, I report a novel approach to deter-
mine the flux of atmospheric leptons employing hadronic particle cross-sections mea-
sured with man-made particle accelerators. The interpretation of high-energy neutrino
observations relies on the detailed understanding of this atmospheric background dilut-
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ing the astrophysical signal. Hence the report of this method is embedded within the
multi-messenger framework of this work.
Ultimately I will present a novel point source sensitivity study based on a global

neutrino telescope network of all currently planned and existing neutrino observatories
at the end of this thesis. In the following, the structure of the thesis is highlighted
briefly.

• Chapter 2 - The major part of this chapter focuses on the currently known
information about cosmic-ray particles. At the end of this chapter the role of
photons and neutrinos in the context of multi-messenger astronomy is emphasized.

• Chapter 3 - The currently most accepted acceleration mechanism of cosmic-rays,
photons, and neutrinos is summarized in this chapter. Besides, active galactic
nuclei and their sub-category of blazars are introduced as potential sources of
these particles.

• Chapter 4 - This chapter focuses on neutrinos as astrophysical messengers. Next
to the history of neutrino astronomy at the South Pole, a brief summary of the
expected neutrino signal at the Earth as well as the special role of neutrinos in
the context of multi-messenger astroparticle physics is emphasized.

• Chapter 5 - In this chapter the lepton and in particular the neutrino production
in atmospheric air-showers is discussed. Initially, the modeling of these lepton
fluxes by means of coupled cascade equations is introduced. Afterward, we report
a novel extension of this approach. With the aid of particle accelerator measure-
ments, the dominating uncertainties of atmospheric lepton fluxes resulting from
hadronic particle interactions in the shower can be accessed for the first time.

• Chapter 6 - The observation principle of large volume neutrino detectors is
introduced in this chapter. In this context, the main focus is on the IceCube
Neutrino Observatory, while the major differences to neutrino telescopes build in
water, are outlined as well.

• Chapter 7 - In this chapter, the whole structure of the neutrino point source
search in IceCube is introduced. While the reconstructions of characteristic event
features, as well as the event selection, are summarized in the first part, the
statistical method used for this search is outlined in the second part of this chapter.

• Chapter 8 - The correlation study between blazar populations from the 3FHL
catalog and 8 years of neutrino data from IceCube is summarized in this chapter.
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Next to the analysis approach and the obtained results, implications for the neu-
trino emission, and more generally particle generation processes from the site of
these blazars are discussed.

• Chapter 9 - In the last chapter of this thesis, prospects of point source searches of
high-energy neutrinos are discussed. After a brief summary of the current status
of this scientific field, the vast potential of a global neutrino telescope network is
outlined.
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2
Cosmic-Rays & Multi-Messenger

Astronomy

In 1912 Viktor F. Hess discovered the first cosmic-rays (CRs) in a balloon experiment [1],
yielding the start of a new era in the field of astronomy. CRs bombard the atmosphere
of the Earth at a rate of about 1000 events per square meter per second reaching ultra-
relativistic energies up to 1020 eV [6]. In the absence of large particle accelerators,
cosmic-rays were a major source of information for elementary particle physics giving
rise to many discoveries such as the positron and the muon in the early 20th century
and neutrino oscillations in 1998 [7–9].
Even though the highest energy cosmic-rays can still offer novel insight into funda-

mental processes in the field of particle physics, the major scientific interest moved the
astrophysical information they carry. Although their first detection was more than 100
years ago, the origin, as well as the acceleration of cosmic-rays (in particular at the
highest energies) remains a mystery.
Using the information from additional astrophysical particles could provide the miss-

ing piece to solve the puzzle of cosmic-rays. In the first part, this chapter focuses on
cosmic-rays and their known characteristics. Afterward, the motivation and the princi-
ple concept of multi-messenger astronomy is introduced.

2.1 Cosmic-Rays

Cosmic-rays are ionized particles bombarding the Earth’s atmosphere almost isotrop-
ically due to their deflection in astrophysical magnetic fields (Subsection 2.1.4). The
by far most abundant particle species are protons (∼ 90 %), followed by helium with
the rest being heavier nuclei [6]. Even though the sources of cosmic-rays are not yet
identified it is clear that the bulk of them originates from within the galaxy, yet from
outside our solar system [6, 10].
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Figure 2.1: Cosmic ray flux incident at the Earth’s atmosphere. The lower plot is mul-

tiplied by E2.7 to highlight the features in the spectral distribution. The
data is taken from [11–22].

2.1.1 The Observed Energy Spectrum of Cosmic Rays

The observed spectrum of cosmic-rays, illustrated in Figure 2.1, spans a vast range of
energies from roughly 1 GeV to above 100 EeV. The spectrum is steeply falling with
increasing energy, causing the need for different types of detector. While more than
1000 particles with energies above 109 eV penetrate each square meter of the upper
layer of the atmosphere every second, the rate of particles above 1015 eV is only about
1 particle/year/m2 [23]. The CR proton spectrum below a few hundred TeV is measured
directly at the top of the atmosphere by experiments such as the space-borne experiment
AMS-02 and the balloon experiment CREAM [11, 12]. Due to the low rate of high-
energy CRs, large area detectors are required for their observation above ∼ 1014 eV.
Hence, the all-particle spectrum above 100 TeV is measured by ground based air-shower
experiments such as the Pierre-Auger or the HAWC observatory [13, 22].
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At first glance, the energy spectrum of cosmic-rays appears remarkably simple, show-
ing only few specific features. Over large orders of magnitudes the energy spectrum can
be described by an inverse power-law distributions with spectral index γ according to

dφ

dE
:=

d4N

dE dAdΩ dt
∝ E−γ . (2.1)

In this way the differential cosmic-ray flux dφ
dE is defined as the number of particles

N per energy E, per area A, per solid angle Ω as well as per time t. The power-law
shape of the spectrum indicates that non-thermal processes are the driving mechanism
to accelerate cosmic-rays to these enormous energies [6]. A more detailed understanding
of this premise is subject of Chapter 3.

In the low GeV region the spectrum is locally influenced by solar modulations, with
the sun being the primary source for cosmic-rays below ∼ 4 GeV [6, 23]. Using the
simple power-law approach from above, the spectrum above 10 GeV can be divided in
four main regions. Over five orders of magnitude, up to energies around 1 PeV the
observed spectral index is approximately γ = 2.7. At around 3 PeV the spectrum
steepens and a first transition region, known as the knee is visible. This region is
supposed to indicate the beginning of the end of the population of galactic cosmic-
rays [6]. Assuming shock acceleration of particles within astrophysical objects (Section
3.1), the particle creation in the environment of galactic supernova remnants reaches
its limit close to the knee [6]. Moreover, the maximum energy of particles in such
acceleration processes is proportional to their electric charge Z. In 1961 Peters was the
first to follow up this idea, proposing that spectral features like the knee depend on the
magnetic rigidity,

R :=
pc

Ze
, (2.2)

with pc ≈ E being the total energy of a nucleus with charge Ze [24]. If acceleration
processes reach a limit at a characteristic rigidity Rc, then this feature in the spectrum
will be first visible for light particles. The maximum energy can be written as

Ec = Ze ·Rc. (2.3)

Following this idea, spectral features like the knee can be interpreted as a successive
cutoff of different nuclei at a characteristic rigidity Rc. The all particle spectrum from
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such a particle population can be modeled by

dφ

dE
=
∑
i

φ0,i · E−γi · exp

(
− E

ZieRc

)
, (2.4)

where the summation index i represents the different groups of nuclei [25]. The associ-
ation of such Peter cycles and the spectral shape in the region of the knee is supported
by data from the KASCADE experiment [17].

From 10 PeV to about 1 EeV the spectrum can be explained by a spectral index
γ = 3.1, before it flattens again in the second transition region [6]. This so-called ankle
is commonly interpreted as the approaching end of galactic cosmic-ray particles and
the emergence of an extragalactic contribution. This statement is supported when we
consider current theories of the acceleration and propagation of cosmic-rays in the galaxy
and more general in the entire Universe in Chapter 3. Above the ankle the spectrum
softens to γ = 2.6 before it apparently cuts off at around 1020 eV. This cutoff could
be the result of a maximal acceleration power in astrophysical environments [6, 26].
Yet, Greisen [27] and Zatsepin and Kuzmin [28] proposed an alternative explanation by
realizing that photons from the cosmic microwave background (CMB) make the Universe
opaque to very high energy protons due to energy losses in photo-pion production. The
proton energy that is necessary for the first resonance

p γCMB → ∆+ (2.5)

is ∼ 50 EeV and thus in the order of the observed cutoff. This Greisen-Zatsepin-Kuzmin
(GZK) effect is based on the assumption that protons are dominating the very high
energy part of the cosmic-ray spectrum.

2.1.2 Composition of Cosmic Rays

The previous subsection introduced some basic conclusions on cosmic-ray physics that
can be made from their energy spectrum. Another major source of information is the
composition of cosmic-rays at different energies.

As mentioned before, direct measurement of cosmic-rays is feasible up to a few hun-
dred TeV using satellite-borne and balloon experiments. The left panel of Figure 2.2
illustrates the relative abundance of different elements for cosmic-rays as well as the
respective abundances in the solar system. Both distributions show remarkable similar-
ities with most differences being in the range of 20-30 %. Yet, aside from the analogies,
cosmic-rays show an extreme overabundance of lithium, beryllium, and boron and later
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Figure 2.2: Left: Relative abundance of elements (represented by their nuclear charge
Z) in cosmic-rays measured at ∼ 1 GeV/n [29]. All values are normalized
with respect to silicon (Si=100). For comparison the frequency of elements
in the solar system is added in a similar way [30]. Right: Distribution of
the average shower maximum 〈Xmax〉. The solid (dashed) line illustrates the
simulation of a composition of protons (iron) using the hadronic interaction
model EPOSv1.99 [31]. The plot is reproduced from data shown in [32].

on also for the heavier isotopes Sc, Ti, V, Cr, and Mn. These elements are nearly absent
as end-products of stellar nucleosynthesis [6]. Their overabundance can be explained as
an effect of the propagation of cosmic-rays in the galaxy [23]. During the interaction
of heavier elements with protons in the interstellar medium, these isotopes can be pro-
duced in so-called spallation processes. Comparing the ratio of Li, Be, and B compared
to C, N, and O for both, cosmic rays and for the solar system, the average traveling
distance xesc of cosmic-rays in the Galaxy can be estimated. In order to compensate the
absence of these elements in the solar system, cosmic-rays have to traverse on average
a distance of

xesc = 1025 cm = 3 Mpc (2.6)

between production and the exit from the Galaxy [23]. This corresponds to an average
escape time of τesc = 107 yr [23]. Having a radius of around 15 kpc and a thickness of
300 pc the extent of our Galaxy is orders of magnitude smaller than the average distance
traveled by cosmic-rays within this volume. Hence the propagation of cosmic-rays can
be interpreted as a diffusive random walk, confining these particles within the galaxy
before they can escape into the intergalactic space. Since this confinement is an effect
of the galactic magnetic field, higher energy particles are less deflected and can escape

9



faster (Subsection 2.1.4).

In order to measure the composition of cosmic-rays above PeV energies large area
air-shower experiments are necessary to compensate for the lack of cosmic-ray events.
Once primary cosmic-ray particles enter the atmosphere they interact with molecules in
the air initiating a cascade of particles propagating through the atmosphere with only
the remnants being detected at the surface (Chapter 5). Since the primary particle is
not measured directly, indirect information about the nuclear composition is used on a
statistical basis. The development of a particle shower in the atmosphere depends on
the mass of the primary nucleus. The cross-section for a nucleus with A particles is
proportional to A2/3 [33]. As a consequence heavier primary particles are on average
supposed to interact at higher altitudes in the atmosphere, resulting in lower values
for the shower maximum Xmax

1. In order to determine a precise correlation between
the primary particle and the remnants measured at the surface a detailed understand-
ing of all processes within the shower is essential (Chapter 5). Measurements of the
mass composition of high energy cosmic-rays are highly susceptible to the theoretical
uncertainties of hadronic interactions [32]. The right panel of Figure 2.2 shows the
distribution of the average shower maximum 〈Xmax〉 for energies above 1 PeV. The
solid line indicates the expected values for a composition purely consisting of protons,
while the dashed line illustrates a scenario of cosmic-rays only being iron nuclei. While
the measurements below 10 PeV do not agree well, they indicate a composition moving
towards heavier nuclei from the knee to the second knee. This observation could be
very well connected to a Peters cycle mentioned in the previous subsection. Above
the second knee towards the ankle the distribution shifts towards a more proton-like
composition before the average shower maximum decreases again towards the predic-
tion of heavier primaries. Above 1019 eV the measurements from Yakutsk are highly
susceptible to theoretical uncertainties of the hadronic interactions within the shower
allowing no clear preference of neither a light nor a heavy primary mass composition
[32]. Yet recent measurements from the Pierre Auger Observatory report evidence for
a mixed mass composition above the ankle with the observations being inconsistent
with a pure proton-like composition [34]. A mixed composition at the highest energies
would disfavor the GZK effect being the responsible mechanism for the cutoff at 1020 eV

(Subsection 2.1.1)

1Xmax can be interpreted as the atmospheric depth with the highest particle density (Equation (5.2)).
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2.1.3 Modeling the Observed Cosmic Ray Spectrum

Using both, the knowledge gained from the energy spectrum as well as the composition
of cosmic-rays at different energies the spectrum can be modeled by the superposition
of three main populations of cosmic-rays [35]. Up to the knee cosmic-rays from shock
acceleration in supernova remnants represent the first component (Component A). A
second galactic component of unknown origin (Component B) becomes dominant above
the knee, while the highest energy particles are thought to be originating from extra-
galactic acceleration environments (Component C) [25]. According to Peters each of
these populations j can be modeled with single power law spectrum cutting off at a
characteristic rigidity Rc,j (Subsection 2.1.1) [24]. The total spectrum is modeled as
the sum of the three populations

dφi
dE

=

3∑
j=1

φi,j0 E−γi,j · exp

(
− E

ZiRc,j

)
, (2.7)

where the subscript i indicates the respective type of the nucleus. The all-particle
spectrum can be evaluated by summing up the contributions of all types of nuclei
present in the cosmic-ray composition

dφ

dE
=
∑
i

dφi
dE

, (2.8)

where the nuclei are grouped into H, He, CNO, Mg-Si and Mn-Fe [25]. Two differ-
ent realizations of such models are shown in Figure 2.3. The H3a model assumes a
mixed composition for the third extragalactic component, while in the H4a model this
population solely consists of protons [25].

2.1.4 Arrival Direction of Cosmic Rays

Due to their charge cosmic-rays are deflected by galactic and extragalactic magnetic
fields on their travel through the Universe. In general the force on a particle of charge
Ze, mass m and velocity v caused by a static magnetic field B can be written as

FL = Γm
dv

dt
=
Ze

c
v ×B, (2.9)

with Γ being the Lorentz factor of the particle motion. As a consequence, the particle
travels in a helicoidal motion along the direction of the magnetic field [23]. The so-called
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Larmor radius of this circular motion is

rL =
pc

ZeB
' E

ZeB
. (2.10)

If cosmic-rays travel distances in the order of the Larmor radius, the deflection becomes
a relevant bias for the directional information of their origin. The average intensity of the
magnetic field in the Galaxy is BGal ∼ 4µG [23]. The Larmor radius for a 1 PeV proton
in the galactic magnetic field is around 0.3 pc, hence orders of magnitudes smaller than
the volume of the Galaxy. Such cosmic-rays are not only confined in the galactic volume
(Subsection 2.1.2) but also lose their directional information on their path towards the
Earth. As implied by Equation (2.10) the deflection of cosmic-rays decreases with
increasing energies. Cosmic ray protons with energies of 1 EeV have a Larmor radius
of 300 pc in the order of the thickness of the galactic disk. Hence ultra-high-energy
cosmic-ray particles (UHECRs) with energies greater than 1 EeV could in principle
have the potential to point towards their sources if originated within the surrounding
of our Galaxy or the nearby Universe. Anisotropies in the arrival direction at these
energies have been studied by Pierre Auger and the Telescope Array (TA) experiment
[36, 37]. Above ∼ 40 EeV indications for anisotropies at intermediate angular scales
have been reported, yet could not be significantly verified due to the limited statistics
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in this energy range [36, 38]. Lowering the threshold to 8 EeV allowed the discovery of
a cosmic-ray anisotropy at a 5.2σ level [39]. Neither of the reported anisotropies did
reveal any indication with an association with either the Galactic center or the Galactic
plane, suggesting an extragalactic origin of these phenomena [36, 39].

2.2 Multi-Messenger Astronomy

With more than 100 EeV, cosmic-rays are by far the most energetic particles ever ob-
served, orders of magnitude higher than particles from human-built accelerators. Even
though measurements of cosmic-rays not only featured groundbreaking discoveries in
particle physics but also gave insights in galactic and extragalactic phenomena, the
fundamental question of their origin is still not answered. Due to the deflection in
magnetic fields, cosmic-rays alone are challenging if not impossible to localize. Con-
sequently, cosmic-ray particles alone might not provide the scientific information that
is needed to resolve the mystery of their generation. The environments that are nec-
essary to accelerate cosmic-ray particles to the highest energies potentially satisfy the
requirements to generate auxiliary astrophysical messengers. In the following, we only
consider three types of astrophysical messengers. Next to cosmic-ray protons and nu-
clei, photons (in particular gamma-rays, photons with E >∼ keV) and neutrinos depict
the most typical carriers of astrophysical information2. The research of gamma-rays
and extraterrestrial high-energy neutrinos has been a large field of study during the last
decades, with their respective spectra being measured over many years [40, 41]. Using
the complementary information from gamma-rays and neutrinos in cooperation with
cosmic-rays can provide the missing pieces to understand the origin of cosmic particles.
The principle of this so-called multi-messenger approach is illustrated in Figure 2.4. In
order to motivate these multi-messenger studies, the main features of gamma-rays and
neutrinos as astrophysical messengers are shortly summarized in the next sections.

2.2.1 Gamma-Rays

Most current theories suggest that gamma-rays are either generated in leptonic processes
involving interactions of high-energy electrons or in hadronic transactions of high-energy
protons or heavier nuclei (Section 3.2). While none of these models is neither ruled out
nor confirmed, both could potentially reveal a correlation between the generation of

2Note that despite being potential messengers, we do neither consider gravitational waves nor other
exotic scenarios throughout this thesis.
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source on their path towards the Earth. The Figure is taken from [42].

high-energy gamma-rays and the acceleration processes of high-energy cosmic-rays3 [6].

In contrast to cosmic-rays, photons are not deflected by magnetic fields. Hence once
they arrive at the Earth they directly point towards their site of generation. High en-
ergy gamma-rays are likely to interact with ambient radiation from the extragalactic
background light (EBL) and the cosmic microwave background (CMB) via electron-
positron pair production. The pair production interaction length (or gamma-ray atten-
uation length) with background radiation from the EBL and the CMB are illustrated
in Figure 2.5. Starting from a few hundred GeV to approximately 100 TeV the absorp-
tion is dominated by interactions with the EBL. Above these energies radiation from
the CMB become the prevalent target for attenuation. As a result of this attenuation,
the observable distance of these photons is limited by their energy. The distance to
the Galactic center and one of the closest blazars, Markarian 421 are also indicated in
Figure 2.5. Above ∼ TeV energies, the observable universe is limited to our galaxy
and the closest extragalactic objects with increasing opacity towards higher energies.
Although the observable gamma-ray flux above a few TeV is strongly suppressed, the
signal from these photons does not disappear completely. Pair-production and sub-
sequent high-energetic leptons initiate electromagnetic cascades via inverse Compton

3Note that other than for neutrinos, photons can also be generated in leptonic processes which are
not necessarily directly connected to high-energy cosmic-rays (Section 3.2).
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scattering. The initial radiation is shifted to sub-TeV energies and complements the
directly observable gamma-ray radiation in this energy region [43].
At energies from ∼ GeV to a few TeV a large variety of gamma-ray emitting objects

are observed by means of numerous ground and space-based observatories [45]. De-
pending on energy range and the respective detector instrument, the location of these
astrophysical objects can be determined with accuracies of less than ∼ 0.1◦ [46].

2.2.2 Neutrinos

Similar to photons, neutrinos of all flavors are electrically neutral particles and hence
are not deflected by magnetic fields. Their observed directions point directly back to
their origin. Despite both potentially revealing the location of their origin, there are
severe differences between neutrinos and photons as astrophysical messengers.
Astrophysical neutrinos are supposedly produced in the decay of charged mesons and

in particular pions. The generation of these mesons requires interactions of protons or
heavier nuclei with ambient protons or radiation target fields at the site of the source.
In contrast to gamma-rays, neutrinos cannot be generated in purely leptonic processes4

4In principle neutrinos could be generated by decaying muons produced in pair-production processes
of high-energy photons. Yet, this contribution of this effect is very sub-leading [33].
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involving high-energy electrons.
A second major difference between both messengers becomes evident in the charac-

teristics of their interactions. In the Standard Model of particle physics, neutrinos only
interact weakly via the exchange of Z andW vector bosons. Due to the low cross-section
of these processes neutrinos can traverse the Universe almost unimpeded. As a conse-
quence, the observable distance of the Universe is in general not limited to neutrinos
at any energy. While the low interaction cross-section of neutrinos is beneficial during
the propagation, it depicts major challenges for their detection. Large volume neutrino
detectors, such as the IceCube Neutrino Telescope aims to observe high-energy astro-
physical neutrinos above the vastly exceeding terrestrial background. Although the flux
of high-energy neutrinos has already been observed in 2013, no corresponding sources
have been discovered yet.
Studying the interplay of multiple messengers from astrophysical environments can

disclose detailed knowledge of on-going processes at the site of these sources. While the
large statistics in gamma-ray, and generally photon observations allow detailed studies
in this sector, additional information on neutrinos can help to determine the relevant
generation models and access the acceleration at the highest energies that are opaque to
photons. Determining a correlation with the acceleration processes of UHECRs could
ultimately solve the mystery of their origin.
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3
Astrophysical Particle Accelerators

In order to decode the origin of the highest energy cosmic-rays and the correlation
with other astrophysical messengers, it is essential to understand the underlying gen-
eration processes. In the following two sections we will introduce the most commonly
accepted theory of particle acceleration that implicates the generation of high-energy
astrophysical messengers. Ultimately potential source candidates for the generation of
these high-energy particles are summarized in Section 3.3.

3.1 Acceleration Mechanism

The power-law shape of the spectral distribution of cosmic-rays strongly disfavors a
thermal origin of cosmic-rays1, demanding other processes. While charged particles
in most man-made accelerators gain energy in static electric fields, such electric fields
are not feasible in most astrophysical environments [23]. In 1949 Fermi was the first
to propose an alternative approach that could allow the generation of highly energetic
particles in a stochastic process [47]. Due to elastic scattering with the magnetic field
in moving plasma lower energetic particles can recursively gain energy. The particle
spectrum resulting from this stochastic acceleration automatically follows a power-law
distribution. This so-called Fermi acceleration mechanism will be introduced in the
following section, where the logic follows the explanation as in [6].

3.1.1 Fermi Acceleration

Fermi proposed a stochastic acceleration process which allows charged particles to in-
crease their energy by a factor of ∆E = εE in every encounter. In case of astrophysical
objects these encounters could be depicted as collisionless scattering on irregularities

1Despite not showing any indication for a characteristics temperature scale, as expected for thermal
radiation, the energies of the highest energy cosmic-ray particles are beyond the capabilities of
thermal emission mechanisms [6].
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within ambient moving magnetized plasma. More details on the mechanisms that can
be responsible for the energy gain will follow later in this subsection. After n encounters
the particle has an energy of

En = E0 (1 + ε)n , (3.1)

with E0 being its initial energy. Assuming that in each step the particle has a chance
Pesc to escape the acceleration region, the number of events with energies above Eth is
proportional to

N(≥ Eth) ∝
∞∑

m=nth

(1− Pesc)m =
(1− Pesc)nth

Pesc
, (3.2)

where nth describes the number of encounters that are necessary for the particle to
reach an energy Eth

nth = ln

(
Eth
E0

)
/ ln(1 + ε). (3.3)

Combining the last two formulas yields an expression for the number of particles directly
depending on the threshold energy Eth

N(≥ Eth) ∝ 1

Pesc

(
Eth
E0

)−γ+1

, (3.4)

with γ = 1 − ln(1− Pesc)/ ln(1 + ε). This formula nicely illustrates that the Fermi
acceleration mechanism can naturally explain a power-law shape, that is observed for
the spectrum of the cosmic-rays (Chapter 2.1.1).
As previously mentioned cosmic-ray particles can gain energy ∆E due to diffusion

within moving magnetized plasma. For the Fermi mechanism, two different scenarios
for the enhancement in energy exist. Both are schematically illustrated in Figure 3.1.
In the original version proposed by Fermi (2nd order Fermi acceleration), relativistic
cosmic-rays gain energy from encounters with moving clouds of plasma that are apparent
within the galactic disc. Upon entering the cloud the particle coincides with the average
motion of the moving gas, due to deflections caused by the magnetic fields. After leaving
the cloud the particle gained an energy ∆E. Repeated collisions with magnetized clouds
enable the stochastic acceleration mentioned above.
The second scenario (1st order Fermi acceleration) relies on a similar acceleration

principle but caused by a different astrophysical environment. While the generation of
energy is caused by independent clouds in the 2nd order Fermi mechanism, acceleration
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Figure 3.1: Illustration of the stochastic Fermi acceleration mechanism. Left: 2nd order
Fermi acceleration due to collisions with moving clouds of gas. Right: 1st
order Fermi acceleration at moving shock-front.

in this approach is caused by magnetized matter separated by an infinite plane shock-
front (right panel of Figure 3.1). In this projection, the shocked gas in the downstream
moves at the velocity vgas with respect to the gas in front of the shock (upstream).
Traversing the shock front back an forth yields an energy gain ∆E. In the following, we
will derive the change in energy ∆E per encounter for both scenarios. Particle properties
marked with an asterisk are defined in the rest frame of the magnetized cloud moving
with velocity vcloud, with all other properties being defined in the laboratory frame of
an external observer.

If not explicitly mentioned otherwise, the following derivation is valid for both scenar-
ios. The total energy of an incoming particle in the rest frame of the moving magnetized
matter (true in both scenarios) is

E∗0 = Γ (E0 − βpx)
1
≈ ΓE0(1− β cos θ0) (3.5)

where px = |p| ·cos θ0 describes the momentum of the particle along the direction of the
moving magnetized matter. The Lorentz factor Γ and the velocity of the magnetized
gas β =

|vcloud/gas|
c depict the parameters of the transformation from the laboratory

frame of an external observer to the rest frame within the moving matter. The angles
θ0 and θ1 are defined according to illustration in Figure 3.1. Assuming that all collisions
caused by the magnetic field are elastic in the reference frame of the moving plasma,
the particle can escape with the energy E∗1 = E∗0 . For the external observer the particle

1Assuming relativistic particles with |p| � m, with m being the rest mass of the particle.
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appears with energy

E1 = ΓE∗1 [1 + β cos θ∗1] . (3.6)

According to Equation (3.1), the relative efficiency ε per encounter is

ε =
∆E

E0
=

1− β cos θ0 + β cos θ∗1 − β2 cos θ0 cos θ∗1
1− β2

− 1. (3.7)

So far this derivation is valid for both scenarios. Yet, the average values for the relative
efficiencies reveal significant differences. In the following all equations applying for the
shock front scenario will be indicated with (1st) compared to the moving clouds (2nd).
According to Equation (3.7), the average efficiency 〈ε〉 depends on the angles between
the particle and the moving matter at entry and exit. In case of the 2nd order Fermi
mechanism, a relativistic particle can approach independent clouds of plasma either in
head-on collisions or catch up the cloud of plasma moving in the same direction. The
probability of a collision is proportional to the relative velocity between the particle and
the cloud p2nd0 = c−vcloud cos θ0

2c , yielding an expectation value for the incoming angle

〈cos θ0〉2nd =

∫ 1

−1
p2nd0 cos θ0 d cos θ0 = −vcloud

3c
. (3.8)

On the other hand, in order to traverse the shock front into the downstream region
the first order Fermi mechanism allows only head-on collision2. The projection of an
isotropic flux in the upstream region onto the infinite plane yields an average incoming
angle of

〈cos θ0〉1st =

∫ 0

−1
p1st0 cos θ0 d cos θ0 = −2

3
, (3.9)

where p1st0 = 2 cos θ0 is the normalized probability distribution cos θ0. In both scenarios
elastic scattering in the rest frame of the magnetized matter influences the direction
of the particle. In the scenario (2nd order) shown in the left panel of Figure 3.1, the
particle can leave the matter distribution isotropically yielding

〈cos θ∗1〉2nd =

∫ 1

−1

1

2
cos θ∗1 d cos θ∗1 = 0. (3.10)

In contrast, in the 1st order Fermi acceleration, the particle can only leave the shocked
region if the outgoing angle θ∗1 projects again onto the shocked plane1. Consequently,
2Otherwise the particle would escape the acceleration region.
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similar to Equation (3.9) the average outgoing angle in the shock wave scenario evaluates
to

〈cos θ∗1〉1st =

∫ 1

0
2 cos θ∗1 cos θ∗1 d cos θ∗1 =

2

3
. (3.11)

Inserting these average angles in Equation (3.7) yields the average acceleration efficiency
during each encounter for both processes

〈ε〉2nd =
1 + 1

3β
2

1− β2
− 1 ∼ 4

3
β2 (3.12)

〈ε〉1st =
1 + 4

3β + 4
9β

2

1− β2
− 1 ∼ 4

3
β, (3.13)

where the last approximation only holds if the relative velocities of the respective plas-
mas can be treated non-relativistically. The formulas above nicely illustrate the linear
and second order dependence in the velocity β of the shock wave and the moving cloud
scenario respectively. During the acceleration process in clouds the particle does not
always gain but can even lose energy depending on the incoming and outgoing direction
with respect to the movement of the clouds. On the other hand the shock wave scenario
can be nicely visualized by a ball that is elastically bouncing between two mutually
approaching trains. Similar to the ball and in contrast to the 2nd order Fermi accelera-
tion, the particle gains energy in every encounter yielding on average the more effective
acceleration mechanism.

3.1.2 The Power-Law Spectrum

In the previous subsection, we demonstrated that stochastic acceleration processes gen-
erate a particle spectrum following a power-law distribution. The spectral slope of the
differential spectrum at the source is

γsource = 1− ln(1− Pesc)/ ln(1 + ε) ∼ 1 +
Pesc
ε
. (3.14)

This is similarly true for both scenarios of Fermi acceleration. Yet while astrophysical
environments that are proposed by the second-order Fermi acceleration mechanism tend
to induce very soft spectra [6], the particle acceleration induced by shock waves can re-
cover the spectral index that is needed to describe the observed spectrum of cosmic-rays.
The probability Pesc for particles to escape the acceleration cycle can be approximated
by comparing the average rate of encounters Rin with the escape rate due to convection
Rout. The former can be evaluated by the projection of an isotropic cosmic-ray flux on

21



the infinite plane of the shock, yielding

Rin =

∫ 2π

0

∫ 1

0
d cos θ

ρCRc cos θ

4π
=
ρCRc

4
. (3.15)

The escape rate from the downstream region is Rout = ρCRvrel
3, yielding

Pesc =
Rout

Rin
=

4vrel

c
. (3.16)

Further making use of the kinetic energy of mono-atomic gases yields a universal ex-
pression for the spectral index

γsource = 1 +
3

vshock/vrel − 1
∼ 2 +

4

M2
, (3.17)

where M represents the Mach number [6, 48]. The Mach number for strong shocks is
M � 1, yielding a spectral distribution with γsource ∼ 2 for the generation of cosmic-
rays at the site of the source [6]. Due to diffusion in ambient magnetic fields, the
observable energy spectrum of galactic cosmic-rays is shifted with respect to the one at
the site of generation. In the so-called leaky box model, this spectral displacement can
roughly account for a factor of 0.6, yielding an expectation for the observable spectrum
of

γobs ∼ 2.6. (3.18)

This is similar to what we can observe for the galactic part of the cosmic-ray spectrum
(Subsection 2.1.1) [6].

3.1.3 Source Condition Criteria

The first-order Fermi mechanism is not only capable of recovering the observed spec-
tral index. Connecting the principle of diffusive shock acceleration to Supernovas can
explain the galactic component of the cosmic-ray spectrum up to the knee. Already
in 1964 Ginzburg and Syrovatskii emphasized that shock acceleration of cosmic-rays in
supernova explosions could be efficient enough to maintain a constant energy density
in cosmic-rays [10]. The maximum energy in such supernova explosions is

Emax
SN ∼ dE

dt
· TSN ∼ Z · 300 TeV, (3.19)

3Assuming a supersonic gas flow in the rest frame of the shock, the mass flux into the shock is similar
to the mass flux out, yielding ρCR · vshock = ρCR · vrel [48].
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where dE
dt represents the differential energy gain in the stochastic process and TSN gives

the time interval during which particles are accelerated in supernova explosions [23].
Using typical values for the galactic magnetic field and the properties in supernova
explosions, allows for the generation of cosmic-rays up to the region where the knee
begins (Figure 2.1) [23]. Note that the maximum energy Emax

SN depends on the atomic
number Z of the particle motivating a successive cutoff in the region of the knee (Section
2.1.1).

The concept of a maximum particle energy that astrophysical objects can produce
was generalized by Hillas in 1984 [26]. In order to keep a charged particle confined
within the acceleration environment of size R, the Larmor radius rL (Equation (2.10))
of the particle may not exceed R yielding a condition for the maximum energy of an
object

Emax = ZeBR ∼ Zβ
(
B

µG

)(
R

kpc

)
· 1018 eV (3.20)

This expression allows the classification of different types of sources according to their
potential to accelerate cosmic-rays to the highest energies observed. A summary of
different types of sources in a so-called Hillas plot is shown in Figure 3.2. A short
review of different types of astrophysical sources mentioned in this plot is given in
Section 3.3.

3.2 Generation of other Messengers

The generation of high-energy cosmic-ray nuclei and electrons at the site of astrophys-
ical objects implicates the generation of other astrophysical messengers (Section 2.2).
Photons can either be produced by radiation from charged leptonic particles or in the
decay of mesons and in particular pions [6]. In the second, so-called hadronic scenario
also neutrinos will be generated in the vicinity of the source. The realization of both
leptonic and hadronic generation processes of secondary particles strongly depends on
the physical conditions at the site of acceleration.

Depending on the environment at the source the observed spectrum of photons could
be explained by leptonic or hadronic acceleration models. On the other hand, the
observation of a neutrino flux would automatically implicate the existence of hadronic
generation processes. In the following, both models are shortly introduced.
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Figure 3.2: Illustration of the acceleration potential of cosmic-ray sources arranged ac-
cording to their size R and ambient magnetic field strength B. Following the
concept suggested by Hillas [26], the maximum particle energy that can be
generated by a source depends on these quantities (Equation (3.20)). The
colored lines indicate the parameter regions that provide the potential to
accelerate protons (Z = 1) to the respective energy if β = 1. The data are
adapted from [6].

3.2.1 Leptonic Model

Next to protons also cosmic-ray electrons are accelerated to relativistic energies in
stochastic processes. Similar to the spectrum of protons, their spectral distribution
at the source can be described by a simple power-law function with spectral index γe.
In the presence of a magnetic field perpendicular to the motion of the electrons, pho-
tons are generated from synchrotron emission. Depending on the exact properties at the
source the spectrum of these synchrotron photons peaks in the region between infrared
and X-ray photons. The synchrotron radiation from protons and heavier elements is
strongly suppressed with respect to radiation from electrons and can be ignored at these
energies [6].
In the presence of low energy photons, the same relativistic electrons can transfer

energy to these photons as a result of inverse Compton scattering. The low energy
photons required for inverse Compton scattering can either be provided by the syn-
chrotron radiation from the same population of electrons or external radiation fields.

24



Inverse Compton scattering can effectively generate high energy photons with a spec-
trum strongly depending on the spectral distribution of the parent electrons [23].

A schematic sketch of observed photons at different wavelengths from an active galac-
tic nuclei (AGN) object (Subsection 3.3.1) is shown in the right panel of Figure 3.3.
While purely leptonic models can usually describe the spectral energy distributions for
such sources, the influence from hadronic generation models cannot be suspended [6].

3.2.2 Hadronic Model

While the origin of the low energy peak in the photon spectrum (e.g. Figure 3.3 for
AGNs) is attributed to synchrotron radiation from accelerated electrons, the formation
of the high energy bump in the photon distribution is still an open field of discussion. In
hadronic models, photons are mainly generated in the decay of neutral pions, which can
be either produced in interactions of protons with an ambient target of lower energetic
protons or photons. Depending on the explicit environment at the site of the source
either of these channels can be dominant [23]. Different to purely leptonic processes,
neutrino production is possible through the decay of charged mesons which are gener-
ated likewise in interactions of high energy protons. Hence measuring neutrinos from
the direction of a source would directly confirm the presence of hadronic acceleration
processes.

In order to allow the generation of gamma-rays and neutrinos, the environment at
the site of the source has to be transparent enough to produce the parent mesons, in a
sense that the mean free path of protons needs to be smaller than the size of the object.
Besides, the objects need to be smaller than the interaction length of these mesons,
to allow the generation of high energy photons and neutrinos [23]. In such a scenario
the generated flux of gamma-rays and neutrinos is strongly correlated to the flux of the
cosmic-rays at the site of acceleration. The potential correlations between the generated
neutrino flux and the flux of high-energy cosmic-rays and photons are studied in more
detail in Section 4.2 and 4.3. Note that, even though the generated spectrum of these
messengers is supposedly correlated, the correlation among their observed spectra is not
obvious. While neutrinos can only be generated in hadronic models and arrive at the
Earth without being influenced on their path, high-energy photons can be similarly gen-
erated in both models and their observable flux at high energies (& TeV) is attenuated
and diluted due to pair-production with ambient background radiation in the Universe
(Subsection 2.2.1). Ultimately the localization of cosmic-rays is very challenging due to
their deflection in cosmic magnetic fields (Subsection 2.1.4).

It is worth noting that the production of gamma-rays and neutrinos is not limited to
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the surrounding of the sources. In principle, high-energy cosmic-rays can also generate
these messengers along their path in interactions with cosmic background radiation.

3.3 Candidate Sources of Cosmic Rays

Following the illustration shown in Figure 3.2 only few types of astrophysical objects
posses all the ingredients to accelerate cosmic-ray particles and subsequent messengers
to the highest energies that are observed at Earth.
Stochastic shock acceleration in galactic supernova remnants (SNR), resulting from

explosions at the end of the evolution of stars can provide sufficient power to explain
the isotropic flux of galactic cosmic rays in the region below the knee of the spectrum
[6]. Nevertheless the conditions at the site of these sources do not allow the genera-
tion of cosmic-rays at the highest observed energies (Figure 3.2). According to Figure
3.2, amongst others extragalactic gamma-ray bursts (GRBs) posses the environment
to accelerate cosmic-rays to energies of 1020 eV. GRBs can emerge from both the core
collapse of a massive star or the merger of a binary system (e.g. neutron star - neutron
star) and depict the most energetic transient objects in the Universe [6]. Disregarding
the potential to generate UHECRs, no correlation between GRBs and high-energy neu-
trinos has been observed. As a consequence, not only their contribution to the observed
high-energy neutrino flux but also to the flux of UHECRs is strongly constrained [49].

In the scope of this thesis, we want to study the neutrino emission from a different type
of astrophysical sources, namely blazars, a sub-class of active galactic nuclei (AGN).
Hence in the remaining part of this chapter, we will shortly introduce the relevant
characteristics of AGNs and in particular blazars.
Note that similar to GRBs and AGNs, also other types of astrophysical objects might

be able to produce UHECRs and subsequent messengers. Yet a description of these
source types is beyond the scope of this work and the reader is relegated to other
reviews for instance in [6, 23].

3.3.1 Active Galactic Nuclei

Active galactic nuclei offer different characteristics that turn them into interesting can-
didates for the emission of high-energy cosmic-rays. With luminosities up to Lbol ∼
1048 erg s−1 they are the most powerful non-explosive objects in the Universe [50]. The
observable photon emission from AGNs covers the full electromagnetic spectrum from
radio to gamma-ray energies (Figure 3.3), allowing detailed studies of their properties.
At the highest energies above ∼ 10 GeV, AGNs and in particular the sub-class of blazars
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Figure 3.3: Left: Simplified view of the setup of AGNs. Figure adapted from [54].
Right: Schematic illustration of the typical spectral energy distribution for
different classes of AGN. The figure is adapted from [50].

(introduced in the following subsection) dominate the observed photon emission [51, 52].
Due to the high luminosities, AGNs can be observed at far distances in the Universe,
with the furthest AGN being detected at a redshift of z ∼ 7.1 [53]. Around 1 % of all
galaxies are supposed to host an AGN, making them a numerous class of astrophysical
objects. At the moment roughly 106 AGNs are detected [50].

A sketch of a typical AGN object is illustrated in the left panel of Figure 3.3. The fun-
damental element common to every AGN is a spinning supermassive black hole (SMBH),
with masses larger than 106 solar masses and extensions between 10−7 and 10−3 pc.
The central source of energy in AGNs is caused by the accretion of particles around
the SMBH and their subsequent release of gravitational energy. The accretion material
is located in a thin disc around the SMBH, extending to distances of up to ∼ 1 pc.
The rate of the accretion flow might be connected to the launching of relativistic jets
parallel to the spin axes of the central black hole. Despite being studied in great detail
over many years, the physical nature of these relativistic jets is still poorly understood.
Ultimately at distances from 1 to 10 pc a putative torus of dust of unknown composition
surrounds the central region of the AGN [50, 55].

As previously mentioned, the observed spectral energy distribution (SED) of typical
AGNs encloses many orders of magnitude in energy, ranging from radio to gamma-ray
energies. Features appearing in different energy bands can be attributed to physical
processes occurring in different regions of the source. Detailed studies of their char-
acteristics at different wavelengths allow the exploration of the basic architecture of
active galactic nuclei. A detailed summary of these multi-wavelength studies can be

27



found in [50]. In the following, we will only shortly outline the influence on the SED
from different regions of the AGN. In the right panel of Figure 3.3 the typical SEDs for
different types of AGN objects are illustrated.

The accretion disc surrounding the black hole in the center of every AGN generates
radiation ranging from optical to low X-ray energies in the spectrum [42]. In case the
the orientation of the AGN with respect to the observer at the Earth allows a direct
investigation of the central region, it is possible to distinguish between optical features
related to the presence of heated gas in the broad-line region between the SMBH and
the inner wall of the dust torus and gas present in the narrow-line region located above
the plane of the dust (left panel of Figure 3.3) [50]. The radiation from the accretion
disc that is traversing the dust torus can interact with the ambient matter, with the
resulting radiation shifted to the infrared (IR) regime. The details of these IR emission
lines depend on both, the radiation coming from the accretion disc as well as the amount
of obscuration provided by the dusty torus [50]. Inverse Compton scattering of photons
from the accretion disc with the overlying atmosphere (called corona) is thought to
be the primary process inducing the intrinsic X-ray emission of AGNs [56]. The most
relevant component of AGNs for the neutrino phenomena studied in this thesis is the
relativistic jet. Processes within the jet dominate the photon emission in the radio and
gamma-ray band. In fact, AGNs without relativistic jets do not seem to provide the
environments to produce photons at gamma-ray energies [57]. In case the orientation
of the jet is aligned with the direction of an observer at the Earth, the emission from
the jet can importantly contribute to every region across the SED [50].

3.3.2 Blazars

Blazars, a sub-class of active galactic nuclei hosting a relativistic jet at an angle smaller
than 20◦ with respect to the line of sight depict one of the most promising source
class for high-energy neutrinos and cosmic-rays [54, 58]. Despite intrinsically being
a minority among AGN objects by definition, blazars dominate the bright radio and
gamma-ray sky [59]. In fact above 50 GeV (10 GeV) these objects can explain 86+16

−14%

(42 ± 8%) of the entire extragalactic background light [51, 52]. Consequently, blazars
might potentially provide the environments to accelerate charged cosmic particles to
the highest energies and generate high-energy neutrinos.

The photon emission from blazars typically emerges in a double humped shape that is
strongly related to processes within the relativistic jet (Figure 3.3). While the first peak
is commonly attributed to synchrotron radiation from relativistic electrons, the physical
processes behind the second hump at higher energies is still unknown. In principle, both
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Figure 3.4: Comparison between the SED of a typical FSRQ (3C 273) and a typical
BL Lac (Mrk 421). Left: Spectral distribution in the optical band. Figure
adapted from [62], with data from [63, 64]. Right: Observed distribution
over the entire electromagnetic spectrum, based on combined data from
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by means of the SED builder tool of the ASI Science Data Center, available
at http://www.openuniverse.asi.it/. The solid lines indicate a putative
evolution of the double-humped structure connected to the relativistic jet.

leptonic and hadronic generation models within the jet could provide the gamma-ray
emission typically observed for blazars (Section 3.2) [6].

According to features in their SED, blazars can be further divided into different
sub-classes. Based on the location of the so-called synchrotron peak in the spectrum,
blazars can be categorized into low synchrotron peaked (LSP) objects if νpeak < 1014 Hz

(Epeak . 0.4 eV) or high synchrotron peaked (HSP) objects if νpeak > 1015 Hz (Epeak &

4.1 eV). Blazars with synchrotron hump peaking in between both thresholds are desig-
nated as intermediate synchrotron peaked objects (ISP) [60, 61].

A complementary partition of blazars into Flat Spectrum Radio Quasars (FSRQ)
and BL Lacs results from differences in their optical spectra. While FSRQs show broad
emission lines in this energy region, BL Lac objects only display at most weak emission
lines [50, 54]. The spectral energy distribution at optical wavelengths for a typical BL
Lac (Mrk 421) and a typical FSRQ (3C 273) are shown in the left panel of Figure 3.4.
Next to differences in the optical band that are used for the classification, FSRQ and
BL Lac objects also show significant differences in their gamma-ray emission. This is
again illustrated by means of the SED from the BL Lac Mrk 421 and the FSRQ 3C
273 shown in the right panel of Figure 3.4. While the latter shows a steeply falling
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energy spectrum in the high energy (HE) region with almost no emission in the very
high energy (VHE) band, the gamma-ray emission from the BL Lac is mostly flat in
the HE region and extends to very high gamma-ray energies before dropping of [50].
Next to the major differences between FSRQs and BL Lacs, the SEDs in the right
panel in Figure 3.4 both indicate another key characteristic of blazars. Blazars are
found to exhibit a strong variability in their emission at different energies, with typical
flares lasting from minutes to even months. The physical mechanisms behind the time
variability at different energies are still unclear [50, 65].
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4
Astrophysical Neutrinos

Neutrinos are electrically neutral particles interacting only through the weak force in
the standard model of particle physics. The small cross-sections of neutrino interactions
pose challenges for their detection, requiring large volume observatories as compensa-
tion. On the other hand these properties turn neutrinos into ideal astrophysical mes-
sengers. Having no electric charge and essentially no mass they are neither deflected by
magnetic fields nor attenuated on their path towards the Earth. While photons above a
few TeV are strongly attenuated in interactions with the cosmic background radiation
(Subsection 2.2.1), the universe is transparent to neutrinos at these energies. Hence
neutrinos can travel towards the Earth from the farthest reaches of the cosmos. The
following chapter starts with a short summary of the historical evolution of neutrino
astronomy at the South Pole. While no sources of astrophysical high-energy neutrinos
have yet been discovered at a 5σ level, IceCube found multiple evidence for neutrino
emission from the direction of the blazar TXS 0506+056 [4, 5]. The expected signal
from astrophysical neutrino sources as well as the exceptional role of neutrinos in multi-
messenger astronomy is discussed in Section 4.2 and 4.3. Finally the chapter concludes
with a short summary of the multi-messenger observations from the direction of the
blazar TXS 0506+056.

4.1 The Discovery of Astrophysical Neutrinos

High-energy neutrinos cannot be detected directly, but only through the measurement
of the secondary products resulting from their interactions. In order to detect as-
trophysical neutrinos, large volume detectors are necessary to compensate their low
interaction rate. Furthermore, these neutrino observatories have to be shielded against
atmospheric neutrinos and muons showing similar signatures in the detector volume.
This atmospheric background is continuously generated by particle showers induced by
cosmic-rays in the atmosphere (Chapter 5). With KM3NeT in the Mediterranean sea,
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GVD in Lake Baikal, P-ONE at Cascadia Basin and IceCube at the South Pole four
sites with large volume neutrino telescopes are planed. While the completion of the fi-
nal detector configuration is still in progress for the first three observatories, IceCube is
successfully recording data by means of its complete detector configuration since 2011.
In 2013 IceCube found first evidence for high-energy astrophysical neutrinos using the
outer layers of the detector to shield the astrophysical signal from the atmospheric
background [2]. This observation was later confirmed with the measurement of a dif-
fuse muon neutrino flux from the Northern hemisphere [66]. While the first analysis
used the outer layers of the detector to collocate an optimal sample of all-flavor neutrino
events, the latter approach utilized the Earth as a natural shield against atmospheric
background.
The experimental data of this, so-called through-going muon neutrino analysis from

the Northern hemisphere are shown in the left panel of Figure 4.1. The conventional
atmospheric flux dominates the sample up to ∼ 100 TeV, with the fitted astrophysical
component complementing the total flux above these energies. Commonly the astro-
physical fluxes in IceCube analysis are presumed to follow a single unbroken power-law

dφ

dE
= φ100 ·

(
E

100 TeV

)−γastro
, (4.1)

although more complex models can not be ruled out yet [41]. If not clearly stated
otherwise the flux values will account for the sum of neutrino and anti-neutrinos per
neutrino flavor in the following.
The current flux parameters of the through-going muon neutrino as well all-flavor

high-energy starting event (HESE) analysis are illustrated in the right panel of Figure
4.1. The result of a third analysis focusing on cascade-like events (Chapter 6) domi-
nantly induced by electron and tau neutrino interactions are shown as well [67]. Despite
the many differences, such as for instance the measurement signatures from different
neutrino flavors, the results of all three analysis are in agreement at least within their
95 % confidence level uncertainties.

4.2 Expected Signal from Astrophysical Neutrino Sources

Although the discovery of the first high-energy astrophysical neutrinos happened al-
ready several years ago, the sources generating the collective astrophysical neutrino
flux are still unidentified. The large atmospheric background in combination with the
low interaction rate of neutrinos and the uncertainties of the reconstruction of their
directional origin display only some of the challenges that have to be faced in order to
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Figure 4.1: Left: Measured data in the through-going muon neutrino analysis compared
to the MC predictions for the atmospheric background and the fitted astro-
physical flux [41]. Right: Comparison of the best-fit likelihood contours of
three complementary analysis measuring the astrophysical neutrino flux in
IceCube. The dashed (solid) lines illustrate the 68 % (95 %) C.L. contours.
The data are taken from [41, 67, 68].

find the sources of astrophysical neutrinos reaching the Earth.

4.2.1 Neutrino Generation in Hadronic Acceleration Models

Following the most common theories of particle acceleration in astrophysical objects,
high-energy neutrinos are predominantly generated in the decay of charged mesons,
with the largest contribution coming from pions

π+ → νµ + µ+ → νµν̄µ + νe + e+ (4.2)

π− → ν̄µ + µ− → ν̄µνµ + ν̄e + e−. (4.3)

While in principle neutrinos could also be produced in the weak decay of neutrons or
even more exotic scenarios involving non standard model physics [69], we will only focus
on the baseline meson scenario in the following. As visible from Equation (4.3), the
flavor ratio (νe : νµ : ντ ) of neutrinos from pion decay is (1 : 2 : 0) at the site of
acceleration1.
In astrophysical environments the parent mesons can only be produced in hadronic

generation models (Section 3.2) involving interactions of high energy protons either

1Assuming that all muons can decay.

33



with surrounding matter or ambient photons. While meson production mostly occurs
in inelastic proton proton collisions in the first case, in the latter scenario the pion
production emerges through the ∆+ resonance in photoproduction processes

p+ γ → ∆+ → π+ + n. (4.4)

Although the cross-section of the proton-proton mechanism is about two orders of mag-
nitude higher than the one for photoproduction, the probability for pion production
from the latter can be dominant depending on the specific scenario at the source. The
rate of pion generation in both mechanisms is proportional to the number density nbckg
of the respective background material. Depending on the environment surrounding the
source, the photon density nγ could be much higher than the density of non-relativistic
matter np [6, 23].

Despite the fact that neutrinos are produced in pion decays in both scenarios men-
tioned above, their respective neutrino spectra can have different appearances. In prin-
ciple the particle transport and generation in astrophysical accelerators can be treated
similarly to the propagation of cosmic-rays in the atmosphere (Chapter 5). As men-
tioned above the interaction probability for both mechanisms depends on the number
density of ambient target particles that are available for the interaction, yielding

1

λint,p
∝ nbckg, (4.5)

where λint,p is the interaction length of protons for the respective mechanism. Assuming
an idealized transparent source which is larger than λint,p but also smaller than the
interaction length of pions2, the neutrino spectrum can be approximated using Equation
(5.14) and (5.18).

The proton energy threshold Ethr,p for pion production in proton proton interactions
is

Ethr,p = mp +
mπ (mπ + 4mp)

2mp
∼ 1.2 GeV. (4.6)

In principle all protons generated at the source exhibit similar interaction probability,
independent of their energy. Hence the number density of the ambient target matter
that is available for collisions is similarly independent of the energy of the relativistic
protons. Using (5.14) and (5.18) the resulting spectrum of neutrinos will follow a power-
law that is similar to generation spectrum of the primary cosmic-ray particles at the

2In this case the pions can on average decay before losing a fraction of their energy in interactions.
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source

γppν ∼ γCR. (4.7)

Assuming stochastic Fermi shock acceleration of the parent protons (Section 3.1), the
spectral index of neutrinos is supposed to follow an γppν = 2 spectrum in this scenario.
In contrast the energy threshold for protons in photoproduction processes inversely

depends on the photon energy Eγ

Ethr,p ∼
2mpmπ +m2

π

4Eγ
. (4.8)

Assuming a power-law distribution with spectral index α for the low-energy photon radi-
ation, the number density of available photons can be expressed as nγ ∝

∫∞
Ethr,γ

E−αdE ∝
Eα−1
thr,γ , where Ethr,γ is the energy threshold for photons according to (4.8). As a conse-

quence the spectral index of the emerging neutrinos is hardened by a factor of (α− 1)

with respect to the parent cosmic-ray spectrum

γpγν ∼ γCR − (α− 1). (4.9)

Hence while the spectral index of neutrinos from proton-proton interactions only de-
pends on the parent proton spectrum, the neutrino spectrum induced by photoproduc-
tion processes also depends on the energy distribution of the low-energy target photons.
Assuming a target photon spectrum with α = 2 and relativistic protons from stochas-
tic shock acceleration, the generated neutrinos will follow a hard γpγν ∼ 1 power-law
spectrum. Such scenarios could be realized for example in blazar jets (Subsection 3.3.2
).
The average energy of a neutrino produced in photoproduction is roughly 5 % of the

energy of the parent proton. This estimation is motivated by the fact that the pion
carries on average 20 % of the proton energy while its energy in the decay (Equation
(4.3)) is equally split between the four leptons [23]. Given an optimal astrophysical
environment, the highest energy protons could produce neutrinos up to ∼ EeV energies
[70].

4.2.2 Flavor Oscillations over Astronomical Distances

Due to their non-vanishing, diverging masses neutrinos can oscillate between their flavor
eigenstates. This phenomenon becomes crucial for the understanding of the neutrino
flavor composition generated at the site of astrophysical sources. During their propa-
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gation towards the Earth, oscillations allow the transition between different neutrino
flavors. The observable flavor ratios are modified accordingly. Using the approximation
that matter induced influences are negligible [71], the effect of vacuum oscillations for
neutrinos from astrophysical sources is shortly discussed in the following subsection. A
more detailed summary can be found for instance in [6].

Neutrino oscillations arise from the mixing between their flavor eigenstates |να〉 with
α ∈ {e, µ, τ} and their mass |νj〉 with j ∈ {1, 2, 3}. While the former eigenstates define
their weak interactions with other particles in the standard model, the latter are used to
describe their free propagation. The existence of a neutrino mass term in the standard
model, implies a difference of these representations with both being connected according
to unitary 3× 3 Pontecorvo-Maki-Nakagawa-Sakata transformation matrix U [6, 72]|νe〉|νµ〉

|ντ 〉

 = U ·

|ν1〉
|ν2〉
|ν3〉

 . (4.10)

In this sense, flavor eigenstates can be expressed as linear combinations of mass eigen-
states and vice versa. On the basis of this correlation we will evaluate the probability
Pαβ that a neutrino with original flavor α appears in flavor β after traveling a distance
L. This probability can be phrased by means of the transition amplitude between both
flavor eigenstates according to

Pαβ = |〈να|νβ(L)〉|2. (4.11)

In order to get an expression for |νβ(L)〉, we initially contemplate the propagation of a
neutrino mass state that is characterized by the time-dependent Schrödinger equation,
yielding a stationary solution in vacuum

|νj(t)〉 = e−
iEt
~ |νj(0)〉 , (4.12)

where E is the energy of the relativistic neutrino that can be expressed as

E =
√
p2c2 +m2

jc
4 ∼ pc+

m2
jc

4

2E
. (4.13)

The simplification on the right side of this equation makes use of the nearly vanishing
magnitude of the neutrino mass mj

3. Combining both, the stationary solution for the

3Equation (4.13) uses the linear approximation of
√
1 + x ∼ 1 + 1

2
x for small x > 0, which is valid

due to E ∼ pc� mjc
2.
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Figure 4.2: Illustration of the flavor oscillation effect for neutrinos traveling across astro-
nomical distances. Left: The values on the y-axis depict the average ratio
of flavor X with respect to electron neutrinos within finite but small bins in
L/E (bin size ∆ log10(L/E[pc/PeV]) ∼ 0.03). The shaded bands illustrate
the deviations corresponding to the 1σ uncertainties of current oscillation
parameters assuming no interior correlations. Right: Observable oscillation
pattern from an extended region ∆L close to Mrk 421. In both panels the
initial flavor composition represents the standard (νe : νµ : ντ ) = (1 : 2 : 0)
scenario resulting from pion decay (Subsection 4.2.1). The oscillation pa-
rameters and their corresponding uncertainties are taken from [73].

mass eigenstates from Equation (4.12) and (4.13) and the correlation between both
eigenvector basis from Equation (4.10) yields the transition amplitude

〈να|νβ(L)〉 = e−
ipL
~
∑
j

U∗βjUαje
−
im2
j c

3L

2E~ , (4.14)

with L := ct4. Ultimately the transition amplitude from Equation (4.11) evaluates to

Pαβ =
3∑
j=1

|Uβj |2|Uαj |2

+ 2
∑
k>j

Re
(
U∗βjUαjUβkU

∗
αk

)
cos

(
∆m2

kjc
3L

2E~

)

+ 2
∑
k>j

Im
(
U∗βjUαjUβkU

∗
αk

)
sin

(
∆m2

kjc
3L

2E~

)
, (4.15)

with ∆m2
kj = m2

k − m2
j . This transition probability can be utilized to estimate the

4The eigenvectors are by definition orthogonal, yielding 〈νj |νk〉 = δjk
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evolution of the initial flavor composition generated at the source, according toφ(νe)

φ(νµ)

φ(ντ )

 = P ·

φ
0(νe)

φ0(νµ)

φ0(ντ )

 , (4.16)

where P is the 3 × 3 matrix composed of Pαβ . The average evolution of the flavor
composition from the pion decay scenario (Subsection 4.2.1) is illustrated in Figure 4.2.
The oscillation pattern in the left panel shows that the observable flavor composition
of neutrinos from source populations distributed at distances of more than 10−2 pc5

matches a uniform distribution in this scenario. In fact this averaging effect arises
due to a rapid increase of the oscillation frequency and for starters only applies for
the cumulative signal from sources located at varying distances. In principle for point
like sources located at a fixed distance L, Equation (4.16) predicts an exact flavor
composition at the detector that can widely deviate from the uniform flavor mixture.
Nevertheless in case the extension of the acceleration region exceeds the oscillation
period, the averaged values from the left panel become valid again. The oscillation
frequency for neutrinos from the distance of the blazar Mrk 421 (∼ 120 pc) is illustrated
in the right panel of Figure 4.2. ∆L indicates the putative extension of the source. An
equal number of observable neutrino flavors is expected, if the acceleration region at
the site of this blazar exceeds at least a few 0.1 mpc. This is supposedly the case for
blazars and in general AGN objects (Subsection 3.3.2). Since Mrk 421 is one of the
closest blazars and the oscillation frequency is generally rising with increasing distance,
this observation can be extended to all individual blazar sources.

More generally, the average observable flavor composition from distant astrophysical
sources6 can be approximated by taking the limit L→∞ in Equation (4.15). Both the
average of the sine and cosine become zero yielding

Pαβ|L→∞ =

3∑
j=1

|Uβj |2|Uαj |2 (4.17)

and eventually

PL→∞ =

Pee|L→∞ Peµ|L→∞ Peτ |L→∞
Peµ|L→∞ Pµµ|L→∞ Pµτ |L→∞
Peτ |L→∞ Pµτ |L→∞ Pττ |L→∞

 ∼
0.55 0.24 0.21

0.24 0.38 0.38

0.21 0.38 0.41

 . (4.18)

5For comparison, the galactic center is located roughly 8 kpc away from the Earth.
6If the acceleration region is larger than one oscillation period.
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This transformation probability can be easily used to evaluate the observable flavor ratio
for other more exotic neutrino generation scenarios. If neutron decay is the generating
mechanism, only electron neutrino are produced, (νe : νµ : ντ ) = (1 : 0 : 0). Due to
the large mixing angles in the observable flux ratio at the Earth evaluates to (ν̂e : ν̂µ :

ν̂τ ) ∼ (1 : 0.44 : 0.39) in this scenario. Similar considerations for a pure muon neutrino
case at the source, yield (ν̂e : ν̂µ : ν̂τ ) ∼ (1 : 1.58 : 1.57).

4.2.3 Astrophysical Neutrinos at the Earth

In the previous subsections the potential properties of neutrino production induced by
meson decays in astrophysical sources were introduced. In the context of such models
the neutrino flux is supposed to follow a power-law distribution with a spectral index
much harder then the distribution of the atmospheric background (Chapter 5). This
expectation is supported by the measurements of the total astrophysical neutrino flux
integrated over the whole sky shown in Figure 4.1.
Due to oscillations on the path towards the Earth a similar amount of neutrino

flavors from astrophysical sources is expected at the Earth (Subsection 4.2.2). While the
differentiation between electron and muon neutrinos is rather simple at higher energies, a
distinct detection of τ neutrinos is more challenging in IceCube (Section 6.3). Evidence
for the first two high-energy tau neutrino candidates was recently found, with both
events showing indications for a unique double cascade structure [74]. The flavor ratio
of high-energy neutrinos measured in IceCube within the same analysis is compatible
with the expectation from meson decay scenarios [74].
In Figure 4.3 all high-energy track-like events measured in IceCube are shown [75].

These events are a composition of events from different IceCube analysis [41, 68],
with the similarity that all are supposed to be high-energy muon neutrinos of non-
atmospheric origin. The distribution of these events, reflects the detection properties of
the IceCube detector, showing an accumulation of events around the horizon. In this
region the Earth serves as a shield to absorb the atmospheric muon background, while
the signal of the remaining neutrinos in the detector is optimal for the reconstruction
of the most interesting event properties. The sensitivity of IceCube with respect to
individual point sources is added in the background of Figure 4.3 [76].

4.3 The Role of Neutrinos in Multi-Messenger Astronomy

In currently established non-exotic models of astrophysical accelerators neutrinos can
only be generated in hadronic interaction models (Subsection 4.2.1). In such scenarios
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Figure 4.3: High-energy track-like events measured with the IceCube detector [75]. The
red circles indicate the 90 % error contours of the events. In addition the
IceCube sensitivity with respect to neutrino point sources with γastro = 2 is
highlighted [76]. The black line/dot indicate the galactic plane/center.

neutrinos are predominantly produced in the decay of charged pions, which themselves
can either be produced in proton-proton interactions or photoproduction processes of
protons with ambient low-energy radiation. In both scenarios neutral pions are gener-
ated as well, decaying into two photons

π0 → γ + γ (4.19)

with a branching ratio of ∼ 98 % [77]. In an idealized transparent source, all pions can
decay and the generated gamma-ray flux is supposed to have a spectral shape similar
to the one of neutrinos (Subsection 4.2.1).

Making use of some simple kinematics in pion decays we can find a connection between
magnitudes of the resulting flux of photons and neutrinos. Neutrinos produced in the
decay of charged pions (Equation (4.3)) and subsequent muons respectively obtain on
average 1/4 of the energy of the parent pion [78, 79]. The total numbers of neutrinos
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generated from charged pions with energies between [Eπ,0, Eπ,1] is

∑
α

∫ Eπ,1/4

Eπ,0/4

dφνα
dEν

dEν = 3

∫ Eπ,1

Eπ,0

dφπ+(−)

dEπ
dEπ , (4.20)

where α indicates the summation index over all three neutrino flavors. The factor 3 on
the right hand side arises from the fact that three neutrinos are produced in the decay
of positively and negatively charged pions respectively (Equation (4.3)). Taking the
derivative with respect to Eπ,1 on both sides of the equation, directly yields a relation
between the flux of neutrinos and pions at the source

1

4

∑
α

dφνα
dEν

∣∣∣∣∣
Eν=Eπ,1/4

= 3
dφπ+(−)

dEπ

∣∣∣∣
Eπ,1

. (4.21)

The correlation between gamma-rays and neutral pions can be derived in a similar way.
According to Equation (4.19) neutral pions decay into two photons, each carrying on
average 1/2 of the energy of the parent pion. Hence the production rate of gamma-rays
caused by neutral pions can be written as∫ Eπ,1/2

Eπ,0/2

dφγ
dEγ

dEγ = 2

∫ Eπ,1

Eπ,0

dφπ0

dEπ
dEπ . (4.22)

The resulting relation between the flux of gamma-rays and pions at the source is

1

2

dφγ
dEγ

∣∣∣∣
Eγ=Eπ,1/2

= 2
dφπ0

dEπ

∣∣∣∣
Eπ,1

. (4.23)

In order to connect the flux of neutrinos directly to one of pionic gamma-rays, the
relative production rate Kπ = (Nπ+ +Nπ−)/Nπ0 of charged pions with respect to their
neutral counterparts is mandatory. While neutral and charged pions are approximately
produced in similar amounts in photoproduction processes (Kπ(pγ) = 1), all three
charges are generated in equal numbers in interactions of protons with surrounding
matter, yielding Kπ(pp) = 2 [79]. Using these relative production rates, Equation
(4.21) and (4.23) can be combined to obtain a direct relation between neutrino and
gamma-ray production from pion decays

∑
α

dφνα
dEν

∣∣∣∣∣
Eν

= 3Kπ
dφγ
dEγ

∣∣∣∣
Eγ=2Eν

. (4.24)

This powerful relation can be used to set limits on the neutrino production from astro-
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Figure 4.4: Observed spectral energy distribution of gamma-rays, high-energy neutrinos
and UHECRs. The extragalactic background light above 100 MeV as well as
the relative fraction of isotropic gamma-rays is measured by the Fermi-LAT
[40]. The respective muon neutrino flux determined by the through-going
muon neutrino (red) as well as the HESE (orange) analysis are illustrated
[41, 68]. Finally also measurement of the ultra-high-energy cosmic-ray spec-
trum detected by the Pierre Auger collaboration (dots) and the HIRes ex-
periment (square) are shown [19, 22]. The general idea of this plot and the
corresponding fits are adapted from [79] and outlined in the text.

physical sources from their gamma-ray observations alone, without needing any particu-
lar reference to the production of cosmic-rays [79]. Similarly the fraction of gamma-rays
produced by meson decay in astrophysical sources can be determined by neutrino flux
measurements. In [79], the authors applied the relation from (4.24) to set a limit on the
total neutrino flux connected to the isotropic gamma-ray background (IGRB) measured
by the Fermi space telescope [40]. Assuming that the total diffuse gamma-ray back-
ground is induced by photons from the decay of neutral mesons within optically trans-
parent sources7, a maximally possible neutrino flux from the same population can be
estimated according to Equation (4.24). While neutrinos can travel towards the Earth
without sensing any deflection or absorption effects, gamma-rays above ∼ 100 GeV are
strongly attenuated due to interactions with cosmic background radiation (Subsection
2.2.1). This effect is included in the calculation of the neutrino limit. In Figure 4.4 the
spectral energy distribution of gamma-rays, neutrinos and high energy cosmic-rays mea-
sured at Earth are summarized. The dashed blue line illustrates the limit on the neutrino
flux connected to the isotropic gamma-ray background in a pure proton-proton scenario.
7If the source is not transparent for high-energy photons, the correlation between between gamma-rays
and neutrinos is diluted and becomes non-trivial.
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Interestingly this bound resides in a similar order of magnitude as the astrophysical flux
measurements in IceCube (Section 4.1). The neutrino flux from the through-going muon
neutrino analysis nearly saturates this limit over the entire energy range, while the mea-
sured flux from the high-energy starting events (HESE) even exceeds the limit at lower
energies. The neutrino limit from the isotropic gamma-ray background could be easily
extended to the total extragalactic background light including also the gamma-ray flux
from resolved sources. Since most of the high-energy photon flux can be explained by
resolved sources this limit would clearly overshoot the current neutrino observations.
Hence this relation between the high-energy EBL and IceCube neutrinos suggests that
a significant contribution to the extragalactic gamma-ray background can be attributed
to purely leptonic gamma-rays (Section 3.2). It is worth to note that these relations
between observable high-energy gamma-rays and neutrinos only apply if the site of gen-
eration at the sources is transparent for high-energy photons. In fact in most putative
acceleration environments high-energy photons can be absorbed by ambient radiation
fields (e.g. the same radiation that serves as target for their acceleration in photo-
hadronic processes), while neutrinos can escape unnoticed. The observable correlation
between both messengers is non-trivial and can strongly deviate from their coherent
generation (Equation (4.24)). Nevertheless while gamma-ray observations can hardly
be used to constrain the putative amount of astrophysical neutrinos in such scenarios,
neutrino observations can be utilized to constrain the maximal amount of hadronically
produced gamma-rays. Correlating the observations of both messengers could reveal
novel insights in the production mechanisms of astrophysical source populations.
Similar to gamma-ray observations, the measured flux of ultra high-energy cosmic-

rays can be used to set limits on the total production rate of astrophysical neutrinos.
Under the assumption that the sources of ultra high-energy cosmic-rays are cosmologi-
cally distributed, one can derive a locally constant production rate of these high energy
protons above 1× 1019 eV from the observed cosmic ray spectrum [80]. Assuming that
all of these protons efficiently produce pions which subsequently decay into neutrinos
results in a model-independent upper limit on the observed neutrino flux [81]. The
authors in [79] compared this so-called Waxman-Bahcall limit to the total astrophysical
neutrino flux measured with the IceCube detector (Figure 4.4). As visible the measured
neutrino data do not contradict, yet approach this upper bound. This suggests that
there might also be a connection between the sources of ultra-high-energy cosmic-rays
and IceCube neutrinos.
Similar to the correlation to high-energy neutrinos, the observed spectrum of UHE-

CRs can be correlated to gamma-ray measurements. While blazars dominate the
gamma-ray flux above GeV energies [51, 52], a purely pionic origin of the high-energy
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gamma-ray flux caused within their jets contradicts the Waxman-Bahcall bound [81].
This discrepancy could be resolved if some fraction of the high-energy emission of pho-
tons is instead induced by inverse-Compton scattering of relativistic electrons within
the jet (Section 3.2). Neutrinos could be the smoking gun to determine this fraction
and establish a possible connection between the three types of messengers.

4.4 First Evidence for an Extragalactic Neutrino Source

On 22. September 2017, the IceCube collaboration detected a neutrino event (IceCube-
170922A) with a most-likely neutrino energy of ∼ 290 TeV8. Despite not being remark-
ably interesting within the sample of observed high-energy neutrinos alone, it gave rise
to a set of novel multi-messenger observations. As part of its Realtime Alert System
[82], IceCube sent out an automated notification to a multitude of multi-messenger
observatories9 within less than a minute from the detection. Within one week of the
observation of IceCube-170922A, the Fermi-LAT Collaboration reported an enhanced
gamma-ray emission from the blazar TXS 0506+056 during the time of the neutrino
alert. This blazar is located roughly 0.1◦ from the fitted direction of IceCube-170922A,
while clearly being within the 50 % spatial uncertainty region of the neutrino. The
region of the sky around the neutrino alert is illustrated in the left panel of Figure
4.5. The high gamma-ray emission during the time of the alert that was reported by
Fermi-LAT was confirmed by further follow-up studies performed by for instance with
the Major Atmospheric Gamma Imaging Cherenkov (MAGIC) telescope. An a posteri-
ori probability construction revealed that the chance coincidence to find a high-energy
neutrino in spatial and time coincidence with the gamma-ray flare of TXS 0506+056
can be rejected at a 3σ level [4].

The multi-messenger observations during the time of the alert initiated the investi-
gation of the existing 9.5 years of archival neutrino data from the direction of TXS
0506+056. Although the time integrated neutrino emission prior to IceCube-170922A
did not indicate a statistically significant neutrino emission, a neutrino flare was ob-
served between September 2014 and March 2015 at a ∼ 3.5σ level. Both, the multi-
messenger observations during the time of the neutrino alert as well as the neutrino flare
during 2014 and 2015 suggest that the blazar TXS 0506+056 might indeed be a source
of high-energy astrophysical neutrinos [5]. Since the 5σ threshold that is required to

8Assuming that the spectrum of the corresponding source follows a power-law with γ = 2.13, which
is the best-fit spectrum of the astrophysical muon neutrino flux from the Northern Hemisphere at
the time of the alert [66].

9And in particular a broad range of multi-wavelength telescopes for photons.
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Figure 4.5: Left: Illustration of the region around the neutrino alert IceCube-170922A.
The lines illustrate the 50 % (dashed) and 90 % (solid) containment region
resulting from the directional reconstruction. The data are taken from [4].
Right: P-value distribution for the time-dependent neutrino emission from
the direction of TXS 0506+056. The data are taken from [5].

claim a discovery in neutrino astroparticle-physics is not attained in neither of the stud-
ies, the blazar TXS 0506+056 is not officially the first confirmed source of high-energy
neutrinos. Nevertheless from now on it is entitled as the first source showing strong
evidence for the emission of high-energy neutrinos.
While the observations described in this section clearly indicate evidence for the neu-

trino emission from position of TXS 0506+056, it is not obvious to combine all the
information into one coherent picture. In fact, while the neutrino alert in 2017 was
accompanied by an associated gamma-ray flare, no gamma-ray enhancement from TXS
0506+056 was seen during the period of the neutrino flare. In addition to the missing
gamma-ray increment from TXS 0506+056, the nearby blazar PKS0502+049 (left panel
in Figure 4.5) was found in a gamma-ray flaring state in the period between 2014 and
2015. In order to shed light on the underlying physics, the authors in [75] performed a
detailed dissection in space, energy and time of the region around neutrino alert. They
found that TXS 0506+056 dominates the observable photon emission in this region
at all gamma-ray energies. During the period between 2014 and 2015, PKS0502+049
contaminates the gamma-ray emission at lower energies. At energies above a few GeV

the gamma-ray emission from PKS0502+049 drops and the contribution from TXS
0506+056 becomes prevalent. In fact, data from the Fermi-LAT suggest that the aver-
age spectral index for the gamma-ray emission from TXS 0506+056 above ∼ 2 GeV is in
a very hard state during that time, indicating the putative contribution from a hadronic
flare. The SEDs of TXS0506+056 and the observed neutrino fluxes during both time
periods are illustrated in Figure 4.6. As expected for lepto-hadronic generation models
(Section 3.2) [84], the high-energy gamma-ray and neutrino fluxes reside at a similar
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Figure 4.6: Hybrid photon neutrino SED during different time windows (MJD). The
purple points/lines show the photon emission simultaneous with the high-
energy neutrino flux (orange dots/lines). The purple line/band represents a
fit to the gamma-ray data from the Fermi-LAT. In order to allow a proper
comparison to the neutrino data, the gamma-ray data were de-absorbed
to correct for attenuation with cosmic background radiation (Subsection
2.2.1) [83]. Left: Time period during the neutrino alert: June 4-September
22, 2017. Right: Time period during neutrino flare: October 19, 2014 -
February 6, 2015. The data for both plots is taken from [4, 5, 75].

level during both time periods. In summary, these observations made in [75] support
a coherent picture in which TXS 0506+056 is the only source of the neutrino emission
in this region. In order to further investigate the underlying generation mechanism in
such sources, more multi-messenger observations are mandatory in the future.
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5
Cosmic Ray Showers in the

Atmosphere

Cosmic rays entering the atmosphere interact with nuclei in the air initializing an
avalanche of secondary particles cascading down to the surface of the Earth. In this
process, the primary hadron can either interact with nuclei producing a sub-cascade at
lower energies or decay into leptons or other hadrons. A schematic sketch of a particle
cascade induced by one primary cosmic-ray is illustrated in Figure 5.1.

Measurements of secondary leptons with large area ground-based detectors can give
insight on the properties of the primary cosmic ray particle that started the cascade.
Moreover, atmospheric leptons can be utilized as signal to extract information about
neutrino oscillations, the neutrino mass hierarchy, and further low-energy phenomena
[85, 86]. On the other hand, cosmic-ray air showers induce background for other astro-
physical messengers such as neutrinos. Atmospheric muons and neutrinos constitute the
major background for astrophysical measurements with large volume neutrino detectors.

Both purposes, knowledge about the primary cosmic ray as well as a proper descrip-
tion of the fluxes coming from secondary particles require detailed knowledge about the
physics occurring within the cascade. The transport of secondary particles towards the
surface is influenced by decays, interactions, and continuous energy losses. Using this
simple principle, the expansion of fluxes of secondary particles can be modeled by cou-
pled cascade equations [6]. This semi-analytical approach, as well as a brief summary
of the characteristics of atmospheric muons and neutrinos, are introduced in the first
two sections of this chapter.

Since lepton fluxes at the surface of the Earth depend on interaction and decay
properties of all particles involved in the cascade as well as properties of the surrounding
atmosphere, theoretical estimates of these fluxes suffer from all deviations from the
actual physical properties. In particular, the interactions of hadrons with ambient
air molecules constitute a major source of systematic uncertainties. In the context of
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Figure 5.1: Schematic illustration of a cosmic ray air shower.

particle cascades induced by relativistic cosmic-rays, the interactions of hadrons with
small momentum transfer with respect to the shower axis become most relevant. Due to
the large coupling constant, ordinary perturbation theories can not be applied for these
processes [87]. Hence the majority of the currently present theoretical models attempt
to describe hadronic interactions based on phenomenological arguments.

While experimental data of soft hadronic collisions above TeV energies are not ac-
cessible with current man-built particle accelerators, measurements of certain particle
interactions exist at energies of hundreds of GeV and below. These data can be used to
test and tune the theoretical models at lower energies. On the other hand these measure-
ments can also be used directly to describe the hadronic interactions within atmospheric
air showers. Section 5.3 gives a short summary of the most dominant sources of uncer-
tainties in atmospheric cascades. Moreover, a maximally model-independent treatment
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of hadronic interactions based on experimental measurements is proposed and the re-
sults are shown. The chapter concludes with a discussion of the current status and
prospects of the determination of the accuracy and consequently the uncertainties of
atmospheric lepton fluxes.

5.1 Modeling of Cosmic Ray Air Showers

Cosmic-rays in the atmosphere trigger a cascade of particles that propagate towards the
Earth. On this path, particles can either interact with nuclei in the air, decay, or suffer
constant energy losses. In a straight forward approach, the flux of secondary particles
can be estimated by means of Monte Carlo simulations, propagating each individual
particle generated within the cascade. Yet, particle showers induced by high-energy
cosmic-rays contain billions of particles making full Monte Carlo simulations very time
and storage consuming.

Instead of using full simulations of the particle cascade, a set of coupled cascade
equations can be used to describe the development of the average particle fluxes in
the cascade [6]. This semi-analytic approach is not only beneficial in terms of memory
consumption but also allows the calculation of secondary fluxes at the surface of the
Earth within the order of seconds [88]. Different to full air shower simulations, this
methodology enables detailed studies of different parameters influencing the develop-
ment of the cascade. The following section will briefly introduce the concept of coupled
cascade equations to describe the particle evolution caused by cosmic-ray particles in
the atmosphere.

5.1.1 Coupled Cascade Equations

In the following the differential flux of particles of type h is defined as

φh =
dNh

dE dAdΩ dt
, (5.1)

where N is the number of particles per unit area A, per solid angle Ω, per time t
and energy E. Since the propagation of particles depends on the properties of the
surrounding matter it is convenient to write the evolution of particles in terms of the
slant depth variable

X(lObs) =

∫ lObs

0
ρatm(l) dl , (5.2)
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representing the history of the geometric trajectory l through the atmosphere with
density ρatm(l). Following these conventions the linear evolution of the flux of type h
particles in the atmosphere can be described by

dφh(E,X)

dX
=− φh(E,X)

λint,h(E)
(a)

− φh(E,X)

λdec,h(E)
(b)

+
∑
k

∫ ∞
E

dEk
dN int

k(Ek)→h(E)

dE

φk(Ek, X)

λint,k(Ek)
(c)

+
∑
k

∫ ∞
E

dEk
dNdec

k(Ek)→h(E)

dE

φk(Ek, X)

λdec,k(Ek)
(d)

− ∂

∂E
(µ(E)φh(E,X)) . (e) (5.3)

Both terms, (a) and (b) represent loss terms due to interactions with nuclei in the air as
well as particle decays. While the interaction lengths λint only vary slowly with energy,
the decay lengths λdec change by orders of magnitude over the energy range interesting
for cosmic-ray physics. This energy dependence of λdec causes some challenges in the
numerical approach of solving the cascade equations from above [88].

The source terms (c) and (d) describe the gain in flux due to interactions and decays
of additional particles creating particles of type h with energy E. The summation index
k in both terms embraces all particles present in the air shower. The second part of
the integrand defines the flux of particles k with energy Ek that interact (or decay
respectively) at a depth X, while the first component describes the average number of
particles h and energy E that are created by interactions (or decays) of a particle k
with energy Ek. The lower bound on the integral illustrates the fact that only particles
k with energies Ek ≥ E can generate particles h with energy E. The last term (e)

accounts for continuous energy losses such as ionization and radiative losses, with µ(E)

defining the stopping power of the respective effect [6].

It is worth noting at this point that despite the many positive aspects like the low time
and memory consumptions the cascade equation formalism also shows some downsides
compared to full Monte Carlo simulations. In Equation (5.3) all generated particles are
forced to propagate along the direction of the primary particle, completely ignoring any
transverse dispersion of the cascade. Since such so-called 3D effects are sub-dominant
for energies above a few GeV, the outcome of the cascade equations is still valid above
these energies. Next to ignoring the transverse spread of the particle shower, cascade
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equations only propagate average fluxes of particles. Applications that require the full
distribution around the mean values rely on details from Monte Carlo simulations.

5.1.2 Analytic Solutions and Feynman Scaling

In order to get some basic insight into the methodology of cascade equations, a simplified
example of nucleon, meson, and neutrino propagation will be introduced in the following
subsection. In order to have a simplified notation, we will restrict the incoming flux of
cosmic rays to consist of protons only. The extension to a more complex composition
can be carried out in a straight forward way.

Nucleons in the Atmosphere

Assuming that the initial flux of protons follows a simple power-law distribution

φp(E,X) = φ0(X) · E−γ , (5.4)

with a flux normalisation φ0(X = 0) = φ0, the resulting flux of protons after traversing
a thin atmospheric target with thickness dX can be written as

dφp(E,X)

dX
= −φp(E,X)

λint,p(E)
+

∫ ∞
E

dEp
dN int

p(Ep)→p(E)

dE

φp(Ep, X)

λint,p(Ep)
. (5.5)

Here we presume that protons are only produced in interactions of protons with nuclei
in the air.

In the following we will use some basic assumptions to further simplify this equation.
Since the interaction cross section of protons with nuclei in the air varies only very
slowly with energy we will presume it to be constant in energy λint,p(E) ∼ λint,p. In
1969 Richard Feynman proposed that the interaction yield of a particle h with energy
Eh from particles k with energy Ek is independent of the absolute energies of both
particles but only depends on the ratio [89]

xLab =
Eh
Ek

, (5.6)

where the subscript indicates that this variable is based on variables defined in the lab-
oratory frame of an external observer. This so-called Feynman scaling is an important
and powerful assumption that allows the description of hadronic interactions even for
the highest primary energies Ek in phenomenologically motivated interaction models.
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The respective interaction yields from Equation (5.5) simplify to

dN int
k(Ek)→h(Eh)

dEh
=

dN int
k→h(xLab)

dxLab
· xLab
Eh

. (5.7)

Using the Ansatz from Equation (5.4) and the assumptions from above, the proton
flux in Equation (5.5) can be simplified to

dφp(E,X)

dX
=

φ0(X)

λint,p(E)

[
−E−γ +

∫ ∞
E

dEp
dN int

p(Ep)→p(E)

dE
· Eγp

]

= −φ0(X)E−γ

λint,p(E)

[
1−

∫ 1

0
dxLab

dN int
p→p

dxLab
· xγ−1

Lab

]

= −φ0(X)E−γ

λint,p(E)
[1− Zpp] , (5.8)

where Zpp characterizes the spectrum-weighted moment of inclusive proton production
caused by a spectrum of primary protons [6]. Since this depicts a linear differential
equation of first order for the normalisation φ0(X), a solution for the propagated proton
flux can be written as

φp(E,X) = φ0 exp

(
− X

λint,p
(1− Zpp)

)
· E−γ = φ0 exp

(
−X

Λp

)
· E−γ , (5.9)

with Λp := λint,p/(1 − Zpp). From this solution, we can conclude that the flux of
protons, and even more generally the flux of all nucleons follows the same spectral
shape as injected from the primary cosmic rays.
Although this simplified view on the propagation of protons in the atmosphere ignores

the energy dependence of interaction length, changing properties in the atmosphere as
well as other little details, it is a nice example of how easy a solution for the average
particle fluxes in cosmic ray showers can be calculated. It is worth noting, that this
solution for nucleons is not restricted to the atmosphere but is valid for all environ-
ments with energy independent interaction lengths and primary spectra that allow the
factorization ansatz used in Equation (5.4).

Mesons in the Atmosphere

The vast majority of atmospheric leptons are produced in the decay of charged mesons.
Analytic expressions for the flux of these secondary mesons in the atmosphere can be
evaluated nearly similar to the flux of nucleons above. Different to nucleons we assume
that mesons are not only produced in interactions of nucleons but also in collision of
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higher energetic mesons. Moreover the suppression of the meson flux is caused by
interactions as well as decays. For simplicity we will derive the atmospheric flux for
charged pions only( indicated as π) whereas the general formalism is valid for all other
mesons as well. Analogous to the protons, the cascade equation for charged pions in
the atmosphere can be written as

dφπ(E,X)

dX
=− φπ(E,X)

λint,π
− φπ(E,X)

λdec,π(E)
+
φp(E,X)

λint,p
Zpπ +

φπ(E,X)

λint,π
Zππ

= −φπ(E,X)

[
1

Λπ
+

επ
EX cos(θ)

]
+
φp(E,X)

λint,p
Zpπ. (5.10)

In the last step the decay length is approximated with λdec,π(E,X) ∼ EX cos(θ)
επ

, where
επ is the characteristic pion decay constant and θ the incoming zenith angle1 of the
primary cosmic-ray [23, 77]. Using the solution for protons from Equation (5.9), the
cascade equation for pions can be analytically solved for two extreme cases [23].

In the high energy limit, where E � επ, the effect of pion decays becomes irrelevant
and the formula from above reduces to

dφπ(E,X)

dX

∣∣∣∣
E�επ

= −φπ(E,X)
1

Λπ
+

Zpπ
λint,p

φ0 exp

(
−X

Λp

)
· E−γ . (5.11)

Using some algebra and the fact that pions are not part of the primary cosmic radiation
yields

φπ(E,X)|E�επ = φ0
Zpπ

1− Zpp
Λπ

Λp − Λπ

[
exp

(
− X

Λπ

)
− exp

(
−X

Λp

)]
· E−γ . (5.12)

As a consequence the flux of atmospheric mesons in this high-energy limit can be factor-
ized in a depth dependent and an energy dependent part, with the latter following the
same spectral shape as the atmospheric nucleons and hence also the original cosmic-rays.

Similar to the high-energy case, Equation (5.10) can be solved in the low-energy limit
with E � επ. In contrary to the high-energy case, the decay of pions becomes dominant
while the impact of their interactions can be ignored. Hence Equation (5.10) reduces to

dφπ(E,X)

dX

∣∣∣∣
E�επ

= −φπ(E,X)
επ

EX cos(θ)
+

Zpπ
λint,p

φ0 exp

(
−X

Λp

)
· E−γ . (5.13)

1The zenith angle represent the angular difference between the direction of the primary particle and
the axis perpendicular to the Earth’s surface.
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The resulting pion flux in this low-energy limit is

φπ(E,X)|E�επ =

[
Zpπ
λint,p

exp

(
−X

Λp

)
X

]
φ0 cos(θ)

επ
· E−γ+1. (5.14)

Similar to before, the pion flux can be factorized in a depth and an energy dependent
term. While the flux in the high-energy limit follows the same spectral index as the
original cosmic-rays, the spectral index in the low-energy limit is one power harder.

Muons and Neutrinos from Charged Meson Decays

Finally, also an analytic solution for atmospheric leptons can be evaluated based on the
outcomes above. In the following we will exemplary show an analytic approximation for
atmospheric muons caused by pion decay. Neutrinos can be treated in a mostly similar
way. According to Equation (5.3), the flux of muons caused by the decay of pions can
be written as

dφµ(E,X)

dX
= −φµ(E,X)

λint,µ(E)
− φµ(E,X)

λdec,µ(E)
+

∫ ∞
E

dEπ
dNdec

π(Eπ)→µ(E)

dE

φπ(Eπ, X)

λdec,π(Eπ)
. (5.15)

Note that this of course only results in the total muon flux if the decay of pions is
the only or at least dominating process generating muons. The relative contribution
from kaons or heavier mesons can be evaluated in similar way. Since the interactions
and constant energy losses of muons only contribute a minor correction, we will neglect
the first term in Equation (5.15) in the following. Charged pions almost exclusively
decay into a muon and a muon neutrino pair [77], with the larger fraction of energy
being transferred to the muon. Disregarding some kinematic effects that are caused
by the relativistic progression of the pion, the decay yield in Equation (5.15) can be
represented by a delta function

dNdec
π(Eπ)→µ(E)

dE
≈ δ (aµEπ − E) , (5.16)

where the factor aµ describes the fraction of the pion energy that is transmitted to the
muon.

A 10 GeV muon can travel on average ∼ 62 km through the atmosphere before it
decays. Hence considering only muons that are relevant for IceCube we can roughly
approximate this equation by neglecting the muon decay term. Inserting all the as-
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sumptions mentioned mentioned in Equation (5.15), yields

dφµ(E,X)

dX
≈ φπ(E/aµ, X)

λdec,π(E/aµ)
=
φπ(E/aµ, X) · επ
X cos(θ)E/aµ

. (5.17)

Hence the spectral shape of the pionic part of the muon flux is about one power softer
than the original pion flux. In the previous subsection we have calculated analytic
approximations for the atmospheric pion flux for two extreme cases. In the energy
region where the meson decay dominates over their interactions, the spectral slope of
the atmospheric muons is supposed to follow the cosmic ray spectrum

φµ(E,X)|E�επ ∝ E
−γ . (5.18)

On the other hand, in the region where meson interactions with air molecules outweigh
the effect of their decays the spectrum is proportional to

φµ(E,X)|E�επ ∝ E
−(γ+1). (5.19)

A mostly similar derivation can be made for atmospheric neutrinos. Nevertheless as
noted above, this is a very simplified view on the generation of muons and neutrinos
since their generation is reduced to the decay of a single particle species. Nevertheless,
despite this fact and the usage of further approximations this outcome can give a first
hint on the spectral shape of muons and neutrinos in particular in the energy ranges
where the respective mesons dominate the leptonic production. In order to get a proper
distribution for atmospheric leptons, all relevant production and decay channels have
to be considered. A numerical cascade equation based solver involving multiple particle
species will be presented in the following subsection.

5.1.3 Numerical Implementation

In order to solve Equation (5.3) simultaneously for multiple particle species, a set of
these cascade equations can be structured in a matrix differential equation defined on a
discrete energy grid. This functionality is implemented in a code called Matrix Cascade
Equations (MCEq), handling ∼ 70 hadron and lepton species [88]. Using this numerical
cascade equation solver, particle fluxes from cosmic ray air showers can be calculated
within less than 1 s.

The following subsection gives a brief summary of the implementation used in MCEq.
A more detailed explanation can be found in [88]. In order to numerically solve Equation
(5.3), MCEq uses a discrete energy grid in logarithmic scale having N bins in total.
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Making the transition to a discrete formalism, Equation (5.3) evolves to

dφhEi
dX

=−
φhEi

λint,h(Ei)
+
∑
k

EN∑
Ek≥Ei

ck(Ek)→h(Ei)

λint,k(Ek)
φkEk

−
φhEi

λdec,h(Ei, X)
+
∑
k

EN∑
Ek≥Ei

dk(Ek)→h(Ei)

λdec,k(Ek, X)
φkEk , (5.20)

where the secondary particle distributions from interactions and decays are described
by

ck(Ej)→h(Ei) = ∆Ej
dN int

k(Ej)→h(Ei)

dEi
(5.21)

and

dk(Ej)→h(Ei) = ∆Ej
dNdec

k(Ej)→h(Ei)

dEi
(5.22)

respectively.

Structuring all relevant quantities of Equation (5.20) in a smart way as vectors and
matrices allows the formulation of one matrix differential equation accounting for all
particles at once. In this sense, the fluxes of all particles involved in the cascade are
listed in one global flux vector

Φ :=
(
φp φn φπ

+ · · ·
)T

, (5.23)

with

φh :=
(
φhE0

φhE1
· · ·φhEN

)T
, (5.24)

being the flux vector of a particle h discretized on the energy grid defined above. Hence
the dimension dφ of this flux vector is the product of the total number of particles and
the size of the energy grid N . Similar to the particle fluxes the interaction and decay
coefficients can be summarized in one dφ × dφ matrix. The full interaction matrix is

Cdφ×dφ :=


Cp→p Cn→p Cπ+→p · · ·
Cp→n Cn→n Cπ+→n · · ·
Cp→π+ Cn→π+ Cπ+→π+ · · ·

...
...

...
. . .

 . (5.25)
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The N×N sub-matrices contain the secondary particle distribution coefficients describ-
ing the production of a particle h in interactions of particles k. Evaluated on the same
energy grid these matrices can be written as

Ck→h :=


ck(E0)→h(E0) · · · ck(EN )→h(E0)

ck(EN )→h(E1)

. . .
...

0 ck(EN )→h(EN )

 . (5.26)

The decay coefficients are arranged similarly in the decay matrix Ddφ×dφ . Finally the
energy dependent interaction and decay lengths of all particles are arranged respectively
in diagonal matrices, with the first being defined as

Λint
dφ×dφ := diag

[
1

λint,p(E0)
, · · · , 1

λint,p(EN )
,

1

λint,n(E0)
, · · · , 1

λint,n(EN )
· · ·
]
. (5.27)

For the decay length a factorization ansatz is used to separate the dependencies on the
energy and the density in the atmosphere. Hence the decay length of a particle h with
energy Ei can be written as

λdec,h(Ei, X) = ρ(X) · λ̂dec,h(Ei). (5.28)

The density independent part of the decay lengths are arranged in the diagonal matrix
Λdec
dφ×dφ similar to the decay lengths above.
Using all variables defined above the transport equation for a set of particles becomes

dΦ

dX
=

[(
−1 +Cdφ×dφ

)
Λint
dφ×dφ +

1

ρ(X)

(
−1 +Ddφ×dφ

)
Λdec
dφ×dφ

]
·Φ (5.29)

Using some minor approximations to overcome numerical issues, MCEq solves Equa-
tion (5.29) for around 70 particle species simultaneously. Since most matrices in this
formalism are very sparse a fast calculation of atmospheric lepton fluxes at the surface
of the Earth is possible.

5.2 Atmospheric Muons and Neutrinos

Cosmic-rays constantly bombard the atmosphere from every direction, creating cascades
of secondary particles reaching the surface of the Earth. Due to their relatively long
lifetime and their low interaction cross-section, muons are the most abundant species of
charged particles. Next to additionally generated atmospheric neutrinos, these muons
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Figure 5.2: Illustration of the atmospheric lepton fluxes and their relative contribu-
tions calculated with MCEq. The cosmic ray spectrum is based on the H3a
model (Subsection 2.1.3), while the hadronic interactions are described by
the model SIBYLL 2.3c [90].

depict the major background for neutrino experiments. Hence it is crucial to have a
proper understanding of atmospheric lepton fluxes.

In general both muons and neutrinos are generated in the decay of atmospheric
mesons. While conventional muons and neutrinos, mainly produced by pions and kaons
dominate at energies below ∼ 100 TeV, so-called prompt leptons are expected to become
important above this energy. Prompt muons and neutrinos originate from the decay of
charmed mesons. Due to the short lifetime of charged particles, prompt leptons are ba-
sically produced instantly after the production of the charmed meson, yielding a prompt
spectrum following approximately the shape of the original cosmic ray spectrum (refer
to Equation (5.18)). As the mother particles of conventional leptons can travel through
the air for some time they can interact with the ambient molecules in the atmosphere.
Hence the spectral shape of the conventional leptons can be up to one power softer than
the cosmic-ray flux arriving at the top of the atmosphere (refer to Equation (5.19)).

In the previous section, it was shown that the linear propagation of particles in the
atmosphere initiated by a primary cosmic-ray can be modeled by coupled cascade equa-
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tions. Similarly, the inclusive flux of leptons at the Earth coming from the collectivity
of cosmic-rays can be modeled. Figure 5.2 illustrates the vertically down-going atmo-
spheric fluxes of muons and all three neutrino flavors respectively based on the cosmic-
ray model H3a (Subsection 2.1.3). The thin lines indicate the relative contributions of
different mother particles to the total fluxes (thick black lines).

5.3 Uncertainties in the Modeling of Cosmic Ray Showers

The calculation of atmospheric particle fluxes relies on a detailed knowledge of the
interaction and decay properties of all particles involved in the cascade. Next to the
physics happening within the cascade the distribution of the primary cosmic-rays has
a major impact on the particle fluxes at the surface of the Earth. Additionally, atmo-
spheric features such as local characteristics as well as the geometry of the Earth can
affect the outcome. While the latter can be determined and implemented accurately
in atmospheric shower models, the accurate knowledge of hadronic interactions and
the primary cosmic-ray flux is limited. Hence these two dependencies depict the main
sources of uncertainty in the estimation of atmospheric particle fluxes at energies above
∼ 10 GeV. At lower energies also so-called 3D effects caused by the geomagnetic field
start to become important. Yet, since we are mostly interested in atmospheric muon
and neutrino fluxes relevant for high energy neutrino physics we will not discuss the
last point throughout this work.
Monte Carlo simulations of atmospheric particle fluxes are extremely time-consuming.

As a consequence these simulations are inapplicable for the study of uncertainties com-
ing from different components influencing the outcome of atmospheric fluxes. The
methodology of cascade equations, on the other hand, provides a simple approach to
investigate such effects. The intrinsic uncertainties of individual models can be propa-
gated throughout the whole shower yielding the determination of the respective effect
at the surface.
The cosmic-ray spectrum spans over many order of magnitudes reaching energies

up to 100 EeV. In order to get a full spectrum over all these energies, data from
many different experiments have to be combined. Due to this combination of different
measurements as well as the limited statistics at higher energies, the identification of a
correct model describing all these data can be challenging. As a consequence, multiple
theoretical approaches exist to model this primary cosmic-ray spectrum. The left panel
of Figure 5.3 shows the atmospheric muon neutrino flux calculated with MCEq for
four different cosmic-ray models. At around 10 TeV one can already see deviations of
∼ 20 % with increasing tendency towards higher energies. While the H3a, the H4a,

59



10−5

10−4

10−3

10−2

10−1

E
3
Φ
ν µ

[G
eV

2
/(

cm
2

s
sr

)]

H3a

H4a

GST4

GSF

10−6

10−5

10−4

10−3

10−2

10−1

DPMJETIII

QGSJETII04

SIBYLL2.3

SIBYLL2.3c

100 102 104 106 108

Eνµ [GeV]

0

1

2

R
at

io

100 102 104 106 108

Eνµ [GeV]

0.5

1.0

1.5

Figure 5.3: Muon neutrino flux averaged over all incoming angles above the horizon.
Left: Spectrum for different primary cosmic ray spectra. The H3a and H4a
models are introduced in Subsection 2.1.3. The Global Spline Fit (GSF)
spectrum is based on a global fit of combined datasets from different mea-
surements [91]. The hadronic interactions for all lines are described by the
model SIBYLL 2.3c [90]. Right: Variations due to different hadronic inter-
action models [90, 92–94].

and the GST4 model mostly rely on theoretically motivated arguments, the GSF model
characterizes the cosmic ray spectrum based on a mostly data-driven approach [91]. In
their work, the authors combine data from multiple experiments and perform a global fit
taking into account the statistical and systematic uncertainties of available experimental
observations. Propagating the resulting uncertainties throughout the particle cascade
yields dedicated uncertainties for atmospheric lepton fluxes. The grey band in Figure
5.3 illustrates the uncertainties of the muon neutrino flux caused by the uncertainties
of the data-based GSF model.

Aside from inaccuracies in the initial flux of cosmic-rays, hadronic interactions depict
the main source of uncertainty of atmospheric lepton fluxes above 10 GeV. While the
effect of the cosmic-ray spectrum is nicely taken care of in the GSF model, the influence
of hadronic interactions is still an open field of investigation. Since every particle
cascade starts with a hadronic interaction of the primary cosmic-ray with nuclei in
the air, even little deviations of these cross-sections will propagate recursively through
the shower. In order to accurately describe all these interactions within the cascade,
detailed knowledge of the relevant inclusive particle cross-sections over a large phase-
space region of the projectile and secondary particle energies is mandatory. High-
energy cosmic-rays arrive at energies orders of magnitude higher than typical particle
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energies from man-made accelerators. Hence, current applications that are used to
model cosmic-ray showers are based on theoretical interaction models. Since hadronic
interactions in air showers are dominated by collisions with low transverse momentum
transfer between the interacting particles, perturbative modeling within the framework
of QCD is not sufficient [95]. Hence theoretical descriptions of hadronic interactions
within particle showers commonly rely on phenomenological theories in combination
with predictions from perturbative QCD [95]. Resultant models can be fine-tuned to
comparable data measured at lower energies, while they solely rely on phenomenological
arguments to extend to higher primary energies [96]. The evaluation of the atmospheric
muon neutrino flux with different hadronic interaction models is shown in the right
panel of Figure 5.3. The deviations between the individual outcomes are in the order
of 20 % at 100 GeV with an increasing tendency towards higher energies.

Over the past decades, hadronic interactions of different particles have been mea-
sured with the successive fixed target experiments NA49 and NA61/SHINE located at
the CERN SPS accelerator complex [97, 98]. Instead of using theoretically motivated in-
teraction models, these data can be used directly to investigate the influence of hadronic
interaction on detectable atmospheric fluxes at the surface. In the following section, we
will concentrate on the uncertainties coming from hadronic interactions, introducing a
new data-driven approach to replace current interaction models.

5.3.1 Hadronic Interactions from Particle Accelerators

The NA49 and the NA61/SHINE experiment were designed to study the nonperturba-
tive sector of hadronic interactions. With both being set up in a fixed target configura-
tion multiple collisions of different hadrons and nuclei have been studied over the years
[97, 98].

In the context of atmospheric air showers, we are interested in extracting the experi-
mental data describing the interaction of proton, light nuclei, and subsequent hadrons
with the air in the atmosphere. Hence measurements with nitrogen or oxygen targets
would be ideal. While no such data have been measured yet, hadronic interactions
with a carbon target exist for multiple projectile particles. With an atomic number
of 6, carbon is directly beside nitrogen and oxygen in the periodic table. Hence these
measurements are supposed to introduce only a minimal bias compared to hadronic
interactions within the atmosphere (Subsection 5.3.3).

In order to describe the evolution of particles caused by cosmic-rays, the inclusive
production cross-sections of the relevant secondary particles are necessary. While con-
ventional muons and neutrinos are essentially generated in the decay of pions and kaons
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Experiment Primary Target Ebeam [GeV] Secondaries Variables
NA49 p C 158 π±, p(–)

, n xF
NA61/SHINE p C 31 π±,K±,K0

S ,Λ p, θ

NA61/SHINE π− C 158, 350 π±,K±, p(–)

p, pT

NA61/SHINE p p 20, 31, 40,
80, 158 π±,K±, p(–)

y, pT

Table 5.1: Selection of experimentally measured inclusive particle yields dN /dX
(Equation (5.21)). The last column indicate the variables X in which the
experimental data are elaborated. The experimental data are extracted from
[99–102].

and their subsequent products, the atmospheric lepton fluxes at higher energies rely on
additional information about the production of charmed mesons (see Figure 5.2).

For the study in this chapter we aim to gather as many experimental observations2 as
possible. The available inclusive particle yields used within this work are summarized
in Table 5.1. As visible from the last column in Table 5.1 each of these data sets is
evaluated in different sets of variables. In order to use these data within the formalism
of cascade equations (Equation (5.21)), we have to convert the measured particle yields
to values in terms of xLab. A detailed summary of the conversion procedures and their
subsequent uncertainties can be found in Appendix A and B. Figure 5.4 shows the
converted inclusive production yields dN /dxLab of different mesons in proton carbon
collisions. The yields on the y-axes are multiplied with x1.7

Lab. Hence the distributions
form the integrand given in the definition of the spectrum weighted moments (Equation
(5.8)) for a cosmic ray spectrum with spectral index γ = 2.7. Since the spectrum
weighted moments basically cover the impact of hadronic interactions in the cascade
equation formalism (Subsection 5.1.2), it is most indispensable to accurately determine
the integral of the distributions in Figure 5.4. Besides, these distributions allow for the
determination of the most relevant energy phase-space regions (which correspond to
regions in xLab) of the respective particle interaction. The spectrum weighted moments,
also called Z-factors, for γ = 2.7 for all interactions in Figure 5.4 and 5.5 are summarized
in Table E.1.

The data points in Figure 5.4 are fitted with a model-independent spline fit, taking
into account the statistical and systematic uncertainties of the data points. In the
region towards higher xLab values the uncertainties of the fits naturally blow up due
to the missing phase-space coverage of the measurements. Next to the experimental
data, comparable lines from the interaction models SIBYLL2.3c and DPMJET are

2The experimental data are required to obtain static and systematic uncertainties.
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Figure 5.4: Inclusive production yields of different mesons in proton-carbon interactions.
The points illustrate the results measured by the fixed-target experiments
NA49 and NA61/SHINE (Table 5.1) with the error bars including system-
atic and statistical uncertainties of the respective experiment. The solid
lines show a spline fit to these data where the shaded band represents the
uncertainty of the fit. For comparison the inclusive particle yields in proton-
air collisions from SIBYLL 2.3c (at 31 GeV the yields from DPMJET are
shown instead) (dashed lines) are shown [90, 92].

illustrated. None of the two theoretical models can describe all data points within their
uncertainties. While the pion distributions exhibit deviations of 10 % to 20 % at the
peak, deviations for e.g. anti-protons can reach more than 100 %. Similar plots are
shown in Figure 5.5 for the inclusive yields of pions, kaons, and protons resulting from
interactions of negatively charged pions with carbon.

5.3.2 Data-based Model for Hadronic Interactions

Current calculations of atmospheric lepton fluxes rely on hadronic interaction mod-
els based on phenomenological arguments. The estimation of the atmospheric muon
neutrino flux with different interaction models in Figure 5.3 (right panel) exemplary
illustrates the strong dependency on the actual choice of the respective hadronic model.
In order to get a handle on the uncertainties of the atmospheric lepton fluxes caused by

hadronic interactions, different attempts have been made. The authors in [103] divided
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Figure 5.5: Inclusive production yields of different mesons in interactions of negative
pions with a carbon target. The points illustrate the results measured by
the fixed target experiment NA61/SHINE (Table 5.1) with the error bars
including systematic and statistical uncertainties of the experiment. The
solid lines show a spline fit to these data where the shaded band represents
the uncertainty of the fit. For comparison the inclusive particle yields in
pion-air collisions from SIBYLL 2.3c (at 31 GeV the yields from DPMJET
are shown instead) (dashed lines) are shown [90].

the energy phase space of the hadron productions into multiple regions. In a next step,
they assigned independent errors to each region based on the availability of experimental
data. Using, for instance, MCEq, the influence of these uncertainties on atmospheric
lepton fluxes can be calculated (see Appendix D). Despite allowing the evaluation of
principle hadronic uncertainties, this approach also contains several downsides. The
uncertainties in the phase-space regions are not connected to the uncertainties of the
respective interaction models but are based on the quality of available data. Hence, these
denoted uncertainties might simultaneously suffer both, over and under-coverage of the
actual errors. Moreover, only uncertainties for pion and kaon production are available
from this approach, neglecting possible deviations coming from further interactions. In
a different attempt, the authors derive correction factors to hadronic interaction models
by calibrating the computed muon fluxes and ratios with existing measurements [104].

While both approaches aim to adjust the current interaction models to existing mea-
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surements, we propose a maximally model-independent approach to get a handle on the
characteristics of hadronic interactions. Instead of using the experimentally measured
distributions to calibrate theoretical models, we will use these data directly to describe
the hadronic part of air showers. A proper hadronic model requires the inclusive par-
ticle yields of all relevant hadron interactions with ambient matter in the atmosphere
at projectile energies between a few GeV up to the highest cosmic-ray energies. The
inclusive yields that are experimentally measured up to now are listed in Table 5.1. The
decay of pions, kaons, and their subsequent products dominate the flux of atmospheric
muons, muon and electron neutrinos at energies up to ∼ 10 TeV-100 TeV (see Figure
5.2). Most of these conventional hadronic interactions are covered by the aforemen-
tioned experimental data. Consequently, these measurements allow the construction
of a data-driven model (DDM) of conventional hadronic interactions on the following
conditions.
Experimental measurements of the cross-sections of hadronic interactions only exist

at projectile energies that are feasible with current particle accelerators. From Table
5.1 we can see that maximum energy of the primary energies is in the order of hundreds
of GeV. Besides the missing data for higher primary energies, full phase-space coverage
in terms of xLab of the existing measurements is not possible for all interactions with
the current detector setups. Ultimately, as mentioned in the previous subsection no
measurements with nitrogen or oxygen targets, mimicking the air in the atmosphere have
been performed yet. In addition, experimental data for koan and further subdominant
interactions do not exist yet. To overcome these limitations we construct the DDM
based on the following assumptions:

• Feynman Scaling: In order to access the full range of primary energies, we
assume Feynman scaling being valid for all energies. As mentioned in Subsection
5.1.2, Feynman scaling suggests that the properties of hadronic collisions only
depend on the ratio of the primary and the secondary particle energy instead of
their absolute values. In this way the existing data from Table 5.1 can be extended
to all projectile energies.

• Carbon Target: Due to the absence of air-like target data we assume that
hadron-air collision can be approximated by hadron interactions with carbon.

• Missing Phase-Space Coverage: The phase space in xLab is not completely
covered by data for all secondary particle yields (Figure 5.4 and 5.5). We aim to
access these uncovered regions with a model-independent spline fit.

• Missing interactions: The interaction of kaons and all further particles that
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Primary Secondaries
p π±, K±, p(–)

, n

n π±, K±, p(–)

, n

π± π±, K±, p(–)

Table 5.2: Hadron production yields covered in the data-driven hadronic interaction
model.

can not be covered by experimental data are modeled with SIBYLL 2.3c.

Following these assumptions we build a hadronic interaction model based on the pro-
ton carbon data from Table 5.1. The inclusive production yields of the charge conjugate
primaries n and π+ can be accessed by theoretical isospin symmetry arguments [105].
The isospin symmetries used within the DDM follow the implementation in MCEq [106].
A summary of all interaction yields that are covered by experimental data in our model
can be found Table 5.2. Note that heavier cosmic ray nuclei are also covered within
this approach since their interactions can be treated as the superposition of protons and
neutrons [88].

5.3.3 Verification of the Remaining Model Assumptions

Before we apply the DDM to the evaluation of atmospheric lepton fluxes by means
of MCEq, we aim to verify the validity of the model assumptions mentioned in the
previous subsection.
As previously mentioned, the spectrum weighted moments (Equation (5.8)) approx-

imately cover the impact of the hadronic interactions in the air-shower development
(Subsection 5.1.2). In case the scaling assumption in the DDM is correct, these Z-factors
are independent of the projectile energy of the respective hadronic interaction. Hence
scaling in the DDM can be approximately validated by observing constant spectrum
weighted moments for different projectile energies. Since experimental data only exist
for few and in particular low projectile energies, these Z-factor distributions can only be
accessed by means of theoretical interaction models. The Z-factor distributions resulting
from SIBYLL 2.3c for different projectile energies for all inclusive particle interactions
mentioned in Figure 5.4 are illustrated in Figure 5.6 (the Z-factor distribution for the
particle yields from Figure 5.5 are shown in Figure E.1). As expected, the Z-factors
change with increasing energy which clearly indicates a violation of Feynman scaling.
Nevertheless if we compare the values at 158 GeV where experimental observations are
available with the values at the highest energies, we can see that these deviations reside
roughly within 10 % for pions and 20 % for kaons. For protons and anti-protons hardly
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Figure 5.6: Z-factor distributions for the inclusive particle interactions shown in Figure
5.4. The colors indicate the different target materials for the respective
interaction. Note that the values in these plots are calculated by means of
the interaction model SIBYLL 2.3c [90].

any change is visible. As a consequence, we can state that the scaling assumption in
the DDM is not correct, yet it most likely only introduces additional uncertainties of up
to 20 % at higher energies. The effect of additional scaling uncertainties in the DDM is
studied in Subsection 5.3.5.

Next to the spectrum weighted moments within the air, similar distributions for car-
bon and proton targets are shown in Figure 5.6. The Z-factors for carbon targets nearly
completely coincide with the ones produced in air. Hence experimental data elaborated
on carbon targets might be used in the DDM without introducing any significant bias
for the evaluation of atmospheric air-showers. On the other hand, the secondary particle
yields elaborated with simple proton targets can show significant deviations from the
ones obtained with carbon or air. According to SIBYLL 2.3c these differences depend
strongly on the exact type of the secondary resulting particle type and the projectile
energies. Nevertheless, the Z-factor distributions for proton targets also show a similar
trend. Hence experimental observations made with this target material could still be
used to test the general scaling behavior of the respective interaction.

Other than the Feynman scaling and the different target materials, the last two model
assumptions cannot be verified by means of the spectrum weighted moments shown in
Figure 5.6. The determination of the influence of the missing phase-space coverage of
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the experimental observations is not trivial. Yet, since we used a most generic spline
fit to access the values in these regions, the uncertainties of these fits naturally blow
up in the regions where no data is available. Although it is not guaranteed that the
true values are covered within these uncertainties, they most likely depict a conservative
estimate of the discrepancies. Moreover, it is worth noting, that for most of the particle
yields the missing phase-space coverage resides within regions that only marginally
contribute to the evaluation of atmospheric lepton fluxes3 (Figure 5.4 and 5.5). The
DDM is limited to the available experimental measurements (Table 5.2). In order to
get a feeling for the potential effects of particle interactions that are not covered in
the DDM is seems reasonable to consider Figure 5.2 again. In the conventional energy
regime, these particle fluxes are vastly dominated the pion and kaon decays. Except
for kaon interactions within the atmosphere, all particle yields in this energy range are
covered by the DDM. At the current stage, the relative influence from the kaon-air
interactions can only be studied by means of theoretical interaction models. This faint
effect is illustrated in Figure E.4 and E.5. Once the decay of additional charmed mesons
becomes relevant (roughly 105 GeV for muons and muon neutrinos and GeV for electron
neutrinos) the current implementation of the DDM alone can not be applied to estimate
the resulting atmospheric lepton fluxes and their uncertainties correctly.

5.3.4 Atmospheric Lepton Fluxes based on the Data-Driven Hadronic
Interaction Model

Similar to the theoretically motivated models, the data-driven approach can be applied
to the coupled cascade equation solver MCEq to compute the flux of atmospheric muons
and neutrinos. The technical procedure that is required to process the experimental
production yields dN /dxLab to the discrete values required in MCEq is summarized
in Appendix C. The statistic and systematic uncertainties provided by the data can
be propagated along the particle cascade in MCEq, allowing for detailed studies of the
impacts on atmospheric leptons. The technical procedure of the uncertainty propagation
in MCEq is explained in Appendix D.

The atmospheric fluxes of vertically down-going leptons and their corresponding un-
certainties resulting from the DDM are illustrated in Figure 5.7. Comparable outcomes
using SIBYLL 2.3c and assigned uncertainties according to [103] (Subsection 5.3.2) are
shown in addition. The median results of the DDM clearly deviate from the evaluation
with the theoretical model SIBYLL 2.3c for all lepton quantities in this figure. Yet, it

3As mentioned before, the integral of the distributions in Figure 5.4 and 5.5 constitute the spectrum
weighted moments and hence depict the influence of the respective hadronic interaction.
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Figure 5.7: Modelling of the flux of vertically down-going atmospheric leptons. Both the
outcomes of the data-based model as well as the results with the hadronic
interaction model SIBYLL 2.3c are shown. The uncertainty bands of the
SIBYLL 2.3c curve are based on the approach from [103], including only
uncertainties from pion and koan production in CR-air interactions.

is nicely visible that all outcomes agree within their uncertainties above 10 GeV. At
lower energies, the total lepton fluxes do not agree within the given uncertainties. These
deviations might indicate the incorrect description of the hadronic particle interactions
in the theoretical model at lower energies. Nevertheless, it is worth noting that geo-
magnetic effects can significantly influence the distributions at energies below 10 GeV.
While these effects might shift the absolute flux values for both approaches it cannot
account for the totality of the relative deviations.

From Figure 5.7 we can conclude that the data-driven approach yields consistent
outcomes4 with total uncertainties5 in the range of roughly 5 % to 25 %. In the next step,
we want to investigate the emergence of the atmospheric fluxes and their uncertainties
based on the DDM.

At first, we want to study which uncertainties from the experimental data contribute
most the total uncertainties of the atmospheric fluxes. The contributions to the lepton

4In a sense that the flux values are comparable to the ones obtained with SIBYLL 2.3c.
5Based on the presumption that the model assumptions of the DDM are all correct.
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fluxes in Figure 5.7 from different hadronic interactions are illustrated in Figure 5.8.
These outcomes assemble both the relative importance of the respective interactions
(Figure 5.2) and the experimental uncertainties from the observation. For the total
muon flux, the largest contributions arise from inclusive proton and π+ production in
interactions of protons within the atmosphere. It is worth noting that also pion produc-
tion from pion interactions in the air introduces a non-negligible source of uncertainty
for muons. Uncertainties from these interactions have not been treated at all in any
of the previous approaches mentioned in Subsection 5.3.2. For the muon charge ratio,
the proton production yields become less important because they simultaneously in-
fluence both the generation of positively and negatively charged muons. The absolute
uncertainties for this charge ratio are driven by the production of kaons and pions in
proton-air interactions. For the muon and electron neutrino fluxes, the uncertainties are
dominated by the uncertainties of the proton, the K+ and the π+ production yields. In
summary, these plots indicate nicely which particle production yields need to be mea-
sured more accurately in order to reduce the uncertainties of the resulting atmospheric
lepton fluxes.
Next to the contribution to the respective uncertainties, we are interested in the
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Figure 5.9: Influence of individual experimentally observed particle production yields.
The black solid lines represent the outcomes based on the interaction model
SIBYLL 2.3c, whereas for all other lines only the respective interaction from
the DDM is replaced in SIBYLL 2.3c.

average atmospheric flux changes caused by replacing individual particle interactions
with respect to SIBYLL 2.3c. Similar to before, this effect is illustrated for the total
muon, muon and electron neutrino flux and the muon charge ratio in Figure 5.9. Other
than before, these outcomes indicate which experimentally observed particle produc-
tion yields cause the largest deviations with respect to the default interaction model
SIBYLL 2.3c. The relative changes with respect to the fluxes based on SIBYLL 2.3c
are illustrated in Figure 5.10. The changes for the total lepton fluxes are dominated
by pion, kaon and proton production in interactions of protons with the air in the at
atmosphere. Similar to before, the proton production is less relevant for the observable
muon charge ratio.

From the discussion of the outcomes of the DDM in this subsection we have learned
that it is not sufficient to only consider uncertainties from pion and carbon production
in interactions of protons and heavier nuclei. In fact in order to evaluate accurate and
complete uncertainties of atmospheric lepton fluxes caused by hadronic interactions all
relevant processes have to be considered. Finally we want to compare the atmospheric
lepton fluxes modeled by means of the DDM with available measurements. The muon
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fluxes for different incoming angles θ of the primary cosmic-rays are illustrated in Figure
5.11. While the atmospheric flux models based on SIBYLL 2.3c cannot explain the
experimental observation of the vertically down-going muon flux, the flux model based
on the DDM can, in fact, cover these data points within the uncertainties. The data
points for the horizontally incoming muon flux show large variations. Nevertheless, even
for these observations, the DDM seems to describe the experimental data better than
the interaction model SIBYLL 2.3c. This is in particular visible for the observations
between 10 GeV and 1 TeV.

The comparison of the DDM and experimental observations of the muon charge ratio
are illustrated in Figure 5.12. Other than before SIBYLL 2.3c seems to describe the
muon charge ratio better at lower energies for down-going particles, while the experi-
mental observations are still covered within the uncertainties of the DDM. At energies
above 1 TeV the DDM fits the data more accurately than SIBYLL 2.3c.

The atmospheric muon and electron neutrino fluxes for the DDM are shown again in
Figure 5.13. At energies above 50 GeV both models seem to describe the observed data
within their uncertainties. In order to compare hadronic models in the neutrino sector in
more detail, more accurate measurements of the neutrino fluxes would be necessary. The

72



101 102 103

Eµ [GeV]

0.2

0.4

0.6

0.8

1.0

E
3
Φ
µ

[G
eV

2
/(

cm
2

s
sr

)]

L3+cosmic

Bess

101 102 103 104

Eµ [GeV]

0.00

0.25

0.50

0.75

1.00

1.25

1.50

1.75

2.00 DEIS

Mutron

0

10

20

30

40

50

60

70

76

78

80

82

84

86

88

θ
[d

eg
]

Data-based model SIBYLL 2.3c

Figure 5.11: Atmospheric muon fluxes for different incoming angles θ. The shaded bands
show the outcomes based on the data-based model, while the dashed lines
show the results with the interactions model SIBYLL 2.3c. For compar-
ison, experimental data from different experiments are illustrated. For
better discrimination of the individual curves, the absolute values in the
left (right) panel are respectively shifted by a factor of 0.1 (0.2). The
experimental data are taken from [107–110].

data points from Super-K at a few GeV are affected by neutrino oscillations. Since the
modeling of the atmospheric cascade in MCEq does not account for these oscillations,
a direct comparison between the models and the data is not possible at these energies.

From the comparison with experimental observations, we can conclude that the DDM
nicely describes the outcome of these measurements. In fact, the DDM can even explain
the deficit of vertically down-going muons that results from SIBYLL 2.3c. Nevertheless,
it is worth noting at this point that despite being maximally model-independent, the
accuracy of the currently implemented data-driven approach still relies on the accuracy
of the remaining model assumptions. The limitations caused by these presumptions are
discussed in the following subsection.
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Figure 5.12: Atmospheric muon flux ratio for different incoming angles θ. The shaded
bands show the outcomes based on the data-based model, while the dashed
lines show the results with the interactions model SIBYLL 2.3c. For com-
parison experimental data from different experiments are illustrated. For
better discrimination of the individual curves, the absolute values in the
left panel are respectively shifted by a factor of 0.3. The experimental data
are taken from [107, 110–112].

5.3.5 Limitation and Prospects of Data-Driven Interaction Models

The data-driven approach to describe hadronic interactions in MCEq seems to fit nicely
to experimental observations. Moreover, it covers all statistic and systematic uncertain-
ties of the underlying interactions and hence yields a nearly complete description of the
hadronically induced uncertainties of atmospheric lepton fluxes. Nevertheless, the DDM
does not cover any uncertainties that could arise from deviations of the model assump-
tions mentioned in Subsection 5.3.2. While the influence of the missing interactions,
the false target material, and the missing phase-space coverage was already discussed in
Subsection 5.3.3, we want to concentrate on the possible effects that might arise from
scaling violations. As mentioned in Subsection 5.3.2, Feynman scaling is the key element
in order to access the particle production yields in the DDM from the experimentally
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[113–116]. The yellow line indicates the result of the competing atmo-
spheric neutrino flux calculation model from [117]. Left: Atmospheric
muon neutrinos. Right: Atmospheric electron neutrinos.

observed production channels. In Subsection 5.3.3 we have seen that Feynman scaling is
not valid at the energies necessary for the evaluation of conventional lepton fluxes. Yet,
from the distribution of the spectrum weighted moments in Figure 5.6 we also observed
that possible deviations at high energies from the values measured at 158 GeV might
be in the order of 10 % to 20 %. Since the particle production yields in the DDM are
obtained from experimental observations up to projectile energies 158 GeV (or 350 GeV

for pion projectiles), we are interested in the effect of scaling violations above these
energies. These effects are shown in Figure 5.14 and 5.15. In these plots, four sce-
narios of scaling violations are illustrated. At first, an additional uncertainty of 10 %

is introduced for all particle production yields with projectile energies above 158 GeV.
This roughly corresponds to a scenario with 10 % scaling violation above the projectile
energies where experimental data are available. From the outcomes in both figures, we
can conclude that these scaling deviations introduce additional uncertainties of a few
percents at all energies for all lepton fluxes. In the second scenario, more conserva-
tive scaling uncertainties of 50 % above 158 GeV are introduced. In this case, the total
uncertainties blow up significantly at all energies above ∼ 10 GeV for all atmospheric
lepton fluxes. Ultimately we want to test how additional experimental data might in-
fluence the outcome of this study. Assuming that we possess experimental data up
to projectile energies of 1 TeV in the future, we can repeat the previous study. Having
scaling violations of 10 % above projectile energies of 1 TeV yields only minor additional
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Figure 5.14: Atmospheric lepton fluxes based on the data-based hadronic model. The
influence of additional scaling uncertainties for primary energies in different
energy ranges is illustrated. The dedicated colored dashed lines illustrate
the uncertainty band of these scaling violations in addition to the uncer-
tainty band from the data-based model (blue filled band). The dashed line
illustrates the outcomes using the interaction model SIBYLL 2.3c.

uncertainties of a few percent above ∼ 100 GeV. Below these energies, the atmospheric
lepton fluxes are hardly affected by these deviations. A similar behavior appears if the
additional scaling uncertainties of the hadronic interactions extend to 50 %. In this
case, the total uncertainties of the atmospheric fluxes significantly increase at higher
energies, while only minor influences are visible at lower energies.

In summary, we can conclude that deviations from the scaling assumption in the
DDM might introduce additional non-negligible uncertainties for atmospheric fluxes at
all energies. Following the theoretically motivated Z-factor distributions from Figure
5.6, these deviations might be in the order of 10 % to 20 % (depending on the projectile
and secondary particle type and the projectile energy). Hence the resulting outcomes
of a realistic scenario might reside somewhere in between the two scenarios with projec-
tile energy thresholds at 158 GeV. Additional data at higher projectile energies might
further reduce uncertainties at energies below 100 GeV.

76



0.0

0.1

0.2

0.3

0.4

∆
Φ
/Φ

µ+ + µ−

0.0

0.1

0.2

0.3

0.4

0.5 µ+/µ−

100 101 102 103 104 105

E [GeV]

0.00

0.05

0.10

0.15

0.20

0.25

∆
Φ
/Φ

νµ + ν̄µ

100 101 102 103 104 105

E [GeV]

0.00

0.05

0.10

0.15

νe + ν̄e

∆ Scaling: 10%, Ep > 158GeV

∆ Scaling: 50%, Ep > 158GeV

∆ Scaling: 10%, Ep > 1TeV

∆ Scaling: 50%, Ep > 1TeV
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5.3.6 Summary & Outlook

The data-driven hadronic interaction model introduced in the previous section allows
for the first time a detailed description of the dominating hadronic uncertainties of
atmospheric lepton fluxes. Different to previous approaches, the DDM depends as lit-
tle as possible on theoretical interaction models while covering nearly all interactions
that are relevant for the accurate estimation of conventional lepton fluxes. Despite the
fundamental constraints mentioned in Subsection 5.3.2, the DDM covers all hadronic
uncertainties for energies up to ∼ 100 TeV for muons and muon neutrinos (∼ 10 TeV for
electron neutrinos). The current implementation of the DDM is limited by the avail-
ability of experimental measurements. The missing knowledge for projectile energies
is most likely the strongest constraint of the model. Feynman scaling is supposed to
overcome this lack of knowledge. Additional uncertainties that might be caused by the
scaling assumptions might reside in the order of a few up to roughly 20 % (Subsection
5.3.5).
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As visible in Figure 5.14 and 5.15 additional measurements at higher projectile en-
ergies can significantly reduce the uncertainties resulting from scaling violations. In
fact, the deviations of the spectrum weighted moments at higher energies only deviate
by a few percents from the values at 1 TeV. Moreover, these Z-factor distributions for
all particles follow a clear distribution. Hence it might even be feasible to model the
high-energy effects from multiple observations at lower projectile energies.
Besides the accuracy limitation due to the scaling assumption, the current implemen-

tation of the DDM is limited to particle energies that are dominated by conventional
pion and kaon decays. Nevertheless, if experimental observations for the production of
charmed particles would be available, the data-driven approach introduced in this work
can be easily extended to higher lepton energies as well.
We can conclude, that even very few supplementary experimental data could eliminate

most of the constraints resulting from the missing observations at the highest projectile
energies, leaving a completely theory independent description of hadronic interactions
in the evaluation of conventional atmospheric lepton fluxes. In order to access the
high-energy tails of these leptons distributions, additional data for the production and
propagation of charmed particles is necessary.
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6
Large Volume Neutrino Detectors

High-energy neutrinos are unique astrophysical messengers that can carry information
from the farthest reaches of the Universe. Since neutrinos are only weakly interacting
neutral particles they are neither deflected by magnetic fields nor significantly influenced
by interactions with ambient matter on their path. Despite this behavior being a major
benefit during their travel towards the Earth, it generates severe challenges for the
detection of these particles. In the following chapter we will introduce the general
detection principle that is employed by all currently existing neutrino telescopes (Section
6.1). The detector requirements and the explicit implementation of this concept in
case of the IceCube detector and other large volume neutrino detectors in water is
summarized in Section 6.2 to 6.4. Ultimately this chapter closes with a brief summary
of the data acquisition system used for the IceCube experiment.

6.1 High-Energy Neutrino Detection

Neutrinos are weakly interacting particles that can not be observed directly, but have
to be measured via their secondary products. Above 100 GeV the neutrino interactions
with matter are dominated by deep inelastic scattering processes with individual quarks
inside ambient nucleons [118]. In this sense neutrinos can either interact with a quark
in the nucleon N via the exchange of a charged W boson

νl +N → l +X (6.1)

or a neutral Z boson

νl +N → νl +X. (6.2)

While in the first, so-called charged current (CC) scenario, a charged lepton l of the
same flavor as the neutrino is generated, a neutrino of the same flavor with a fraction

79



of the primary neutrino energy is created in the latter neutral current (NC) case. In
both cases the nucleon N fragments into a hadronic shower X. While neutrino electron
scattering is generally negligible at these energies, the resonant production of aW boson
in interactions of electron anti-neutrinos with electrons bound in the ambient atoms

ν̄e + e− →W−, (6.3)

depicts a mentionable exception. This resonance formation becomes prominent at the
Glashow resonance energy [119]

Eν,GR =
m2
W −m2

ν −m2
e

2me
∼ 6.3 PeV. (6.4)

The resulting W boson can either decay into hadrons or a neutrino-lepton pair [77].

The aforementioned inclusive cross-sections of neutrinos in this high energy regime
are illustrated in Figure 6.1. At lower energies the deep inelastic nucleon cross-sections
grow almost linearly with the neutrino energy. Above 10 TeV the momentum transfer
starts to dominate over the mass of the gauge boson in the propagation term leading
to a suppression of the cross-section. While neutrinos and anti-neutrinos can be distin-
guished due to valence quark composition of the nucleons at lower energies, scattering
at sea quarks becomes dominant above 100 TeV making both cross-sections nearly iden-
tical [118, 120]. The Glashow resonance production of W bosons is subdominant at all
energies except from region around 6.3 PeV where this mechanism outshines the effect
of the deep inelastic nucleon interactions.

Large volume neutrino detectors use optical methods to measure the light emission
of the secondary products generated in these neutrino interactions. Along their path
charged relativistic particles cause local polarizations in a dielectric medium. If the
velocity of the particle exceeds the speed of light in the medium, these asymmetric
polarizations can not relax back to equilibrium but electromagnetic radiation is emitted
in the so-called Cherenkov effect. The photons emitted along the path of the charged
particle forms a light cone with opening angle ϑ defined as

cos (ϑ) =
1

βn
, (6.5)

where β = v/c is proportional to the velocity v of the charged particle and n the
refractive index of the medium. This effect is illustrated in Figure 6.2. Assuming
relativistic particles with β ∼ 1, the expected Cherenkov angle in ice (nice ∼ 1.309)
is approximately ϑice ∼ 41◦ while it is ϑw ∼ 43◦ for sea water with refractive index

80



102 103 104 105 106 107 108 109

Eν [GeV]

10−38

10−37

10−36

10−35

10−34

10−33

10−32

10−31

10−30

σ
C
S

[c
m

2
]

Glashow Resonance

CC

NC
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nw = 1.364 [23, 77].

The number of photons N generated along the path dx of the relativistic particle can
be analytically estimated by the Franck-Tamm formula [121]

d2N

dx dλ
∼ 2πα

λ2

(
1− 1

β2n(λ)2

)
, (6.6)

where λ is the wavelength of the radiation and α depicts the fine structure constant.
Since this number of photons is inversely proportional to their wavelength, shorter
wavelengths dominate the contribution to the total light emission making the Cherenkov
radiation appear mostly blue at visible wavelengths in water and ice.

For wavelengths below ∼ 300 nm the refractive index n(λ) obtains values below unity,
suppressing the emission of Cherenkov light in these regions. This decline is even more
intensified by the characteristics of commonly used optical detection modules as well
as the light transmission properties of the medium. Consequently the most significant
light output in ice and water appears in the ultra-violet and optical wavelength regions
between 300 nm− 600 nm [23].
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Figure 6.2: Illustration of the Cherenkov effect of a relativistic particle l. The round
circles represent the spread of the light emission at the respective position
seen from the location of the charged particle. Their superposition yields a
wave front of photons with opening angle ϑw = 43◦.

6.2 Detector Requirements

The detection of high-energy neutrinos faces many challenges. Since neutrinos are
solely weakly interacting particles they can only be detected by signatures of secondary
particles generated in their interactions with ambient matter. The electromagnetic
radiation from these neutrino induced secondaries can be observed by means of optical
detection techniques. In order to guarantee reasonable performance, neutrino telescopes
have to unify various essential characteristics.

Experiments targeting high-energy astrophysical neutrinos have to encompass a large
mass and volume of target material to compensate the low neutrino cross sections as
well as the faint astrophysical signal. Since high-energy neutrinos require the presence
of very high energetic hadrons, an upper bound on the high-energy neutrino flux can
be derived from the energy density of extra-galactic UHECRs (Section 4.3) [81, 122].
Assuming that neutrinos are either produced in p−p or photohadronic interactions, the
measured energy density of extragalactic cosmic-rays implicates an upper limit of [79]

E2 dφνµ
dE

∼ 2× 10−8 GeV cm−2 s−1 sr−1. (6.7)

Given a detector volume V in an optically transparent medium with density ρ, the av-
erage rate of events from a certain neutrino interaction process νi within an observation
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time T is

Nνi =

∫
T

dt

∫
∆Ω

dΩ

∫
∆E

dENAρVeff(E)σνi(E)
d3φνi

dtdΩ dE
, (6.8)

with NA being the Avogadro constant, ρ the density of the material and σνi the cross
section for the process of interest. The effective volume Veff accounts for detector related
effects such as selection efficiencies. For a perfectly efficient detector the effective volume
approximately corresponds to the geometrical detector volume V . The expected event
count from the neutrino flux given in Equation (6.8) can be used to determine the
required size of the neutrino detector. In case of a 1 km3 scale neutrino telescope the
expected rate of neutrino induced muons with energies above 200 TeV is ∼ 60 per year.
Hence in order to observe extragalactic astrophysical neutrinos at an acceptable rate
neutrino telescopes have to cover detector volumes of 1 km3 or larger.
Next to the absolute rate of astrophysical neutrino events, the purity of these event

samples is crucial. Since the observation of neutrinos is based on optical detection
mechanisms it is inevitable to shield the detector against any possible background ra-
diation that might appear similar to the neutrino signal. Hence large volume neutrino
detectors are built deep within ice or water to have a natural delimitation of preventable
background radiation. In this way direct radiation and most charged particles cannot
penetrate the detector anymore. Nevertheless muons and neutrinos that are largely
produced in the atmosphere can still reach the detector, depicting a nearly irreducible
source of background radiation for astrophysical neutrino searches (Section 7.2).
While the size and location of the telescope is fundamental to obtain a large and pure

observation rate of high-energy neutrinos, the optical transparency of the detector ma-
terial is crucial to allow the undisturbed observation of the neutrino induced Cherenkov
radiation. The light propagation in optically transparent media is predominantly af-
fected by scattering and absorption. Both material dependent effects can be quantified
by the average geometric scattering and absorption length, Λsct and Λabs, respectively
describing the average distances x, that light at a wavelength λ can travel within the
medium before its intensity I is reduced by a factor of 1/e according to

I(λ, x) = I0 exp

(
− x

Λi

)
. (6.9)

The coefficient Λi can represent both, the scattering and absorption lengths. Since
photon scattering in ice and water is strongly forward peaked1, we can typically record
light that experienced multiple scatters. Hence it is often beneficial to contemplate the
1The average deflection angle ϑsct at each scattering point is small.
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average effective scattering length Λeff
sct instead

Λeff
sct =

Λsct

1− 〈cos(ϑsct)〉
, (6.10)

where ϑsct represents the deflection angle of photons at each scatter point. While
the geometric scattering length describes the average distance between to scatters, the
effective scattering length specifies the average propagation scale of photons along an in-
cident direction incorporating the non-isotropic scattering behavior within the medium
[123, 124]. The interplay of both, scattering and absorption effects can be described by
the effective attenuation length which relates to the latter according to

Λeff
att =

Λeff
sct · Λabs

Λeff
sct + Λabs

. (6.11)

On the basis of these light propagation characteristics, the optimal detector composition
for a particular physical problem can be extracted. In case of vast light dispersion
along the path of the relativistic particles, a sparse segmentation of detection modules
is sufficient to capture an adequate fraction of the signal. Hence the optimal setup for
a neutrino detector within a given volume depends not only on the respective neutrino
energies of interest (Section 6.3), but also on the optical properties of the surrounding
medium. Considering all these premises, all current neutrino telescopes are composed
of a set of optical modules containing one or more photo-multiplier tubes, with their
exact distribution depending on the typical energy range of the physical phenomenon
and the optical characteristics of the surrounding area.

6.3 Event Topologies

Depending on the respective interaction process, neutrinos of different flavors can pro-
duce different signatures within a detector volume. While light production in neutral
current neutrino interactions is solely induced by the hadronic cascade from the frag-
menting nucleon, additional Cherenkov radiation from generated leptons illuminates
the detector medium in charged current neutrino collisions. In general the light sig-
natures from all high-energy neutrino interactions can be categorized into two main
classes according to their geometry. While this classification is not complete, it covers
all neutrino interaction processes that are relevant throughout this thesis.
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Figure 6.3: Simulation of typical neutrino interaction signatures in ice. This toy simu-
lation shows the Cherenkov light emission from charged particles traveling
in the positive x direction in a random walk approximation. The optical
properties of the medium are characterized by an average scattering length
of Λsct = 2.5 m and an average absorption length of Λabs = 100 m, which
is a typical parameterization for the Antarctic ice in IceCube (Table 6.1)
[125]. The distribution of the photon scattering angle ϑsct for Mie scatter-
ing in ice is modeled by a linear combination of a Henyey-Greenstein and
a simplified Liu function [123, 125]. The color indicates the time difference
between the production and absorption of the photon. Left: Cascade-like
event signature typical for NC processes and CC interactions of νe and ντ .
Right: Track-like event signature from a high energy muon produced in
CC νµ interactions.

6.3.1 Cascade-like Events

In optically transparent media charged current interactions of electron and tau neutri-
nos as well as neutral current collisions of all neutrino flavors induce nearly spherical
symmetric light patterns. While the secondary electron or the immediate decay of the
tau initiate an electromagnetic cascade that superimposes with the hadronic cascade
from the fragmented nucleon, the photon emission in neutral current interactions is
exclusively created by the hadronic shower. An electron-neutrino pair generated in
Glashow Resonance interactions produces a signal similar to its CC correspondent, yet
without the occurrence of a hadronic cascade (Section 6.1). In general, the total light
emission persists of the superposition of Cherenkov photons from the primary lepton as
well as all charged particles from subsequent particle showers. A typical spherical light
emission profile of a CC electron neutrino interaction in the vicinity of Antarctic ice is
shown in the left panel of Figure 6.3.

The spherical light signature of the neutrino interactions mentioned above arises due
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to the short path lengths of electrons and all other charged particles within both kinds
of particle showers [126]. In transparent media such as ice or water, the longitudinal
expansion of such particle showers is in the order of a few meter [127]. In addition the
directional information of the initiating particle is smeared out by scattering effects of
the emitted Cherenkov photons, yielding a nearly spherically symmetric light pattern.
While the homogeneous light production in electromagnetic cascades is directly pro-
portional to its deposited energy, the light pattern from hadronic showers show larger
variations in their dispersion and energy deposition [126]. These fluctuations appear
due to the generation of neutral particles which do not further contribute to the light
emission.

Despite these minor deficits from the hadronic shower, the neutrino energy in charged
current interactions is entirely deposited within a finite volume around the interaction
vertex. Since the measurable Cherenkov radiation is proportional to this energy, these
interactions allow for a good energy reconstruction if they are contained within the
detector volume. On the other hand neutrinos in NC interactions dispense only a
fraction of their energy to the hadronic shower while the remaining energy is escaping
with the outgoing neutrino.

6.3.2 Track-like Events

Unlike electrons, high-energy muons produced in CC interactions of muon neutrinos can
travel large distances in water and ice due to their larger mass. While passing through
the ambient matter muons lose energy through ionization and stochastic processes such
as bremsstrahlung, pair production and nuclear interactions [33, 128]. Note that the
auxiliary emitted Cherenkov radiation depicts an insignificant contribution to the total
energy loss and can be neglected in the following consideration. The average energy
loss of muons per path length dx is illustrated in the left panel of Figure 6.4. As visible,
it can be parameterized by 〈

−dEµ
dx

〉
= aI + aStEµ, (6.12)

where aI represent the ionization term which is roughly constant above 1 GeV and aSt
combines the remaining stochastic effects. The average energy loss of muons in the
Antarctic ice can be characterized by aI ∼ 0.259 GeV m−1 and aSt ∼ 0.363× 10−3 m−1

[77, 129]. Following Equation (6.12), we can calculate the average path length Lµ(Eµ)
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of a muon with energy Eµ before it looses all its energy according to

〈Lµ(Eµ)〉 =
1

aSt
log

(
1 +

aSt
aI
· Eµ

)
. (6.13)

Hence muons with an energy of 10 TeV travel on average ∼ 7.5 km through the ice, while
the most probable path length of a 1 PeV muon logarithmically increases to ∼ 20 km.
Above ∼ 500 GeV the stochastic energy losses begin to dominate over the continuous
ionization processes leading to an increased variance of the muon path length [130].

Along the path of the muon, Cherenkov light is produced by the muon itself and
by electromagnetic cascades that are produced by continuous and stochastic processes
along the track. Since the Cherenkov light yield is proportional to the total track length
of all contributing particles, higher-energy muons appear brighter. Above ∼ 500 GeV

the light emission is dominated by stochastic energy losses [126]. Hence the original light
dispersion of the primary muon is distorted by overlaying photons from the subsequent
electromagnetic cascades at these energies. In the vicinity of the neutrino interaction
vertex additional Cherenkov radiation emerges from the hadronic cascade caused by
the fragmentation of the target nucleon. The typical time integrated light pattern of a
∼ 30 TeV muon in ice is illustrated in the right panel of Figure 6.3.

The elongated lever arm of muons with energies above a few hundred GeV allows
for a precise reconstruction of the muon direction. Additionally, the direction of the
incoming muon neutrino deviates from this muon track by the kinematic scattering
angle between the two particles at their interaction vertex

〈^(νµ, µ)〉 ∼ 1.5◦√
Eνµ/100 GeV

. (6.14)

The exact distribution and the corresponding 68 % confidence interval of the this kine-
matic angle for different neutrino energies is illustrated in the right panel of Figure 6.4.
For incoming neutrinos with energies above a few TeV this angle becomes smaller than
1◦ and typically resides below the angular resolution of existing neutrino telescopes
[131].

Similar to the charged current collisions of νe and ντ , muon neutrinos performing
CC interactions deposit all of their energy in the surrounding medium. Yet due to
the extensive path length of high-energy muons, only segments of their paths will be
contained within the detection volume. The measurable deposited energy of this track
segment will only allow the computation of lower limits to the total neutrino energy.
In order to evaluate such energy limits, it is moreover essential to know the fraction of
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Figure 6.4: Left: Contribution from ionization and stochastic processes to the muon
energy loss in ice [77]. The total muon energy loss can be accurately approx-
imated by Equation (6.12). Right: Distribution of the median kinematic
angle between muon neutrinos and the corresponding muons generated in
CC interactions for different neutrino energies (blue solid line, values refer-
enced on the left-side axis). Above 100 GeV this angle approximately follows
the distribution given in Equation (6.14) (dashed line). The fraction of the
neutrino energy that is attributed to the muon is illustrated by means of
the second y-axis on the right.

energy that is transmitted from the neutrino to the muon2. This is illustrated in the
right panel of Figure 6.4. On average the muon obtains ∼ 80 % of the neutrino energy
at all energies, while showing significant variations in the exact values.
Depending on the location of the neutrino interaction inside the detector, we can

further divide these track-like events into through-going and starting tracks, with the
latter having the interaction vertex within the detector volume and the former traveling
through the full detector after interacting outside its volume.

6.4 Large Volume Neutrino Observatories

As mentioned in the previous section, interactions of high-energy astrophysical neutrinos
leave a distinct trace of Cherenkov radiation within optically transparent media such as
ice and water. In order to guarantee a reliable detection of these signatures, neutrino
telescopes have to equip large volumes of these media with optical detection apparatus
in surroundings isolated from any kind of background radiation (Section 6.2). As to
synergize an optimal detection performance with cost-efficiency, all existing high-energy
neutrino observatories consist of optical detection modules sparsely arranged over large
2The remaining part is contained within the hadronic cascade.
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Figure 6.5: Left: Schematic sketch of the IceCube detector. Figure taken from [138].
Right: Illustration of an IceCube DOM, containing a photo-multiplier tube
and a circuit board for data acquisition, high-voltage generation, etc. (Sec-
tion 6.5) [136, 139]. Figure taken from [140].

volumes. The exact distribution of these modules depends on the precise characteristics
of the surrounding medium as well as the physical hypothesis of interest. To date, four
different high-energy neutrino detection sites exist. The IceCube neutrino observatory
is the only telescope array arranged in ice, while the KM3NeT, P-ONE and GVD
detectors reside in water [132–135]. In the following the IceCube neutrino observatory
is introduced. Subsequently some fundamental differences of neutrino detection in ice
and water are listed in the last part of this section.

6.4.1 The IceCube Neutrino Observatory

The IceCube Neutrino Observatory is the world’s largest neutrino telescope, instru-
menting one cubic kilometer of Antarctic ice at a depth between 1450 m to 2450 m

[136]. While preliminary data taking started already in 2005 throughout the construc-
tion phase, the full detector is operating successfully since 2011 [132].

In addition to the in-ice array of optical detection modules, the observatory includes
the IceTop detection array at the surface of the Antarctic ice [137]. A schematic sketch
of the IceCube detector is illustrated in the left panel of Figure 6.5.

The detector volume within the ice is instrumented with 86 strings, each equipped
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with 60 digital optical detection modules (DOMs). Except from the 8-string Deep-
Core array in the middle part of the detector [141], the vertical separation between
the individual modules is 17 m. The strings are arranged in hexagonal formation with
horizontal distances of 125 m. The design of this part of the in-ice array was chosen
to achieve the primary science goal of measuring astrophysical neutrinos in the range
between TeV and PeV energies, given the optical characteristics of the Antarctic ice
[136]. The average optical properties between depths of 1450 m to 2450 m inside the
Antarctic ice are summarized in Table 6.1. While the average absorption length Λabs is
of the order of 100 m, the scattering of photons with an effective scattering length Λeff

sct

of 25 m dominates the attenuation of Cherenkov radiation within the ice [142]. Based
on this structuring of detection modules, the cubic-kilometer in-ice array is sensitive
to neutrino events above 100 GeV [136]. Note that the Antarctic ice is pervaded by
different horizontal layers of dust that were composed during its formation, with the
most prominent being located at a depth of ∼ 2050 m. As a consequence the optical
properties in these region differ significantly from the values mentioned above [142].

The IceCube detector can resolve the incoming direction of neutrinos yielding cascade-
like event structures with a median angular resolution of 10◦ - 15◦, while the origin of
muon neutrinos above 1 TeV with a subsequent muon track can be traced with a median
uncertainty of less than 1◦ [2, 143].

The denser vertical spacing of the modules and the string spacing of the DeepCore
sub-array allows more detailed studies of phenomena at a lower energies, with a lower
bound at ∼ 10 GeV [141]. Since we are mostly interested in extragalactic phenomena
of neutrinos at high energies, throughout this thesis this sub-part of the detector is of
no particular interest and can just be integrated in the total 86 string in-ice array.

6.4.2 Large Volume Detectors in Water

Similar to the telescopes located in ice, the detection principle for neutrino detectors
in water relies on the observation of Cherenkov radiation. Regardless of the many
similarities, neutrino detectors in water and ice also face diverse challenges.

One major difference resides in the optical properties of the two media. While scat-
tering from crystal point defects and air bubbles is pervasive in ice, light scattering
in water is less prominent. On the other hand light absorption due to electronic and
molecular excitation processes happens on a more frequent basis in water than in ice
[144]. As previously mentioned in Section 6.2, these optical properties can be char-
acterized by the scattering and absorption lengths. The characteristic values for both
measures at different observation sites in water and ice are summarized in Table 6.1.
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Experiment Medium λ[nm] Λabs [m] Λeff
scat [m] Λeff

att [m]
IceCube ice 400 ∼ 100 ∼ 25 ∼ 20
Baikal-GVD fresh water 475 ∼ 22 ∼ 480 ∼ 21
KM3NeT sea water 475 ∼ 60 ∼ 265 ∼ 49
P-ONE sea water 465 - - ∼ 35

Table 6.1: Average optical properties for wavelengths λ measured at different neutrino
observation sites. The values are taken from [134, 142, 145–147]. The ef-
fective attenuation lengths Λeff

att for IceCube, Baikal-GVD and KM3NeT are
evaluated from the respective effective scattering and absorption lengths ac-
cording to Equation (6.11). For the P-ONE site only preliminary measure-
ments of the attenuation length exist.

While scattering dominates the light propagation in ice, absorption effects determine
the spread of Cherenkov photons in water. As a consequence, the detection of direct
un-scattered light is feasible over limited distances in water, allowing for a very good
angular resolution. As a consequence of the different properties of the two media, the
spacing of the optical modules has to be adapted differently for ice and water detectors.

Next to the optical characteristics, general properties of the surrounding medium
yield varying challenges. While in-situ background radiation in ice is almost exclusively
introduced by the detector itself, bioluminescent organisms and decays of radioactive
isotopes induce additional background light in water [144]. Hence, neutrino telescopes in
water require more sophisticated methods to suppress this background. Lastly, ambient
currents in water can shift the position of the optical modules in water, while the
location of the detection modules in ice is fixed. A detailed tracking of the position of
the optical modules in water is inevitable to guarantee an optimal directional resolution.

6.5 Data Acquisition in IceCube

The digital optical modules (right panel of Figure 6.5) are the fundamental observa-
tion units in IceCube, performing both light detection and data acquisition [136]. As
mentioned above, they consist of a downward facing photo-multiplier tube (PMT) and
a corresponding circuit board, that controls data acquisition, communication and low-
voltage power conversion.
If a photon hits a PMT it induces an electric charge. In case this charge exceeds

a threshold 0.25 pe the DOM registers a hit, recording the PMT waveform for 6.4µ s

(1 pe is defined as the most likely charge deposit caused by a single photon at a typical
PMT gain of 107) [136]. To ensure optimal data taking over this time window and large

91



dynamic ranges, each PMT is complemented with two different types of digitizers: an
Analog Transient Waveform Digitizer (ATWD) and a Fast Analog to Digital Converter
(FADC) [136]. The ATWDs sample the waveform at ∼ 3.3 ns intervals for a total time of
427 ns. To provide a wide dynamic range each ATWD contains multiple channels with
different amplification gains. Each DOM is equipped with two independent ATWDs
operating alternately to reduce readout dead time. While the recording time of the
ATWDs is optimized for photons generated close to the respective DOM, the character-
istics of the additional FADC are selected to cover the time range of the remaining light
production. As such the FADC observes the PMT waveform at a continues sampling
rate of 25 ns over a total readout time of 6.4µ s [136].

Once a hit is recorded, the corresponding information is sent to the IceCube Labora-
tory (ICL) at the surface. The amount of information that is transmitted depends on
the presence of locally coincident hits at nearest or next to nearest neighboring DOMs
from the same string. If such local coincident hits are launched within ±1µ s, they are
flagged as a hard local coincident hits (HLC). For HLC hits the fully digitized waveform
information from the ATWD and the FADC are transmitted to the ICL. Isolated hits
with no HLC are referred to as soft local coincidence (SLC). In this case only three
sample points from the FADC waveform centered around the peak of the distribution
are saved and transmitted. This data acquisition format is motived by the fact that
HLC hits indicate regions with a high probability to observe multiple photons. While
these waveforms assembled from multiple photons can have complex devolutions, the
distribution from single photon hits (as presumably the case for SLC hits) can be usually
characterized by a limited amount of parameters [136].
At the surface these hits are searched for multiplicity criteria in order to reconstruct

the potential light pattern induced by charged particles. While SLC hits are domi-
nantly generated by dark noise, only HLC hits are utilized for these selections. The
Simple Multiplicity Trigger 8 (SMT8) illustrates the first selection criteria for events
used throughout the following thesis. This trigger condition requires at least eight HLC
hits within a sliding time window of 5µ s. Ultimately a IceCube event is made up of
HLC hits with trigger windows overlapping within sliding time differences of −4µ s to
6µ s. SLC hits that reside within the total time window complement the event. The
event rate at the SMT8 trigger level is vastly dominated by atmospheric muons and
typically varies between 2.5 kHz to 3 kHz (left panel in Figure 7.7).

In order to provide scientists from outside the South Pole station with the observed
data, IceCube uses the transmission via a satellite. The rate of events from SMT8
trigger vastly exceeds the bandwidth of this satellite. Hence the data volume at the
South Pole is further reduced by processing and filtering of the triggered events. As

92



10200 10400 10600 10800 11000 11200 11400

Time [ns]

0

5

Q
[P

E
]

0

25

U
[m

V
]

FADC ATWD Pulses

Figure 6.6: Illustration of the conversion of the observed ATWD and FADC waveforms
(top panel) into a series of pulses (bottom panel) at one DOM. The time on
the x-axis depicts the absolute time within the event trigger window. The
data in the figure was elaborated by T. Glauch.

such, the digitized waveforms are calibrated and converted into a more compact series
of so-called pulses. Each pulse contains a charge amplitude, a pulse width and the cor-
responding leading edge time. This conversion is illustrated in Figure 6.6. Besides this
data compression the events are further filtered according to specific requirements of
interest. Since we are interested in correlating the direction of neutrino induced events
with astrophysical events, the so-called muon filter is most relevant in this work. Based
on fast and computationally inexpensive reconstructions, this filter selects good recon-
structed track-like events from both hemispheres (Subsection 6.3.2). For down-going
events from the Southern hemisphere (δ < −5◦) an additional zenith dependent cut on
the total deposited charge is applied to reduce the dominating part of the background
coming from atmospheric muons. Applying the data processing and the muon filter
reduces the event rate to ∼ 34 Hz [136]. After the transfer to the north, these events
build the starting point for many high level analyses in IceCube (Section 7.2).
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7
Search Methods for Neutrino Point

Sources

High-energy astrophysical neutrinos leave a designated light signature when they inter-
act in optically transparent media (Section 6.3). While the low interaction cross-sections
depict severe challenges in their detection, they make neutrinos perfect pointers towards
their origin. As such, high-energy neutrinos can be considered as astrophysical mes-
sengers, providing information from the farthest reaches of the Universe. In principle,
a single astrophysical neutrino could be enough to identify the location of its site of
generation. Unfortunately, this straight forward correlation between the astrophysical
neutrino signatures and the position of their sources is diluted in actual observations.

Large area neutrino telescopes, such as the IceCube Observatory are built deep within
the ground to be shielded against obvious electromagnetic radiation. Nevertheless, at-
mospheric muons and neutrinos can reach these detectors and generate light patterns
that are nearly indistinguishable from the signal of astrophysical sources. These at-
mospheric leptons depict the major background in the observation of astrophysical
neutrinos and in particular in the discovery of their sources. They dominate the rate
of triggered events in IceCube by orders of magnitude above the expected astrophysical
signal (left panel of Figure 7.7). While it is nearly impossible to rule out an atmospheric
background origin on an event by event basis, IceCube applies a different strategy to
overcome the vast atmospheric background contamination in the search for astrophysi-
cal neutrino sources on a statistical basis.

Neutrinos generated at the site of astrophysical point-like objects are supposed to
cluster on small angular scales around the location of the source. The angular spread
of these events depends on the accuracy of their directional reconstruction inside the
detector. On the other hand, cosmic-rays bombard the Earth uniformly from all di-
rections, yielding a locally uniform distribution of the overall dominating atmospheric
background. Hence a high local density of events is a typical signature of astrophysical
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neutrino generators. The average number of background events decreases with decreas-
ing size of the cluster window, allowing a better signal to background discrimination
for accurately reconstructed events. As a consequence we will only use track-like events
throughout the following thesis, permitting the best directional accuracy (Section 6.3).
Next to the directional information of triggered events, their energy information can
be utilized to differentiate between astrophysical signal and atmospheric background.
According to the most common shock acceleration models at the site of astrophysical
objects, neutrino sources are supposed to generate neutrinos following a simple power-
law spectrum with spectral index of ∼ 2 or even harder (Subsection 4.2.1). Neutrinos
and muons from atmospheric air showers, on the other hand, present a much softer
spectrum, approximately following a ∼ 3.5 power-law distribution above a few GeV

(refer to Figure 5.2). In such a scenario the rate of background events drops much
faster with increasing energy than the corresponding astrophysical signal.

Both directional and energy information of events can be used in cooperation to dis-
criminate between the signal of astrophysical point sources and atmospheric background
fluctuations. In order to quantify the significance of a potential signal, we make use of
unbinned likelihood ratio tests in the following. Since the analyses performed in this
thesis seek for local accumulations of events, they operate best on large statistical sam-
ples with a high astrophysical signal purity and well-defined event characteristics. The
latter can be achieved by the reconstruction of the light patterns appearing within the
detector volume. The proceeding of the directional and energy reconstruction for track-
like events in IceCube is summarized in Section 7.1. The selection of the event sample
optimizing the performance of point source searches in IceCube follows in Section 7.2.
Ultimately the statistical method and their performance in IceCube are introduced in
Section 7.3 and 7.4.

7.1 Reconstructions of Characteristic Event Features

The direction and the energy of muons in ice are strongly correlated with the Cherenkov
radiation emitted along the path. Hence both event characteristics can be reconstructed
from the combined light patterns measured by the optical modules in the detector.
These reconstructions suffer several disturbances in IceCube. Scattering and absorption
in the ice influences the dispersion of the emitted Cherenkov photons. Additionally,
noise from radioactive decays inside the glass sphere of the DOMs affects the correlation
between the observed light patterns and the true physics parameters of the incident
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particles [139]. The directional and energy reconstruction methods for muons1 that are
introduced in the following aim to overcome these challenges.

7.1.1 Directional Reconstructions

Muons traveling through the Antarctic ice induce Cherenkov light along their path. In
an ideal scenario, the time evolution of this radiation forms a Cherenkov cone with
an opening angle ϑ along the path of the muon (Section 6.1). In combination with
the long traveling distance of high-energy muons (on average multiple kilometers for
muons above a few TeV), the detectable Cherenkov light allows for accurate directional
reconstructions. As visible in Figure 6.3 the time-integrated light emission in ice has
a cylindrical spread around the path of the muon. Once a high-energy muon traverses
the detector volume, nearby DOMs record a series of pulses characterizing the detection
time ti and the charge qi of the observed light at the position of the respective module
di (Section 6.5).

In the following, the evolution of a muon in the detector will be parameterized by a
straight line

x(t) = x0 + vµ · (t− t0), (7.1)

where x0 is the support vector of the muon at time t0 and vµ is the velocity of the
muon. For high-energy muons, the track length exceeds the maximal detection range
(∼ 1 km for IceCube). Hence most muons observed within the detector originate from
outside this volume and we will assume an infinitely long muon track in the following.
Due to this supplement, the support vector x0 can be chosen arbitrarily along the path.
High-energy muons nearly travel at the speed of light in vacuum (‖vµ‖ & 0.99c for
Eµ > 1 GeV). Hence the number of free parameters a of the geometrical coordinates
(Equation (7.1)) for muons can be reduced from six to five. In IceCube a commonly
used representation is a = {x0, y0, z0, θ, φ}.
Due to the limited computing power at the South Pole and the convergence stability

of the algorithms, IceCube performs a consecutive chain of reconstruction algorithms.
At the site of the detector, fast and simplified reconstruction methods are applied to the
data. Their outcomes are then used to filter the data and seed more complex algorithms
that are applied after the data transfer.

1Muons from astrophysical neutrinos are mainly generated in CC interactions of muon and tau neu-
trinos (Section 6.1).
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Linefit

The simplest directional reconstruction algorithm that is used is called LineFit. This
method aims to minimize the distance between the first hit at each triggered DOM and
the hypothetical muon track, ignoring the shape of the Cherenkov cone and any impacts
of the surrounding media. In this sense the position of the hit DOMs are projected on
the path of the muon

d̃i = x0 + vµ · t1sti , (7.2)

where t1sti is detection time of the first photon hit a DOM i. The evolution of the muon
track can be evaluated by minimizing

NDOM∑
i

(
di − d̃i

)2
(7.3)

with respect to the support vector x0 and the velocity vµ, where NDOM is the number of
hit DOMs. This problem can be solved analytically allowing for a very fast evaluation
of a simplified first guess for the direction of the muon. Unlike in the infinite track
approximation from above, this algorithm does not require the assumption that the
muon travels at the vacuum speed of light but actually is sensitive to the velocity of
the particle. As such, in the ideal case, LineFit recovers the speed of light c for muons
while the particle velocity is approaching 0 for spherically symmetric events [148].

Maximum Likelihood Estimators

More sophisticated reconstructions incorporate the physics of the light propagation in
ice. This mainly includes the time emission profile corresponding to the Cherenkov cone
as well as scattering and absorption effects in the ice. Assuming again an infinitely long
muon track moving at the speed of light in vacuum, we can estimate the geometrical
arrival time of Cherenkov photons at DOM k according to

tkgeo = t0 +
dµ
‖vµ‖

= t0 +
eµ · (dk − x0) + d⊥ tan(ϑ)

c
, (7.4)

where eµ is the direction of the muon and ϑ is the Cherenkov angle [148]. The remaining
variables follow the definitions given in the left sketch of Figure 7.1. This geometrical
time corresponds to the arrival time of Cherenkov photons unaffected by scattering and
absorption. The time delay tres that a photon i experiences on its way to DOM k due
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Figure 7.1: Left: Illustration of the photon propagation along a high-energy muon track
(‖vµ‖ = c) in an optically perfect medium. The sketch includes all observ-
able quantities that are necessary to estimate the geometrical arrival time
tgeo of a photon at DOM k. Right: Illustration of the segmented (top panel)
and the unfolding (bottom panel) muon energy reconstruction principle used
in IceCube.

to these effects can be defined as

tikres := tikhit − tkgeo, (7.5)

where tikhit is the observed time of the hit [148]. Based on the knowledge of the probability
distribution p of these time residuals we can determine a single photo-electron (SPE)
likelihood function

LSPE =
∏
k

∏
i at k

p
(
tikres|{aµ}, {aDet}

)
, (7.6)

where the index k loops over all triggered DOMs with respective photo-electron hits
i [148, 149]. Maximizing the likelihood with respect to {aµ} yields the description of
the corresponding muon path according to Equation (7.1). The parameter set {aDet}
includes all relevant detector properties, such as the position and orientation of the
individual DOMs and the properties of the surrounding ice.

While the formulation of the single photo-electron likelihood in Equation (7.6) is op-
timal in theory, it suffers limitations due to the finite time resolution of the detector
modules. The arrival times of individual photons from the same muon cannot be dis-
tinguished at a specific DOM, but only the arrival time of the first pulse is recorded
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[148]. Hence only the first photon hit at each DOM can be used in the SPE approach in
IceCube. In order to incorporate the available information of the remaining photon hits
we can adapt the SPE likelihood to a multi photo-electron likelihood (MPE) according
to

LMPE =

NDOM∏
k

Nk · p
(
t0kres|{aµ}, {aDet}

)
·
(∫ ∞

t0kres

p (t|{aµ}, {aDet}) dt

)Nk−1

. (7.7)

At each triggered DOM k the MPE method makes use of a first order stoachstic distri-
bution, describing the probability to observe the first photon at t0kres followed by Nk − 1

subsequent hits [148].

In the ideal case, the probability distribution p of these time residuals should be a
delta function at zero. Yet in realistic scenarios, the arrival times of photons originating
from high-energy muons are delayed due to their generation in radiative processes and
the scattering processes in the ice. While the first distortion can be added to the
probability distribution on a stochastic basis, the latter effect depends on the distance
between the muon and the respective DOM as well as the respective ice conditions on
that photon path [148]. In addition, random noise hits and the limited timing resolution
of the modules symmetrically broaden the distribution around tres = 0, allowing also
for negative time residuals.

A fast analytic approximation for these pdfs is realized by

pana(tres) ∝
τ−d⊥/λs · td/λs−1

res

Γ(d⊥/λs)
· exp

(
−d⊥
λa
− tres ·

(
1

τ
+

c

nλa

))
, (7.8)

where λa represents the average absorption length in ice and n the refractive index. The
free parameters τ and λs are determined by Monte Carlo simulations [148]. For low
distances d⊥ this function sharply peaks close to tres = 0 corresponding to mostly un-
scattered photons. For larger distances between the muon and the detection module it
allows scattering and subsequently yields larger delay times. The analytic distribution
pana for different distances is illustrated in the left panel of Figure 7.2. While recon-
structions relying on this analytic distribution incorporate generic ice properties without
making concessions in the computational performance, local characteristics of the sur-
rounding media are ignored. The optical properties in IceCube perceive drastic depth
dependent fluctuations due to contamination with dust (Subsection 6.4.1). In order to
incorporate such information into the reconstructions, tabulated simulations of detailed
light propagation in the Antarctic ice are used. These simulations are interpolated
with multi-dimensional splines allowing for efficient storage and fast access throughout
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Figure 7.2: Left: Analytic distribution of the photon delay time for different distances
to the muon track. In order to account for the limited timing resolution of
the PMTs, the pdfs from Equation (7.8) are convoluted with a gaussian dis-
tribution around tres and standard deviation of 15 ns [150]. Right: Median
angular resolution ∆ψ for different directional reconstructions. The black
line indicates the influence from the kinematic angle between the neutrino
and the muon (Figure 6.4).

the reconstruction. The reconstruction based on these simulated spline tables, called
SplineMPE, yields the best performance at the expense of an intensive computational
effort [151]. To account for the limited timing resolution of the PMTs in the individual
DOMs all pdfs mentioned above are convoluted with a gaussian distribution

p(tres) =

∫ ∞
0

pX(tres) ·
1√

2πσt
e−(tres−x)2/2σ2

t dx (7.9)

where pX can represent both, the analytic as well as the tabulated description of the
delay time probability [150]. The parameter σt depicts the standard deviation of the
gaussian distribution. The performance of different direction reconstructions mentioned
in this subsection are illustrated in the right panel of Figure 7.2. Note that although
the likelihood reconstructions are based on the assumption of an infinite muon track,
these algorithms are also used for events starting within the detector volume in this
thesis.

The capability and the accuracy of the directional reconstructions in IceCube can be
tested by means of measurements of the muon deficit from the direction of the moon.
While the incoming direction of atmospheric muons should, in general, mimic the al-
most isotropic distribution of their generating cosmic-ray particles, a muon deficit is
expected from the direction of the moon. The lower rate from this direction is caused
by the absorption of cosmic-rays in the moon and the subsequently missing production
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of secondary muons in the atmosphere. Since muons above TeV energies are strongly
aligned with the incoming direction of their generating cosmic-ray, they can optimally
reveal the location of this cosmic-ray absorption. Making use of the most advanced di-
rectional reconstruction mentioned above, IceCube observes the location of this so-called
moon shadow within 0.2◦ of its expected position. This outcome serves as a simulation
independent validation of the average capability of the directional reconstructions in
IceCube [143].

Uncertainty Estimation

Based on the aforementioned likelihood reconstructions, an angular uncertainty estimate
of the muon direction can be evaluated on an event-by-event basis. While in principle
a detailed scan of the likelihood space around the maximizing2 values {āµ} would be
desirable for the uncertainty estimation3, it is computationally not feasible for the high-
level reconstructions in IceCube.

Instead, in order to access the uncertainty from the likelihood space, IceCube makes
use of several simplifying assumptions. Primarily, the dimension of the problem is
reduced by marginalizing over the vertex parameter x0 (Equation (7.1)), leaving a
two dimensional likelihood landscape L(ared) with ared = (θ, φ). Secondly this two
dimensional likelihood space is supposed to be normal distributed around the maximum
values λ = (θ̄, φ̄) with

L(ared) ∼ 1√
4π2 det(Σ)

exp

(
−1

2
(ared − λ)ᵀΣ−1(ared − λ)

)
, (7.10)

where Σ depicts the covariance matrix of the distribution

Σ =

(
σ2
θ σθφ

σθφ σ2
φ

)
. (7.11)

As a consequence, the negative logarithm of this likelihood function follows a bi-
dimensional parabolic distribution in the region around λ

− logL(ared) ∼ log
(√

4π2 det(Σ)
)

+
1

2
(ared − λ)TΣ−1(ared − λ). (7.12)

The so-called paraboloid uncertainty estimate makes use of these assumptions. Since a

2In fact, instead of maximizing the likelihood function itself, the negative logarithm of the likelihood
function is minimized in IceCube.

3Applying Wilks theorem this would directly yield an approximation for any uncertainty contour
[152].
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full likelihood scan is not feasible, the − logL values are solely evaluated on 8 points
on each of three rings around the minimum λ. Using the method of least squares a
paraboloid function is fit to these points. As the full covariance information is contained
within the paraboloid representation, the resulting gaussian uncertainties for both an-
gles can be read directly from the covariance matrix Σ. In general these uncertainties
form a confidence ellipse. To simplify the employment in point source analyses, in the
following the elliptical uncertainties are approximated by a single circular uncertainty
estimate σp according to

σp =

√
σ2

1 + σ2
2

2
, (7.13)

where σ1 and σ2 depict the major and minor axis of the ellipse4. By means of the
paraboloid uncertainty, the angular distribution around the true direction λ can be
described by a normal distribution according to

f(θ, φ|λ, σp) =
1

2πσ2
p

exp

(
− 1

2σ2
p

((θ, φ)− λ)2

)
(7.14)

In this scenario σp illustrates the one dimensional uncertainty for both angles θ and φ, in
a sense that it respectively describes the 68 % probability that the true angle i is within
the range σi, with i ∈ {θ, φ}. In order to estimate the probability for both variables to
be within the error circle we have to integrate the underlying normal distribution from
Equation (7.14) over the area of the circle, yielding∫ σp

0

∫ 2π

0
f(r cos ν, r sin ν)r dr dν = − exp

(
−0.5r2/σ2

p
)∣∣σp

0
∼ 0.39 (7.15)

where we used the polar coordinate representation (θ = r cos ν, φ = r sin ν) for the
integration. Hence the chance for both true angles to be within the error circle is only ∼
39 %. For the point source analysis in this thesis we are interested in the median angular
resolution of individual events. According to Equation (7.15) the original paraboloid
value has to be extended by a factor of

√
−2 log(0.5) ∼ 1.17 to fully cover this 50 %

contour. In this sense the true direction of the event resides within the contour defined
by σcorrp := 1.17σp in 50 % of the cases. More detailed information about the paraboloid
reconstruction can be found in [153, 154].

Within the framework of the point source analysis, the paraboloid value is used as an
uncertainty estimate for the angular difference ∆ψ between the direction of the neutrino

4The correlation term from the covariance matrix is ignored in this circular approximation.
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Figure 7.3: Illustration of the pull correction for a neutrino source following a power-
law spectrum with γ. The color indicates the probability density normalized
along each energy bin. The black dots indicate the median pull value in each
energy bin, with the orange line being a spline fit through these median
points. Left: Pull distribution before the correction. Right: Pull distri-
bution after the application of the event-by-event correction from Equation
(7.16).

and the observed event (Equation (7.41)). In order to verify this application, two more
points have to be considered. At first, it is worth noting that the angular distance
defines the angle between two unit vectors on a sphere. This definition is not similar
to the projection of a circular contour on a sphere. In fact, while both interpretations
are nearly identical5 at the horizon, major differences occur in the region of the poles
where both angles are distorted. In the construction of the paraboloid uncertainty,
this problem is prevented by a rotation of the best fit angles λ to the horizon. For
not too large error contours, the definition of the paraboloid uncertainty matches that
of the angular difference. The back transformation to the original coordinates of the
event preserves that correlation. As a consequence, the application of the paraboloid
uncertainty σcorrp as an estimate for the median angular uncertainty seems legitimate
for track-like events in IceCube.
In an ideal world, where all previous approximations are satisfied, the paraboloid

uncertainty is similar to the median angular difference between the true and the ob-
served direction of the muon. In order to get an estimate for the angular difference
between the reconstructed direction and the parent neutrino we have to account for the
kinematic angle between both particles (Subsection 6.3.2). Since this angle is gener-
ally not observable in IceCube, the respective correction is done on a statistical basis.
The so-called pull correction relates the paraboloid uncertainty σcorrp to the true me-
dian angular difference ∆ψTrue between the neutrino and the reconstructed direction in
5This is only true if the radius of the circle is not too large.
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different energy bins

ρpull(logEν) =
∆ψTrue

σcorrp
. (7.16)

In the ideal case, the paraboloid uncertainty depicts a correct representation of the true
distribution, their pull values ρpull are exactly one. In order to account for deviations
from the ideal case, the paraboloid uncertainty σi for each event i is corrected according
to the pull at its energy

σi(logEν) = ρpull(logEν) · σi(logEν). (7.17)

The pull correction is illustrated in Figure 7.3.

While the pull correction is mainly thought to account for the kinematic angle be-
tween the muon and the neutrino, it is also capable to compensate discrepancies of the
paraboloid approach on a large statistical basis. In fact, while the paraboloid construc-
tion seems to work fine on a statistical basis it is not optimal on an event-by-event basis.
The issues with the approach can be attributed to multiple causes. Due to sparse sam-
pling, the likelihood landscape of individual events might not be accurately described
and the paraboloid fit might not even be possible. On the other hand, also an incorrect
description of the track hypothesis in the likelihood might yield incorrect outcomes.
A full study of the paraboloid construction is beyond the scope of this thesis. More
detailed information can be found for instance in [155].

7.1.2 Energy Reconstructions

Similar to the directional information, the energy of a high-energy muon is correlated
with the Cherenkov light emitted by the muon itself and subsequent products along
its path. Muons traveling through the ice lose energy due to ionization and stochastic
processes (Figure 6.4). The average energy loss can be quantified by Equation (6.12).
While high-energy muons travel long distances through the ice, the IceCube observa-
tory can only observe the Cherenkov radiation of the segment L appearing within the
detector volume. Hence according to Equation (6.12), the average muon energy at entry
in the detector can be estimated as

Eentry
µ ∼

dEµ
dL − aI
aSt

, (7.18)
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Figure 7.4: Left: Muon track length (blue line) in ice according to Equation (6.13).
The orange dashed line indicates the energy threshold from the ionization
dominated region at low energies to the high-energy regime where stochastic
losses dominate. Right: Correlation between the total deposited energy
and the muon energy at entry for different maximally possible track lengths
Lmax in the detector.

where dEµ
dL is the deposited energy along the segment L. If the muon starts outside

the detector volume this energy only displays a lower limit on the actual muon energy.
Note that in principle, this approach is limited to the region above ∼ 500 GeV where
stochastic losses induce deviations from the constant emission due to ionization. For
muons that are dominated by ionization losses, Equation (7.18) does not seem to have
discrimination power between different energies. Yet, as a matter of fact the average
traveling distance of muons within the ice is at a similar scale as the detector size
at these energies. The average traveling distance of muons within ice for different
energies is illustrated in the left panel of Figure 7.4. If the muon path is shorter than
the maximally possible length within the detector, the total deposited energy in the
detector Edep decreases even within the ionization regime. Even without knowing the
actual length within the detector, the deposited energy in the detector can be used
to estimate the muon energy Eentry

µ in such scenarios. The correlation between the
deposited energy and Eentry

µ at low energies is shown in the right panel of Figure 7.4.

The deposited energy within the detector can be reconstructed from the observed
Cherenkov light. Similar to the directional reconstruction, the deposited energy is
estimated by the use of a maximum likelihood approach where the likelihood to see kj
hits at DOM j is given by a poissonian distribution

Lj =
λ
kj
j

kj !
· e−λj . (7.19)
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The expected number of photon hits λj strongly depends on the optical properties of
the ice surrounding the detection modules. Using Monte Carlo simulations the expected
amount of photons can be estimated from the muon energy Eµ according to

λj = Λj · Eµ + ρj , (7.20)

where Λj depicts the light production yields and ρj the noise expectation, both coming
from simulations [126]. In principle, the average muon energy loss along the path L

in the detector could be estimated by maximizing the product of likelihoods at all
DOMs with respect to Eµ. Yet this approach suffers significant biases due to the
stochastic processes that dominate the light yields for muons above a few TeV [126].
The stochasticity of the energy deposition can be included in the reconstruction by
segmenting the muon track into little pieces that can catch up these variations.

This can be achieved by separating the muon track into different pieces and assigning
the light yields from each DOM to one of these segments. This approach is illustrated
in the top right panel of Figure 7.1. The energy depositions in the respective segment
l can be evaluated similarly to above by maximizing

logLsegEl =
∑
j∈Sl

(kj log (ΛjEl + ρj)− (ΛjEl + ρj)− log(kj !)) (7.21)

with respect to El. Sl depicts all DOMs belonging to segment l. Each segment can
be treated as an individual detector system in this approach (top right panel of Figure
7.1). The optimal length of the segments depends on the spacing of the DOMs as
well as the optical properties and it is typically in the order of ∼ 100 m [126]. The
energy loss dE

dL within the detector can be estimated by taking the sum of the outcomes
of the individual segments. Eliminating the segments with the highest energy losses
removes biases due to large statistical fluctuations from the reconstruction and yields
results more closely correlated to the muon energy at entry in the detector [130]. The
accuracy of the segmented muon energy reconstruction in IceCube is shown in the
left panel of Figure 7.5. Above ∼ TeV energies the reconstruction nicely recovers the
muon energy at entry. At lower energies stochastic losses become subdominant and the
segmented reconstruction, although theoretically possible, can not distinguish between
these energies anymore. The right panel in Figure 7.5 shows the comparison between
the reconstructed muon energy at entry and the original neutrino energy for a γ = 2

power-law spectrum. At the lowest energies, the muon travel distance is in the order of
the size of the detector. Hence the muon energy at entry could give on average a measure
for the absolute neutrino energy. Yet due the sub-optimal performance of the segmented
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Figure 7.5: Illustration of the accuracy of the truncated muon energy reconstruction
used in the point source searches in IceCube. Left: Comparison between
the reconstructed and the true muon energy at entry in the detector. Right:
Comparison between the reconstructed muon energy at entry and the orig-
inal neutrino energy for an unbroken γ = 2 power-law spectrum (black). In
addition, the average deviation between the actual muon energy at entry
and the neutrino energy is shown (grey). The red dashed lines in both plots
indicates the region of perfect agreement between reconstructed and true
values.

algorithm, this correlation is diluted and the reconstructed values overshoot the actual
neutrino energies on average. For higher energies, the performance of the reconstruction
improves while the average travel distance of the muon exceeds the detector volume.
Consequently, as expected, the reconstructed muon energy at entry only serves as a
lower limit on the primary neutrino energy for such events.

Despite being fast, the spatially segmented approach can not describe the physics of
the energy depositions along the muon track perfectly. While stochastic energy losses
can happen at scales much smaller than the segmentation, their light yields could travel
much further than the distances assigned by the separation of the detector. Instead of
spatially segmenting the detector along the path of the muon, we can split the energy
production along the track into different individual sources. In this physically more
realistic scenario the expected light yield at each DOM j is a superposition of light
from all stochastic losses

λj =
∑
s

Λj(xj ,xs) · Es + ρj = ΛT
j ·E + ρj , (7.22)

where s indicates the sources of energy depositions in the detector and xs their position
along the track. This approach is schematically illustrated in the lower right panel of
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Figure 7.1.

The energy depositions along the muon track can be evaluated by maximizing

logLunfold =
∑
j

(
kj log

(
ΛT
j ·E + ρj

)
−
(
ΛT
j ·E + ρj

)
− log(kj !)

)
(7.23)

The main difference between this energy unfolding and the spatial segmentation relies
on the fact that the energy depositions in the unfolded energy vector E are correlated
with the whole detector while they were only connected to the corresponding detector
segment in the spatial separation approach. The evaluation of E comes at high com-
putational costs. Since the analysis performed in this thesis are based on high statistic
samples this reconstruction technique is not applied. Hence the spatial segmentation
technique is used in the following.

7.2 Through-going Track Selection

The searches for astrophysical neutrino point sources in IceCube use statistical tech-
niques to filter out subleading astrophysical signals from the dominating atmospheric
background. To ensure optimal performance of such tests the data transmitted from
the South Pole is further purified. The main goal of this selection is the reduction
of the atmospheric background without losing astrophysical signal events in order to
achieve a high statistic neutrino sample with high purity. The event selection used for
the analyses in this work is described in detail in [156, 157]. The main aspects and the
general approach are summarized in the following section.

Muons generated in CC interactions of muon neutrinos within the ice induce light
along their elongated travel path allowing for optimal directional reconstructions (Sub-
section 6.3.2). Hence the following analyses searching for neutrino point sources are
based on samples of such track-like events. As previously mentioned in Section 6.5,
events triggering the IceCube detector are rudimentarily filtered at the South Pole for
track-like appearances using the muon filter selection. After the data transmission via
satellite, these events constitute the starting point for more advanced selections.

Due to the large amount of data and the numerous different requirements of various
analyses, the event selections in IceCube progressively run through multiple levels. In
the case of this work, the pre-selected muon sample from the South Pole gets primarily
reduced by the Muon Level 3 selection before more advanced reconstructions can be
applied. The subsequent analysis specific selection finally aims to achieve a pure sample
of neutrino events by removing most of the contribution of atmospheric muons. The
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Figure 7.6: Schematic Illustration of the Event Selection Chain. The label online corre-
sponds to the filtering done at the South Pole site, whereas offline indicates
the event selection steps after the data transfer to the north. The figure is
adapted from [156].

general steps of the event selection used for the event sample used in this thesis are
schematically illustrated in Figure 7.6. Due to the exceptional location of the detector at
the geographic South Pole, events coming from different hemispheres traverse different
media before reaching the detector. While events coming from the southern hemisphere
hit the detector nearly directly, events from the north pass through the Earth first. In
order to account adequately for these differences, the offline event filtering is divided
into a selection of events from the northern hemisphere (δ > −5◦) and the southern
hemisphere respectively. The respective selection strategies for both hemispheres are
shortly summarized in the following subsection. The Muon Level 3 selection, as well
as the ultimate selection of the final sample used for the analysis, are summarized in
Subsection 7.2.2 and 7.2.3.

7.2.1 Neutrino Selection Strategies: Northern vs. Southern
Hemisphere

The IceCube neutrino observatory detects events from every direction in the sky. At
the SMT8 level, the rate is dominated by atmospheric muons (left panel in Figure 7.7).
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Figure 7.7: Event rates in IceCube at different reconstructed declinations δreco. Left:
Event rate at the SMT8 trigger level (data from [158]). Right: Event rate
from the Northern Hemisphere at the final analysis level.

While the dominant part of the rate in the southern hemisphere is actually generated
by atmospheric muons from the same direction, the muon rate in the northern sky
is induced by mis-reconstructed muons from the south. Atmospheric muons from the
Northern Hemisphere are absorbed within the Earth and consequently cannot penetrate
the detector. Hence a negligible rate of atmospheric muons from this part of the sky
can be achieved by requiring good directional reconstruction quality. In this sense the
dashed blue line in the left panel of Figure 7.7 illustrates the rate of atmospheric muons
in bins of their true direction. Above δ & −5◦ the rate drops drastically below the
one of atmospheric and astrophysical neutrinos. The signatures from atmospheric and
astrophysical neutrinos from the Northern Hemisphere cannot be further distinguished.

In the Southern Hemisphere, the rate is dominated by well-reconstructed muon bun-
dles. In cosmic-ray induced air-showers many low energy muons and neutrinos are
produced. If multiple of these muons reach the detector simultaneously they mimic sin-
gle high energy muons in the detector. Removing a significant fraction of these events
can only be achieved by sacrificing some amount of the neutrino signal. Besides these
bundles, atmospheric muons and neutrinos cannot be distinguished for events starting
outside the detector. Hence the dominating rate of atmospheric muons cannot be elim-
inated as done in the north. For events starting inside the detector, additional vetoing
techniques exist to lower the fraction of atmospheric muons and even neutrinos. As
mentioned above, atmospheric muons and neutrinos are generated in large numbers in
cosmic-ray air showers in the atmosphere. The rate of muons can be simply eliminated
by requiring the events to start within the detector volume. Since muons, produced
in the atmosphere, generate light along their whole path, such track-like events can
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only be induced by neutrinos interacting within the detector volume. Going one step
further, the air shower argument can be applied to reduce the atmospheric neutrino
probability for individual events. Both atmospheric neutrinos and muons are produced
in air showers. If we detect such neutrinos in IceCube, we are supposed to see one of
the accompanying muons as well with a certain probability. This probability depends
on the energy and the incoming direction of the neutrino. Using again the starting con-
dition of the events in combination with energy and declination dependent conditions
allows to deduce the selected sample to events with a low atmospheric background prob-
ability [159, 160]. Note that since both veto conditions depend on the measurement of
atmospheric muons, they can only be applied to events from the Southern Hemisphere.
For the analyses in the following thesis, we want to use the largest possible sample of
track-like events with a high purity of astrophysical events. Since we do not want to
constrain this sample to the small sub-sample of starting events we will not make use
of the vetoing techniques applicable in the Southern Hemisphere. Nevertheless, other
analyses looking for neutrino sources by means of this sub-sample exist in IceCube and
outside the collaboration [75, 161].

7.2.2 Muon Level 3

The application of the most advanced reconstruction methods is computationally in-
tense and hardly feasible for the large amount of track-like events transmitted from the
South Pole. Hence the Muon Level 3 filter is applied first to significantly reduce the
rate of atmospheric muons while keeping most of the neutrinos. This selection uses
the available information about the deposited charge and the low-level directional re-
constructions (LineFit, SPE and MPE using analytic parametrizations for the residual
time probability distributions). Similar to the whole event selection chain also the Muon
Level 3 filter progresses consecutively. The accurate selection criteria are documented
in detail in [156]. In the following only the basic concept is summarized. In a first
pre-selection step, mis-reconstructed events are removed by applying the online muon
filter restrictions to the latest reconstructions. Additionally lower limits of 100 pe on the
total charge Qtot =

∑
k qk and upper limits of 90 m on the average weighted distances

dQ =
1

Qtot

∑
k

qk‖dk − x‖min (7.24)

of the measured charges qk at each DOM dk with respect to the track hypothesis
x are applied. While these cuts mainly remove uninteresting low energy events, the
remaining sample is still dominated by atmospheric muon bundles (previous subsection).
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These events can be separated by algorithms searching for causal connections between
individual hits [156, 162]. After splitting, all low-level directional reconstructions as
well as the pre-selection criteria are applied to the newly traced sub-events. Finally
the so-called Muon Level 3 cut is used to solely keep events with potentially good
reconstruction quality in both hemispheres. This is achieved by the use of quality criteria
inferred from the maximum likelihood values Lmax of the directional reconstructions

− log (Lmax)

NDOM − 5
< 9 ∨ − log (Lmax)

NDOM − 3
< 7.5. (7.25)

As previously mentioned in Subsection 7.1.1, the parametrization of through-going
tracks contains five free parameters. Hence the denominator NDOM − 5 corresponds
to the degrees of freedom in the likelihood maximization. Empirically it was observed
that the scale NDOM − 3 can give better separation power of well-reconstructed events.
Events not passing these cuts can still be recovered by means of subsequent cuts on
additional measures connected to direct photon hits 6

(
ldir

180 m

)2

+
(ndir

10

)2
> 2 ∧ ndir > 6, (7.26)

where ndir is the number of DOMs measuring direct photons and ldir is the distance
of the DOM with the earliest and the latest direct hit. In addition to these restric-
tions a declination dependent charge cut is applied to the Southern hemisphere. The
selection thresholds in the Muon Level 3 filter are chosen to eliminate large fractions of
atmospheric muons while still being loose enough to retain most neutrino events. After
the filtering, the all-sky event rate is reduced from 34 Hz to about ∼ 3 Hz, allowing
the application of the more advanced reconstruction methods mentioned in Section 7.1
[156].

7.2.3 Neutrino Selection in the Northern Hemisphere

The aim of the final event selection is the generation of a large sample of track-like
events with a high purity of astrophysical neutrinos. While the Muon Level 3 selection
eliminated a large amount of background, the sample in both hemispheres is still dom-
inated by atmospheric muons. In general, the signatures of such muons and neutrinos
cannot be distinguished for events starting outside the detector. Yet, while muons in
the Northern hemisphere only appear due to failed directional reconstructions, they
naturally dominate in the south by more than three orders of magnitude. Hence their

6The time window for direct photons is defined as [−15 ns, 250 ns]
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Figure 7.8: Left: Event rate in reconstructed energy bins for the final event sample.
Right: Effective area Aeff of the final sample for different declination re-
gions.

rate in the Northern Hemisphere can be further diminished by requiring a high direc-
tional reconstruction quality. In contrast, the different origins of through-going tracks
in the Southern Hemisphere cannot be separated further. Consequently, we restrict the
analyses in this thesis to events from the Northern hemisphere. Note that in principle
the rate of atmospheric events can be vastly diminished by allowing only the highest
energy events (left panel Figure 7.8). Since this restriction also removes a lot of astro-
physical events it significantly reduces the sample size. While we do not make use of
this approach for the Southern Hemisphere7 other point source analysis in IceCube do
[3, 76].

In order to efficiently diminish atmospheric muons from the sample, the final neutrino
selection operates on the basis of supervised learning methods with boosted decision
trees (BDT) 8. The input variables for the BDT consist of reconstruction quality param-
eters such as the ones mentioned above and additional topological event characteristics.
A complete list of all variables can be found in [156]. Next to this selection, an addi-
tional cascade BDT is applied to reject the remaining fraction of cascade-like events.
Due to the usage of a false infinite track assumption, the likelihood reconstructions from
Subsection 7.1.1 perform poorly on such events. As a consequence cascade-like events
can be characterized as well-reconstructed very-high-energy tracks in the final sample.
After the application of this additional BDT, the cascade contamination of the sample
is reduced to a negligible fraction [156].

Ultimately, the total event rate in the Northern Hemisphere amounts to ∼ 2.4 mHz

7Due to the significantly lower sensitivity in the south.
8The python-based implementation from the scikit-learn toolkit is used here [163].
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Season Lifetime [d] Rate [mHz] δ Ereco
IC59 348 0.7 [±0◦, 90◦] [3.2 MeV/m, 24 GeV/m] 4

IC79 310 1.4 [−5◦, 90◦] [158 GeV, 0.95 PeV]
IC86, 2011 342 2.4 [−5◦, 90◦] [100 GeV, 0.66 PeV]
IC86, 2012-16 1773 2.4 [−5◦, 90◦] [100 GeV, 4.55 PeV]

Table 7.1: Characteristics of the experimental data used for all point source searches in
this thesis.

with a neutrino purity of 99.7 % [66, 156]. The event rate per declination bin is shown
in the right panel of Figure 7.7. At all incoming angles, atmospheric neutrinos dominate
over the astrophysical contribution by approximately three orders of magnitude. The
distribution of the reconstructed energies is shown in the left panel of Figure 7.8. While
atmospheric neutrinos dictate the rate at lower energies, the contribution of astrophys-
ical events exceeds this background at ∼ 200 TeV and becomes dominant afterwards.
Note that the contribution of astrophysical events in all previous plots is modeled by a
simple unbroken power-law with the best-fit parameters measured by IceCube (Equa-
tion (4.1)) [41]. The neutrino effective area Aeff for different incoming regions is shown
in the right panel of Figure 7.8. In IceCube the effective area is defined by the number
of observed neutrino events

Nνµ+νµ̄ =

∫
T

dt

∫
∆Ω

dΩ

∫
∆E

dE Aeff(E, δ)
d3φνµ+νµ̄

dt dΩ dE
, (7.27)

within a solid angle ∆Ω resulting from a flux
d3φνµ+νµ̄

dtdΩdE within the energy range ∆E

during a time T . As such, the effective area contains detector related characteristics
as well as propagation and interaction effects of neutrinos on their way and inside the
detector volume 9. Note that since we do not distinguish between neutrinos and anti-
neutrinos, the effective area Aeff contains the effects of both. The effective area around
the horizon increases with increasing neutrino energy. On the other hand the effective
areas for more vertically incoming events drops at higher energies. This effect is caused
by the absorption of high-energy neutrinos along their path through the Earth.

The final event sample used for the analysis contains selected experimental data
measured over eight years of total lifetime. Relevant characteristics for each of the
experimental data samples from each year are summarized in Table 7.1. Note that the

9The effective area is closely related with the effective volume introduced in Equation (6.8) by Aeff =
NAρσνµ+νµ̄Veff.

4In the IC59 selection only the average energy deposition per meter 〈dE
dx
〉 from the truncated likelihood

approach is calculated.
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event selections from above slightly differ for the individual years, with X in the name
ICX indicating the respective number of operating strings in each season. The detector
configuration and the event selection between 2012 and 2016 do not differ, yielding the
combined sample IC86, 2012-16.

7.3 Statistical Search Methods

High-energy neutrinos from astrophysical point sources cluster at small scales around
the direction pointing towards the source. In order to identify this signal event clustering
in the previously selected sample, we construct a likelihood ratio test.

7.3.1 Unbinned Likelihood Ratio Test for a Single Source

In the following we aim to distinguish between two scenarios for the data observed with
the IceCube telescope.

• Hb: The observed data is the sum of events solely induced by atmospheric air-
showers and a diffuse astrophysical component.

• Hs: The observed data is the combined sum of events induced by atmospheric
air-showers, a diffuse astrophysical component and a point-like neutrino source
located at xsrc := (δsrc, ϑsrc)

10. The spectrum of the source is supposed to follow
an unbroken power-law spectrum dφ

dEν
∝ E−γν .

The test statistic for this likelihood ratio test is defined as

Λ = −2 log

(
supθ∈Hb

L(θ|{x})
supθ∈Hs

L(θ|{x})

)
, (7.28)

where {x} = {x, N} illustrates the set of observables from all events passing the
selection criteria from the previous section. x contains the reconstructed quantities
xi = (log10(Ei),x

reco
i , σi) of each event i, where Ei depicts the reconstructed energy,

xreco
i = (sin(δi), ϑi) the reconstructed direction and σi the corresponding uncertainty

estimate. Finally the total number of observed events in the sample is N . The likeli-
hood function in equation describes the probability to measure the set of observables
{x} for a given realization θ of either the hypothesis

L(θ|{x}) = p({x}|θ). (7.29)

10δ and ϑ depict the declination and right ascension angle defined on the unit sphere with δ ∈
[−90◦, 90◦] and ϑ ∈ [0◦, 360◦].

116



In the following we will derive an expression for this likelihood function based on {x}.
Using the principle of conditional probabilities we can divide Equation (7.29) in

p({x}|θ) = p(x|N, θ) · p(N |θ), (7.30)

where the second term depicts the probability to observe N events in a given realization
θ. In the most general configuration of the scenarios from above, events can either be
generated by background from atmospheric events and a diffuse astrophysical compo-
nent or by an astrophysical point source. Hence the probability distribution for N can
be expressed by a poisson distribution

p(N |θ) =
(λs + λb)

Ne−(λs+λb)

N !
(7.31)

where λs and λb are the expected number of detected signal and background events re-
spectively. Note that with λs = 0, this expression also holds for the putative realizations
of the background hypothesis Hb. Assuming an independent observation of all events,
the first term in Equation (7.30) can be written as the product of the probabilities of
the observables xi from the individual events

p(x|N, θ) =

N∏
i=1

p(xi|θ). (7.32)

Using the generalized source argument from above, the probability densities p(xi|θ) of
the individual observations can be further accessed. In general, events can either be
generated by background or an astrophysical point source. In this sense, we introduce
a variable ε indicating whether an event is generated in either of the two scenarios. The
respective probability can be written as

p(ε|θ) =

{
λs

λs+λb
if ε = εs

λb
λs+λb

if ε = εb
(7.33)

Note that similarly to above, this expression also holds for realizations of the background
hypothesis with λs = 0. Applying the law of total probability, the probability densities
p(xi|θ) can be separated in a part connected to point sources and a part connected to
atmospheric and diffuse astrophysical background

p(xi|θ) = p(xi|εs, θ) · p(εs|θ) + p(xi|εb, θ) · p(εb|θ)
= p(xi|xsrc, γ) · p(εs|θ) + p(xi|ηb) · p(εb|θ), (7.34)
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where ηb represents the established knowledge about the background relevant for the
construction of the probability distribution functions (pdfs) later in this section. Insert-
ing Equations (7.30)-(7.34) into Equation (7.29) yields an expression for the likelihood
function

L(λs, γ|{x}) =
λNtote

−λtot

N !
·
N∏
i=1

[
λs
λtot

p(xi|xsrc, γ) +
λb
λtot

p(xi|ηb)
]
, (7.35)

with λtot = λs + λb. This likelihood can then be inserted into the test statistic from
Equation (7.28). The characteristics of the background ηb and λb are established from
characteristics from other measurements. Hence the likelihood in the realization of the
background hypothesis Hb can be described without any free parameter and λs = 0.
Differently, in the scenario of the signal hypothesis Hs, the likelihood contains the two
free parameters λs and γ, yielding the test statistic

Λ =2 log

(
supλs,γ L(λs, γ|{x})
L(λs = 0|{x})

)
=2 sup

λs,γ

[
log

((
λs + λb
λb

)N e−λs−λb

e−λb

)

+
N∑
i=0

log

(
λs

λs + λb

(
p(xi|xsrc, γ)

p(xi|ηb)
− 1

)
+ 1

)]
(7.36)

Note that we only allow for λs ≥ 0 in this thesis. The test statistic will be used in
the following to evaluate the compatibility of the observed data with respect to the
null hypothesis. The principle construction of the significances of outcomes based on
this formalism is outlined in Subsection 7.3.4. In order to evaluate the test statistic
we have to construct the signal point source p(xi|xsrc, γ) and the background p(xi|ηb)
probabilities for the observables xi. The background pdfs used for the analysis in this
thesis are based on experimental data. Hence the expected number of background
events λb is not known. Since the total number of events is dominated by atmospheric
background by roughly three orders of magnitude we use the following approximation

λb ∼ λtot ∼ N. (7.37)
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As a consequence the poisson term forN in Equation (7.36) cancels, yielding a simplified
test statistic

Λ = 2 sup
λs,γ

N∑
i=0

log

(
λs
N

(
p(xi|xsrc, γ)

p(xi|ηb)
− 1

)
+ 1

)
. (7.38)

7.3.2 Signal and Background Probabilities

The signal and background probabilities of the observables xi are calculable quantities
by means of using physical assumptions on the respective scenario. The set xi contains
four observables for each event, yielding four-dimensional probability densities in both
scenarios. In the following, we will reshape and if possible simplify both distributions
to make them accessible for an IceCube analysis.

Signal Point Source Probability

Using again the rule of conditional probabilities, the signal probability can be separated
in a spatial and an energy term according to

p(xi|xsrc, γ) = p(xreco
i | log10(Ei), σi,xsrc, γ) · p(log10(Ei), σi|xsrc, γ)

= p(sin(δi), ϑi| log10(Ei), σi,xsrc, γ) · p(log10(Ei), σi|xsrc, γ). (7.39)

Events from neutrino point sources are supposed to cluster around the direction of their
origin. Motivated by this fact, we approximate the spatial term with a two dimensional
gaussian distribution around the direction of the source xsrc

p(sin(δi), ϑi| log10(Ei), σi,xsrc, γ) ∼ 1

2πσ2
i

· exp

(−ψ2
i

2πσ2
i

)
, (7.40)

where ψi depicts the angular difference between the reconstructed event direction and
xsrc according to

ψi = arccos(xreco
i · xsrc)

= arccos

(
sin(δsrc) sin(δi) + cos(ϑsrc − ϑi) cos(δsrc)

√
1− sin2(δi)

)
. (7.41)

It is worth to note that the gaussian function ignores the dependence of the recon-
structed energy in Equation (7.40)11. The approximate validity of this simplification
can be verified by comparing the gaussian distribution to simulated probability distri-
11In fact the pull correction for σi accounts for some part of the energy dependence.

119



0.0 0.5 1.0 1.5 2.0

ψ [deg]

0.0

0.5

1.0

1.5

2.0

2.5

p(
ψ
,σ
|E

re
co
,x

sr
c,
γ

) Ereco ∈[1e+04GeV, 5e+04GeV]

Ereco ∈[5e+04GeV, 1e+05GeV]

Ereco ∈[1e+05GeV, 5e+05GeV]

0.0 0.5 1.0 1.5 2.0

ψ [deg]

0.0

0.5

1.0

1.5

2.0

2.5 σ ∈[0.2o, 0.3o]

σ ∈[0.3o, 0.4o]

σ ∈[0.4o, 0.5o]

Figure 7.9: Left: Probability distributions of the angular distance ψ for different recon-
structed energies. σ is set to 0.25◦. The solid line illustrates the gaussian
approximation from Equation (7.40). Right: Probability distributions for
different angular uncertainty estimates given an energy of Ereco ∼ 50 TeV.
The solid lines illustrate the gaussian approximation (Equation (7.40)) for
the respective scenario. For both plots the source is fixed at δ = 5◦, with
γ = 2.

butions. Similar to the gaussian approximation, the access to simulated distributions at
reasonable statistics requires a simplification of the spatial probability. Assuming that
the spatial probability only depends on the angular distance ψi we can write

p(sin(δi), ϑi| log10(Ei), σi,xsrc, γ) ∼ 1

2π
p(cos(ψi)| log10(Ei), σi,xsrc, γ)

=
1

2π sin(ψi)
p(ψi| log10(Ei), σi,xsrc, γ), (7.42)

where the factor 1
2π on the right side arises from the independence of ϑi. A comparison

between the gaussian approximation and simulated pdfs for different energies is shown
in the left panel of Figure 7.9. The gaussian distribution roughly fits the peak of
the distribution, while underestimating the less relevant tails towards large angular
differences in this scenario. The energy dependence seems to be negligible. The right
panel of Figure 7.9 illustrates the comparison between the gaussian approximation and
simulated distributions at ∼ 50 TeV for different reconstructed uncertainties. While not
describing the simulated distributions perfectly, the gaussian approximation covers the
general shape of the pdfs correctly.
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The second term in Equation (7.39) can be separated according to

p(log10(Ei), σi|xsrc, γ) = p(log10(Ei)|σi,xsrc, γ) · p(σi|xsrc, γ)

∼ p(log10(Ei)|xsrc, γ) · p(σi|xsrc, γ), (7.43)

where we ignore the σi dependence of the energy term in the second step. The energy
term can be evaluated according to

p(log10(Ei)|xsrc, γ) =

∫ ∞
0

p(log10(Ei)|Eν ,xsrc, γ) · p(Eν |xsrc, γ) dEν , (7.44)

with both terms in the integral being constructed from Monte Carlo simulations.

Background Probability

Similar to the signal point source probability, the probability connected to atmospheric
neutrinos and a diffuse astrophysical component can be separated into an energy and a
spatial term

p(xi|ηb) = p(log10(Ei), σi| sin(δi), ϑi, ηb) · p(sin(δi), ϑi|ηb). (7.45)

Due the rotation of the Earth and the geographical location of the detector, the spatial
background distribution is uniform in right ascension12 yielding

p(sin(δi), ϑi|ηb) =
1

2π
· p(sin(δi)|ηb). (7.46)

The declination dependent distribution can be approximated from the experimental
data. Since atmospheric muons dominate the rate of events by more than three orders
of magnitude at every incoming angle, the potential influence of events from a neutrino
point source are a negligible disturbance in the construction of the spatial background
pdf. The distribution is shown in the left panel of Figure 7.10. Similarly to the signal
pdf, the first term in Equation (7.45) can be divided according to

p(log10(Ei), σi|xreco
i , ηb) = p(log10(Ei)|σi,xreco

i , ηb) · p(σi|xreco
i , ηb)

∼ p(log10(Ei)|xreco
i , ηb) · p(σi|xreco

i , ηb). (7.47)

Using the same argument as above the energy term can be evaluated from experimental
data.
12Note that this is only valid for neutrino emission studies over observation times larger than at least

a few days.
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Figure 7.10: Left: Spatial part of the background probability distribution evaluated
from data. Right: Illustration of the effect of the approximation in Equa-
tion (7.48) on the signal energy pdf. In this scenario the source with
spectral index γ = 2 is located at δsrc = 5◦.

These probability distributions can be combined in the test statistic Λ according to
Equation (7.38). In order to allow for a fast evaluation of Λ we introduce the following
two additional approximations

p(log10(Ei)|xsrc, γ) ∼ p(log10(Ei)|xreco
i , γ) (7.48)

∧
p(σi|xreco

i , ηb) ∼ p(σi|xsrc, γ). (7.49)

The first allows the pre-calculation and fast evaluation of the energy pdf ratio of the
signal and the background component, while the latter cancels out the contribution
of the σ probability in the definition of the test statistic. The validity of the first
approximation is shown in the right panel of Figure 7.10 showing the ratio of the energy
pdfs for events located at different distances to the source. For events close to the source
there is hardly any deviation visible at any energy. The deviations grow with larger
distances to source, up to 20 % at higher energies. Since the contribution of such events
is strongly suppressed by the spatial probability densities, this approximation causes
only minor disturbances in the final outcome. Inserting everything in Equation (7.38)
yields

Λ = 2 sup
λs,γ

N∑
i=0

log

λs
N

 1
2πσ2

i
· exp

(
−ψ2

i

2πσ2
i

)
1

2πp(sin(δi)|ηb)
· p(log10(Ei)|xreco

i , γ)

p(log10(Ei)|xreco
i , ηb)

− 1

+ 1

 . (7.50)
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Figure 7.11: Ratio of the signal and background energy probabilities for different event
declinations δ and different source spectra γ.

The ratio of the signal and background energy probabilities are shown for two different
spectra in Figure 7.11. In order to validate all the assumptions and simplifications
made in the previous section several performance tests of the analysis procedure were
conducted. These checks are summarized in Appendix F.

7.3.3 Multiple Sources

In the previous section a likelihood ratio test was introduced to discriminate between
the background hypothesis and the scenario of a single neutrino point source on top
of this background. This statistical method can be easily extended to the scenario of
multiple neutrino sources. The relevant adjustments with respect to the single source
scenario are outlined in the following. While the background hypothesis remains similar
the signal hypothesis is extended to

• Hb: Similar to the definition in Subsection 7.3.1.

• Hs: The observed data is the combined sum of events induced by atmospheric
air-showers, a diffuse astrophysical component and M point-like neutrino sources
located at {xjsrc}j∈M . The spectrum of each individual source j is supposed to
follow an unbroken power-law spectrum dφj

dEν
= φj0 · E−γν .

The general structure of the likelihood function and the definition of the test statistic
in Equation (7.38) remains unchanged. Yet, the description of the signal probability in
Equation (7.39) expands to the hypothesis of multiple point sources. Using the law of
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total probability the single source description modifies to

p(xi|{xksrc, φk0}k∈M , γ) =

M∑
j=1

p(xi|xjsrc, φj0, γ) · p(xjsrc, φj0|{xksrc, φk0}k∈M , γ). (7.51)

The first term in the sum illustrates the signal probability of the observables xi for
source j defined in Equation (7.39). The second term depicts the probability that a
signal event is generated by source j. In principle the latter is represented by the relative
event rate of each source. This can be evaluated by separating the pdf into

p(xjsrc, φ
j
0|{xksrc, φk0}k∈M , γ) =p(xjsrc|φj0, {xksrc, φk0}k∈M , γ)

· p(φj0|{xksrc, φk0}k∈M , γ), (7.52)

where the first component indicates the relative detection efficiency of the detector at
the position of the source j. The second part depicts the relative production rate of
neutrinos from source j at the surface of the Earth. Hence it can be written as

p(φj0|{xksrc, φk0}k∈M , γ) =
φj0∑M
k=1 φ

k
0

:= wj . (7.53)

The flux normalisations φj0 are part of the signal hypothesis. Consequently they are
either fixed within the analysis or appear as free parameters in the likelihood. The
relative detection efficiencies at source j can be derived from

p(xjsrc|φj0, {xksrc, φk0}k∈M , γ) =

∫
Aeff(δjsrc, Eν)E−γν dEν∑M

k=0

∫
Aeff(δksrc, Eν)E−γν dEν

:= rj(γ), (7.54)

where Aeff illustrates the effective area of the IceCube detector (Equation (7.27)).

7.3.4 Significance Calculation

In the previous section, an unbinned likelihood ratio test and the dedicated test statistic
Λ was introduced to distinguish between two underlying scenarios for the observed data.
The compatibility of the observed data and the corresponding test statistic value ΛObs

with the background hypothesis can be quantified by the p-value p0

p0(ΛObs) =

∫ ∞
ΛObs

p(Λ|Hb) dΛ , (7.55)
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where p(Λ|Hb) is the probability distribution of the test statistic given that the back-
ground hypothesis is true. According to Wilks Theorem this probability density ap-
proaches a χ2

ndof
distribution with ndof degrees of freedom in the limit of an infinite

large sample size N → ∞. The number of degrees of freedom ndof depends on the
difference in dimensionality of free parameters between the signal and the background
hypothesis [152]. Applying this theorem to the test proposed in the previous sections,
predicts

p(Λ|Hb) ∼
{

0.5 if Λ = 0

0.5 · χ2
ndof=2(Λ) else .

(7.56)

The factor of 0.5 at zero arises from the fact that we only allow for positive λs in
Equation (7.38), yielding an accumulation of the negative part of the distribution at
Λ = 013. The correctness of Wilks Theorem not only depends on the diverging size
of the underlying sample, but also on the accuracy of the probability distributions
evaluated in Subsection 7.3.2. Hence the distribution from Equation (7.56) is only used
for fast evaluations of p-values. The final p-values are calculated on the basis of the
actual background distribution, evaluated from trials mimicking samples of background
events. In the case of this thesis the background event samples are generated from
experimental data with randomized ϑ information for all events.
In IceCube, the background hypothesis of dedicated likelihood ratio test can be re-

jected if the p-value passes a threshold of p0 = 2.87× 10−7 (corresponding to one-sided
+5σ standard deviation threshold).

7.4 Sensitivity, Discovery Potential and Limits on
Observations

Prior to the evaluation of the ultimate significance, it is interesting to get informa-
tion about the capability of the hypothesis test. Within IceCube, these informative
quantities are depicted by the sensitivity and the discovery potential of the analysis.
The sensitivity is defined as the flux of a neutrino source with spectral index γ that

yields a p-value smaller than 0.5 in 90 % of the cases. On the other hand, as anticipated
by the name, the discovery potential corresponds to the flux that results in p-value
smaller than nσ in 50 % of the cases. In IceCube usually either values for n = 3 or
n = 5 (yielding the 3σ or the 5σ discovery potentials) are quoted.

13Note that in principle Wilks Theorem is not defined at the boundaries of the free parameters. Yet
the factor 0.5 mostly relies on observations of the actual test statistic distribution.
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Figure 7.12: Schematic illustration of the sensitivity and discovery potential construc-
tion. In this sketch the 3σ discovery potential is evaluated. Left: Evalu-
ation of Λth. Right: Distributions for different number of injected signal
events λs. The shaded areas indicate the fraction of trials with a test
statistic larger than Λth.

While these values could be in principle constructed from a full likelihood ratio test,
their current definition in IceCube relies on the test statistic value Λ. Their construction
is schematically illustrated in Figure 7.12. In both cases, initially the background test
statistic threshold value Λth corresponding to the respective p-value is evaluated. In a
second step the mean number of signal events λs that outperforms this threshold value
at the desired confidence level is determined. Ultimately the number of signal events is
transformed into a flux value by means of Equation (4.1) and (7.27)

φ100 =
λ∫

dt dEν Aeff(Eν)
(

Eν
100 TeV

)−γ . (7.57)

Using a similar approach, upper limits can be calculated from outcomes below the
significance threshold of the hypothesis test. The resulting test statistic serves as a
threshold, while the remaining steps remain similar to above. In IceCube and in par-
ticular within this work, 90 % C.L. upper limits are quoted.

Ultimately it might also be of interest to calculate confidence regions for the true
source parameters λ0 and γ0 after performing the analysis. In order to test the compat-
ibility of the true parameters with the experimental data we formulate another likelihood
ratio test with the corresponding test statistic

Λ̄2sd = −2 log

( L(λs = λ0, γ = γ0)

supλs 6=λ0,γ 6=γ0
L(λs, γ)

)
(7.58)
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In case the requirements for Wilks theorem are fulfilled, the p-values for each set of
parameters λ0 and γ0 can be directly calculated from a χ2

2 distribution with two degrees
of freedom [152]. The true parameter combination λ0 and γ0 can be rejected if their
p-value is smaller than X%. The remaining parameter combinations form the X% C.L.
contour for the true source parameters. An illustration of this construction can be seen
in Figure 8.6 and 8.7.
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8
Search for Steady Neutrino

Emission from Blazar Populations

Blazars are among the most luminous objects in the entire Universe [54]. Depending on
the conditions for particle acceleration at the site, they can be regarded as one of the
most promising extragalactic source candidates for the emission of high energy neutrinos
[164]. This conjecture intensified with the first evidence for neutrino emission from the
direction of the blazar TXS 0506+056, observed by the IceCube neutrino telescope in
September 2017 (Section 4.4). To further investigate the neutrino blazar correlation
not only for individual objects but more general for large populations of blazars, we
perform a search for steady neutrino emission from blazars, listed in the third catalog
of hard Fermi-LAT sources (3FHL) [165]. The selection of the blazar populations used
in this work is motivated in Section 8.1. The analysis method, as well as the outcomes
of the studies, are summarized in Section 8.2 and 8.3. Finally, the implications of the
analysis on the neutrino emission from blazar populations are outlined in Section 8.4.

8.1 Gamma-ray Emitting Blazars: The third catalog of

hard Fermi-LAT sources (3FHL)

Blazars can generate photons that are observable over many order of magnitudes from
radio (∼ 10−17 GeV) to VHE gamma-ray (∼ 104 GeV) energies (Subsection 3.3.2). In
the case of the presence of hadronic particle production processes, high-energy neutri-
nos are generated alongside gamma-rays at comparable energies [166]. While neutrinos
are unaffected on their path towards the Earth, high-energy photons can either be re-
absorbed at the source or perceive influences from extragalactic background radiation.
High-energy gamma-rays above a few TeV escaping the site of acceleration are strongly
attenuated, due to pair-production with these background photons (Subsection 2.2.1).
Yet, while the highest energetic gamma-rays associated with high-energy neutrinos are
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usually not directly apparent at the site of telescopes, they can generate subsequent
gamma-rays at ∼ GeV energies that can be detected. Hence, although the direct corre-
lation between neutrinos and gamma-rays is diluted by extragalactic background light
and cosmic microwave background absorption, generally an associated flux of photons
in the GeV to TeV range is expected from the site of high-energy neutrino production1.
Note that gamma-ray sources do not always imply correlated neutrino emission, because
these photons could be generated in purely leptonic models as well.

In order to emphasize the neutrino potential of GeV producing gamma-ray blazars, we
can recollect the comparison between the total observed gamma-ray and neutrino flux
mentioned in Section 4.3. Assuming an extreme scenario where the high-energy gamma-
ray flux is purely generated in hadronic models, it is allowed to consider a simplified
prediction for the expected neutrino flux at IceCube energies. In this scenario, the
neutrino prediction resides above, yet within the magnitude of the actual measurement
(Figure 4.4). Hence the majority of both messengers at high energies could potentially
originate from the same population of sources. Within the photon component, 86+16

−14%

of the extragalactic background radiation above 50 GeV can be allocated to resolved
blazar sources [52]. The remaining fraction could arise from un-resolved blazars, which
appear below the detection threshold of current observatories [52]. Consequently, GeV

to TeV gamma-ray emitting blazars are amongst the most promising source candidates
for the observed IceCube neutrinos.

As previously mentioned, this theoretically motivated neutrino-blazar correlation was
further strengthened by the neutrino observations from the direction of TXS0505+056
(Section 4.4). Moreover, additional studies suggest a possible association between HBLs
and high-energy neutrinos [164, 167]. While these analyses examined the correlation
between neutrinos and individual or very few sources, we have performed a correlation
analysis between all blazars resolved by the Fermi-LAT space telescope above 10 GeV

(3FHL catalog) and IceCube neutrinos in the Northern Hemisphere. The observation
of neutrinos from this population would not only confirm the existence of hadronic
production mechanisms but could give detailed insight on the general conditions at the
site of the sources. In the following section, the 3FHL catalog and the most relevant
features used for the neutrino correlation are introduced.

The 3FHL catalog consist of 1556 sources observed above 10 GeV by the Large Area
Telescope instrumented at the Fermi Gamma-ray Space Telescope during the first seven
years of operation time [165, 168]. With overall 1301 objects, blazars constitute the

1Note that the correlation strongly depends on the specific conditions at the source. Moreover in the
presence of intergalactic magnetic fields charged particles produced in pair-production processes
can be deflected, yielding to a directional shift of the subsequent gamma-rays.
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Figure 8.1: Location of identified blazars from the 3FHL catalog, split into the different
categories mentioned in Table 8.1. The black shaded band illustrates the
region around the galactic plane with galactic latitude

∥∥b||∥∥ < 5◦. The
shaded region in the Southern Hemisphere indicates the region with δ < −5◦

which is not used in this analysis.

major fraction of the catalog. Amongst these, 1147 blazars can be associated with
counterparts at other wavelengths. The spectral energy distributions of these objects
have been further analyzed with tools provided by the Open Universe project2, allowing
an accurate estimation of the position of the synchtrotron peak νpeak on a source by
source basis. Together with the optical characteristics, this information is used to
further classify these blazars into flat-spectrum radio quasars (FSRQ) and BL Lacs,
which are further divided in low or intermediate synchtrotron peaked (LBL & IBL)
and high synchtrotron peaked (HBL) objects (Subsection 3.3.2). The exact numbers
of objects within the respective blazar category are listed in Table 8.1. The positions
of all blazars in the 3FHL catalog are shown in Figure 8.1. Next to the position and
classification of the sources, the 3FHL catalog provides information about the integrated

2http://www.openuniverse.asi.it/
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Source Class Total Number Number of Objects
of Objects δ > −5◦

HBL 637 356
LBL & IBL 339 212
FSRQ 171 101
Uncertain Type 154 76
All Blazars 1301 745

Table 8.1: Number of 3FHL objects in respective blazar category.

gamma-ray number flux above 10 GeV on a source by source basis defined as

φph =

∫ 1 TeV

10 GeV

dNph

dEph dΩ dt
dEph . (8.1)

The source count distribution of the 3FHL blazars versus the number flux is shown in
the left panel of Figure 8.2. Information on the redshift exist only for ∼ 41 % of the
blazars and consequently will not be used in the following analysis.

8.2 Connecting Blazar Populations to High-energy
Neutrinos

In the previous section, we emphasized the potential of gamma-ray emitting blazars as
sources of the high-energy neutrino flux observed in IceCube. While gamma-ray obser-
vations alone will only yield limited information about the particle generation at these
sources, high-energy neutrinos can be the smoking gun to shed light on these processes.
Correlation analyses of large populations of resolved blazars and high-energy neutrino
observations using the likelihood approach introduced in Subsection 7.3.3 depict a sen-
sitive tool for such studies. In the following, we will summarize results from previous
stacking analyses. Proximately, the analysis approach and outcomes of the correlation
analysis with blazars from the 3FHL catalog and the selected sample of muon neutrinos
from the Northern Hemisphere (Section 7.2) are introduced.

8.2.1 Previous Observations

Previous to the study in this thesis, blazar correlation analyses have been performed
within IceCube. Similar to analysis in this work, these studies are based on the statisti-
cal method presented in Section 7.3. In [169] neutrino production from blazars from the
second catalog of active galactic nuclei detected by Fermi-LAT (2LAC [170]) has been
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analysed on the basis of four years of IceCube data between 2009 and 20123. The 2LAC
contains 862 blazars detected at energies above 100 MeV during the first two years of
operation of the Fermi-LAT. The analysis studied the correlation of different blazar
sub-categories assuming both, equally strong neutrino emission from each blazar and a
neutrino emission proportional to the gamma-ray emission between 1 GeV and 100 GeV

(Equation (7.53)). None of the tested categories showed any significant correlation with
the observed neutrino data. Under the assumption of a global population spectrum
similar to the one observed for the totality of astrophysical neutrinos [171], the contri-
bution from the blazars in the 2LAC catalog to the median of the diffuse neutrino flux
was constrained to maximally 27 % (7 %) for the scenario of equally strong neutrino
fluxes from all blazars at the Earth (for a neutrino emission strength proportional to
the observed gamma-ray flux).

Motivated by observations from correlation studies (based on simple counting statis-
tics) with blazars from the second catalog of hard Fermi-LAT sources (2FHL) [172] and
a selection of the highest energetic neutrinos in IceCube [161, 173], HBL objects from
the same catalog were used to analyze the correlation with 7 years of through-going
muon data from IceCube [174]. In contrast to the 2LAC, the source selection in the
2FHL catalog is solely based on photon observations above 50 GeV, yielding only 149
HBL objects4. According to the arguments made in the previous section, this is po-
tentially the energy region where a proportionality between the observed photon and
neutrino fluxes might appear. Similar to the analysis on the 2LAC blazars, the scenario
with equal neutrino emission strength from all blazars was tested. In order to analyze
a potential correlation with the gamma-ray flux above 50 GeV, these relative strengths
are not incorporated in the analysis directly as for the 2LAC, but the blazars are classi-
fied recursively into sub-samples according to their integrated gamma-ray flux. Similar
to the study on the 2LAC, no significant correlation between these blazars and the
observed neutrino data was found. Assuming a power-law similar to the one observed
for astrophysical muon neutrinos from Northern Hemisphere [66], the analysis confines
the maximal contribution of the 2FHL HBLs to the median of the diffuse muon neu-
trino flux to maximally 5.7 % (3.8 % if the neutrino flux is proportional to the observed
gamma-ray flux above 50 GeV). Theoretically more motivated models for the spectral
shape of the populations can allow a maximal contribution of ∼ 27 % within certain
energy regions [84, 174].

3Note that between 2009 and 2010 only a partially completed configuration of the IceCube detector
with respectively 59 and 79 strings was available.

4114 of these objects are also contained in the 2LAC catalog.
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Figure 8.2: Left: Source count distribution of blazars from different Fermi-LAT Cat-
alogs. Right: Distribution of blazars from different Fermi-Lat catalogs
according to their spectral characteristics above 10 GeV. The spectral in-
dex γ corresponds to an unbroken power-law fit to the data above 10 GeV.
Note that flux for the 2LAC sources that are not part of the 3FHL catalog
(grey lines and dots) is approximated from the available data between 1 GeV
and 100 GeV.

8.2.2 Analysis Approach

While neither the blazars from the 2LAC nor the HBLs from the 2FHL catalog were able
to explain a major fraction of the observed diffuse muon neutrino flux, there is still a
large number of resolved and un-resolved blazars left that potentially can. The analysis
performed within this work fills the gap between the previous two blazar analyses. On
the one hand, while the energy threshold for the source selection in the 2LAC might
have been too loose5, the catalog is missing a lot of potential sources with hard spectra
appearing only at higher energies. On the other hand, the energy threshold might have
been too strict in the case of 2FHL catalog, missing a large fraction of sources in the
region above 10 GeV. Above this energy, blazars describe (48± 8) % of the extragalactic
background light observed by the Fermi-LAT [51]. The 3FHL catalog contains 1301
blazars detected above this energy threshold, covering all but one of HBLs from the
2FHL catalog. 588 blazars within the 3FHL sample are also part of the 2LAC selection,
yielding a total of 679 blazar objects that have not been analyzed in any of the previous
studies6. The source count distribution for the different blazar catalogs are shown in
Figure 8.2.

Next to the increased number of sources, the current study differs from the previous

5Too many very faint gamma-ray/neutrino sources might have been selected.
6114 objects are part of the 2LAC and the 2FHL HBL selection.
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searches in the available amount of neutrino data. For this search, we use the sample
of muon neutrinos from the Northern Hemisphere during 8 years of operation time,
introduced in Section 7.2. Hence in the following, we will only use the 3FHL blazars
located in the Northern Hemisphere (Figure 8.1). The different blazar sub-categories in-
troduced in the previous section exhibit diverse characteristics in their optical spectrum
and therefore might significantly differ in their potential to generate and emit neutrinos.
While FSRQ objects possess strong broad optical emission lines that could potentially
serve as radiation targets for photomeson production [175, 176], a potential correlation
between neutrinos and BL Lac objects was indicated in [164, 173, 177]. Hence we will
separately study the neutrino emission from the blazar sub-samples mentioned in Table
8.1 as well as the full set of blazars. The exact analysis procedure is similar for each
category and will be outlined in the following.

The statistical method used in this analysis follows the hypothesis test specified in
Subsection 7.3.3. As indicated in this section, we assume that individual objects within
the tested population meet the same unbroken power-law neutrino emission distribution
with spectral index γ. This simplification is motivated by the presumption, that the
neutrino production within this population is induced by the same processes. Next to
the spectral shape, the relative neutrino production strength of the individual sources
caused at the Earth folds in the expected outcome of the signal hypothesis (Equation
7.53). While certain models indicate that on average higher neutrino emission might
be caused by sources with higher observed gamma-ray fluxes [176], it is neither clear
at which gamma-ray energies these correlations might appear nor if the proportionality
would also hold on a source by source basis. Imposing neutrino weights proportional
to the corresponding gamma-ray fluxes in the 3FHL catalog would make the statistical
test very insensitive to even little deviations from this assumption. This behavior is
illustrated in the left panel of Figure 8.3.

The neutrino signal is supposed to originate from source populations with randomly
distributed neutrino strengths7. While the analysis based on the equal-weighted sources
is hardly affected by this simplified assumption, the sensitivity of the flux weighted
method vastly declines. Hence we only test the populations based on the assumption
that each source produced the same amount of neutrinos according to

φj0 := φ0 ∀j ∈M. (8.2)

Nevertheless, we also want to study the correlation between the gamma-ray and a

7The source count distribution used for the sampling follows a dispersion similar to the source count
distribution observed and modeled for gamma-ray (see Appendix G)
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Figure 8.3: Left: Sensitivity (solid) and 3σ discovery potential (dashed) comparison be-
tween the population analysis based on the equal-weighting and the gamma-
ray flux φph weighting assumption. In the correct scenario the true neutrino
source count distribution ν-SCD is similar to the analysis assumption. In
the inverse case the true ν-SCD is swapped between the two scenarios.
Lastly, in the random case the true relative source strengths are randomly
assigned from general photon SCD (Appendix G). The band illustrates the
68 % central band coming from multiple realizations. Right: Illustration
of the trial correction for the best p-value pbest from the population scan
according to the corresponding gamma-ray flux.

potential neutrino flux in this analysis. For this reason, similar to the previous analysis
on the 2FHL catalog, we aim to conduct this survey by dividing the different blazar
populations into cumulative sub-samples according to their observed integrated gamma-
ray flux above 10 GeV. In this way the neutrino contribution from different φph can
be studied, without penalizing the analysis with the strict presumption of a source
by source correlation between the observable occurrence of both messengers. For this
analysis, we have artificially chosen a partitioning into 10 cumulative sub-samples such
that the number of additional sources stays approximately constant in each step [161].
For each of these sub-samples, the particular p-value value is calculated according to
Equation (7.55). The best p-value (pbest) from this scan is corrected for multiple trials8,
yielding a distinct post-trial p-value pfinal for each blazar population according to

pfinal(pbest) =

∫ ∞
pbest

p(p̄best) dp̄best , (8.3)

where p is the probability distribution of pbest. Due to the strong correlation between

8Due to the repetition of the test in multiple correlated sub-samples, the trial correction compensates
for the look elsewhere effect.

136



102 103 104

Eν [TeV]

10−9

10−8

10−7

E
2
d
φ
ν

d
E

[G
eV

cm
−

2
s−

1
]

102 103 104

Eν [TeV]

10−12

10−11

10−10

10−9

10−8

E
2
d
φ
ν

d
E

/S
ou

rc
e

[G
eV

cm
−

2
s−

1
]

All Blazars

Astro. νµ + ν̄µ

HESE unfolding

2pt Limit (∼ 750 sources)

PS Limit

2LAC Limit (all blazars)

Figure 8.4: Sensitivity (solid blue line and band) and 3σ discovery potential (dashed
blue line and band) of the blazar analysis in this work. The flux range of
the respective limit corresponds to the 68 % confidence band arising from
deviations of the relative neutrino emission strength of blazars from the
uniform assumption. The corresponding energy ranges mark the 90 % region
where IceCube has the highest exclusion power for the particular model
(Appendix G). The diffuse muon neutrino fluxes are taken from [41, 68].
Left: Total flux of the population. Right: Fluxes per source assuming
that their emission strength observed at the Earth is similar for all blazars.
The limits from the comparative analyses are taken from [62, 169, 178].

the individual sub-samples, the correction factor is significantly smaller than the one
for 10 independent observations. The trial correction distribution for the full sample of
3FHL blazars is illustrated in the right panel of Figure 8.3.

8.2.3 Sensitivity to Neutrino Emission from Fermi-detected Blazars

In order to validate the potential of an analysis, it seems obvious to compare its sen-
sitivity and discovery potential (Section 7.4) to other analysis or general limitations.
The sensitivity and 3σ discovery potential flux9 for the 3FHL blazar population in the
Northern Hemisphere is illustrated in the left panel of Figure 8.4. For comparison, the
strength of the observed astrophysical muon neutrino flux in this region is illustrated
as well [41]. Both the fluxes required for the sensitivity and 3σ discovery potential
reside below this observed neutrino flux. Hence, in the scenario where blazars from the
3FHL catalog provide a significant fraction of the observed astrophysical neutrino flux,
a significant observation by means of this analysis would not only be possible but also

9Based on the assumption of a single power-law distribution with γ = 2.
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Source Class p-value
HBL 0.31 (+0.5σ)

LBL & IBL 0.03 (+1.9σ)
FSRQ 0.56 (+0.0σ)

All blazars 0.12 (+1.2σ)

Table 8.2: Post-trial p-values for all tested 3FHL blazar categories.

very likely.
Other than in the search for individual point sources, population analyses such as

the one in this work require an initial guess for the position of the sources. While
introducing additional source assumptions, these analyses also provide a high sensitivity
to the neutrino emission from the population compared to other techniques. This can
be visualized by regarding the flux requirements from above, but instead of considering
the total flux, we concentrate on the average fluxes per source. The sensitivity and 3σ
discovery potential flux requirements per source, assuming an equal emission strength
from all blazars observed at the Earth is illustrated in the right panel of Figure 8.4. The
required flux per source resides orders of magnitude below the sensitivity and limits from
the single point source search. This work is currently the most sensitive test performed
on neutrino emission from blazars.

8.3 Results

Looking at the experimentally observed neutrino data, none of the tested blazar cat-
egories shows significant evidence for an astrophysical neutrino signal above the back-
ground expectations. The most significant post-trial p-value of 1.9σ arises from the
sub-category of LBL&IBL. The final post-trial p-values pfinal for each category are
listed in Table 8.2.
The pre-trial p-value distributions of all blazar categories and their respective sub-

samples are shown in Figure 8.5. None of the observed p-value distributions indicates an
obvious and clear correlation between the integrated gamma-ray flux φph above 10 GeV

and a potential neutrino signal. Having a direct correlation between gamma-rays and
high-energy neutrinos would imply that sources with the highest φph should at least on
average dominate the neutrino signal and consequently the p-value. Adding more and
more sources with lower neutrino power should then further improve the significance.
For all tested blazars populations, except for the FSRQs, we can see an increase in
significance up to a certain gamma-ray flux threshold φph, which is followed by a drop
in significance afterwards.
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Figure 8.5: P-value distribution for all tested blazar populations from the 3FHL catalog.
The x-axis depicts the φph thresholds used to partition the blazar categories
into cumulative sub-samples. The dotted-line illustrates the distribution of
the LBL&IBL category without the blazar TXS 0506+056.

Although we observe a rise in significance up to a certain threshold, the largest contri-
bution to the most significant p-values pbest does not necessarily arise from the blazars
with the highest gamma-ray fluxes. Based on these observations a direct correlation
between the gamma-ray flux above 10 GeV and a potential neutrino signal can neither
be confirmed nor ruled out completely for HBLs, LBLs & IBLs as well as the total
population of 3FHL blazars. Since we basically do not observe any excess for FSRQs
at all, no qualitative statement about the correlation with φph can be made [179].

8.3.1 Interpretation of the Observed Source Parameters

Next to the p-values, the free source parameters maximizing the corresponding likeli-
hood ratio test (Equation (7.38)) can be of interest for the interpretation of the results.
The likelihood spaces for the full population of blazars as well as for the most significant
sub-sample from each category are illustrated in Figure 8.6 and 8.7 respectively.
While we would expect hard spectra for blazar populations (Section 4.2), all out-

comes within this analysis prefer very soft distributions with very soft spectral indices
γ between 3 and 4. Such soft spectra are similar to what we would expect from fluctu-
ations of atmospheric background. The red lines in both figures indicate the confidence
levels assuming Wilks theorem with two degrees of freedom (Section 7.4)10. In this
10Due to several approximations on the probability density functions in the likelihood, Wilks theorem

is not achieved completely. Nevertheless assuming that the source parameters in the hypothesis

139



Figure 8.6: Likelihood scan for the full population of each blazar category. The color
indicates the likelihood ratio for the corresponding λs and γ according to
Equation (7.38). The dot indicates the best fit parameters maximizing the
likelihood ratio. The red lines depict two-sided confidence levels based on
Wilks Theorem with two degrees of freedom (Section 7.4).

scenario, hard spectra below γ = 2 are excluded for a large number of signal events
for all blazar categories. Note that however, incorrect assumptions on the source pop-
ulation parameters can also yield systematic deviations in the observation of the free
source parameters. This can, for instance, happen if the relative emission strength of
sources is different from the fixed assumption (Subsection 8.2.2). In such scenarios,
the global spectral index could attempt to compensate this deviation, by shifting the
spectral index to values yielding the optimal detection efficiency for the strongest source
(Equation (7.52)). In the case where the strongest neutrino sources are located at high
declinations, this effect could yield a shift towards lower neutrino population spectra.
A detailed summary of this effect can be found in Appendix F.2. While such situations
on average only cause small (∆γ ∼ 0.5) deviations in the observed spectrum, the gen-
eral conclusion from the observation of all best-fit parameters suggests that at least a
large fraction of the observed signal λs might be caused by fluctuations of atmospheric
background.

Although both, p-values and observed source parameters indicate that a large con-

depict an accurate representation of the source population, Wilks theorem yields approximately
correct results.
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Figure 8.7: Likelihood scan for the most significant sub-population of each blazar cate-
gory. The color indicates the likelihood ratio for the corresponding λs and γ
according to Equation (7.38). The dot indicates the best-fit source param-
eters maximizing the likelihood ratio. The red lines depict two-sided confi-
dence levels based on Wilks Theorem with two degrees of freedom (Section
7.4).

tribution to the observed signal is coming from atmospheric neutrinos, it is worth to
further investigate what features of the data are at the origin of the observed results. In
the following, we will study the correlation between certain characteristic of the source
population and the observed data, while keeping all experimental information that was
not part of the test in this analysis blind11. Since the most interesting observations
arise from the LBL & IBL sources, we will only concentrate on this source category as
well as the full sample of blazars in the following. Initially, we aim to figure out how
many sources significantly contribute to the observed p-value. This can be achieved by
removing individual sources from the population and re-evaluating the hypothesis test.
The change in the re-evaluated test statistic value with respect to the original one can
be interpreted as a measure for the contribution of individual sources. The number of
sources significantly contributing to the final result can be determined by removing the
most contributing sources step by step from the analysis hypothesis. This effect is illus-
trated in Figure 8.8 for the test statistic values of the LBL & IBL blazars. While our
naive source hypothesis suggests, that the contribution from the individual sources only

11The significance study of individual blazar within the 3FHL catalog is not part of this analysis.
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Figure 8.8: Test statistic evolution for the LBL & IBL category. The black line il-
lustrates the full sample of 212 sources. The colored lines illustrate the
re-evaluation of the analysis where the X most contributing sources are
removed from the test.

differs by the declination dependent detection efficiency of the IceCube detector, we ob-
serve that actually only very few of LBL & IBL blazars generate the excess in the data.
After removing the 10 most contributing sources from the 212 sources in this category,
there is basically no more excess visible within any of the gamma-ray flux threshold φph
bins. This observation could either indicate that the observed excess is solely a result
of background fluctuations or that our original assumption of equally strong neutrino
emitting sources does most likely not represent the neutrino source count distribution
within the catalog.

Next to the absolute number of objects that constitute the observed excess, we want
to investigate a potential correlation of specific source characteristics. The distributions
of the most contributing sources in the LBL&IBL category with respect to their syn-
chrotron peak νpeak, their declination δ and their integrated gamma-ray flux φph are
shown in Figure 8.9. For none of these source characteristics a clear correlation with
the most contributing objects is observable. While the synchrotron peak of the most
contributing blazars seems to cluster at the threshold to HBL blazars at 1015 Hz, no
connection with the gamma-ray flux is visible. Yet, it is interesting to observe that
all of the 10 sources that are responsible for the major part of the observed excess
in the LBL&IBL blazar sample, are located at high declinations, with sin(δ) > 0.4.
Since the most sensitive region of IceCube to detect neutrino point sources is located at
the horizon, this is not what one might expect from the distribution of equally strong
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Figure 8.9: Correlation between the specific source characteristics and the objects re-
sponsible for the observed excess in the LBL&IBL category.

objects. This effect could be again attributed to background fluctuations or different
neutrino source count distribution in the 3FHL catalog. Note that the location of the
most contributing sources at high declination might be responsible for a putative shift
towards softer observed spectra. This effect is studied in Appendix F.2.

8.3.2 Influence from TXS 0506+056

While none of the tested blazar categories revealed a significant neutrino signal, the
largest excess is observed for the LBL&IBL objects with a post-trial p-value of 1.9σ.
This is, in fact, the category in which the blazar TXS 0506+056 resides within the 3FHL
catalog. As summarized in Section 4.4, this blazar is the first evidential candidate
as a source of high-energy neutrinos. During the operation time of IceCube, both
a high-energy neutrino alert as well as a neutrino flare of roughly 158 day duration
have been observed from the direction of this blazar. Hence it seems obvious to verify
if the observed excess seen in this analysis is correlated to this object. As before,
the influence of individual sources is investigated by removing them from the tested
sample. The outcome for the LBL&IBL sources without TXS 0506+056 is illustrated
by the dotted line in Figure 8.5. Comparing this line to the results including TXS
0506+056 shows that TXS 0506+056 hardly influences the outcome of the analysis
in this category. While this outcome might seem surprising at first sight, it is not if
we closely consider the observations made in the previous subsections. Although from
the direction of TXS 0506+056, a neutrino flare was observed at 3.5σ level, the time-
integrated neutrino emission from this blazar during the first 8 years of IceCube data12

12Exactly the same data period that is used for this analysis.
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only yields a p-value of ∼ 3 %. The fitted spectrum of TXS 0506+056 tends to prefer
hard spectra close to γ = 2 [5, 180]. In particular, the spectral shape is very different
from the one connected to the excess of the LBL&IBL sample. The neutrino signal
in this sample is dominated by sources following very soft spectra. In this scenario,
the high-energy neutrino events from the moderately strong object TXS 0506+056 lose
their discrimination power against the atmospheric background. As a consequence, TXS
0506+056 hardly influences the outcome of this population analysis.

8.4 Implications for the Neutrino Emission from Blazars

Since none of the tested blazar categories showed any significant evidence for neutrino
emission above background expectations, upper limits on the νµ + ν̄µ flux from these
blazars are calculated in the following. Assuming a global spectrum for the tested
source population, C.L. limits can be evaluated according to the procedure mentioned
in Section 7.4. The 90 % C.L. upper limits for all four blazar populations for an unbroken
power-law spectrum with γ = 2 are illustrated in Figure 8.10. Similar to before, the flux
range of the respective limit corresponds to the 1σ band arising from deviations of the
relative neutrino emission strength of blazars from the equality assumption (Equation
(8.2)). The corresponding energy ranges mark the 90 % region where IceCube has the
highest exclusion power for the particular model. The procedures used to access these
quantities are outlined in Appendix G.

8.4.1 Maximal Contribution of the 3FHL Blazars to the
Astrophysical Muon Neutrino Flux

The astrophysical muon neutrino flux observed by IceCube yields a spectrum compatible
with a single unbroken power law (Equation (4.1)) with spectral index of γ = 2.28+0.08

−0.09

and φ100 = 1.44+0.25
−0.2410−18 GeV−1 cm−2 s−1 sr−1 between 40 TeV and 3.5 PeV [41]. The

integrated muon neutrino flux in the Northern Hemisphere above δ = −5◦ is illustrated
as complementary information in Figure 8.1013.

The upper limit for the neutrino emission from 3FHL blazars resides clearly below this
observed muon neutrino flux. In order to quantify the maximally possible contribution
of the 3FHL blazars to the total observed astrophysical muon neutrino flux, we can
compare the respective energy fluxes in the energy range between 40 TeV and 3.5 PeV

13Since the astrophysical muon neutrino flux is consistent with an isotropic distribution, the in-
tegration over the Northern Hemisphere with δ > −5◦ yields a constant multiplication factor
2π ·

∫ 90◦

−5◦ cos(δ) dδ ∼ 2π · 1.09.

144



101 102 103 104

Eν [TeV]

10−9

10−8

10−7

E
2
d
φ
d
E

[G
eV

cm
−

2
s−

1
]

Astro. νµ + ν̄µ

All blazars

FSRQ

HBL

LBL & IBL

HESE unfolding

Figure 8.10: 90 % C.L. upper limits for all tested blazar populations assuming an unbro-
ken power-law spectrum with γ = 2. The illustration of the astrophysical
muon neutrino flux is based on data from [41, 68].

defined as

φE =

∫ 3.5 PeV

40 TeV
E · dφν

dE
dE . (8.4)

The ratio r := φpopE /φastroE then depicts the maximally feasible contribution of the tested
population to the total astrophysical muon neutrino energy flux φastroE . Assuming an
unbroken power-law with γ = 2, the blazar population in the 3FHL catalog can maxi-
mally account for 8.6 % to 11.0 % of the average astrophysical muon neutrino flux (6.6 %

to 14.5 % if we account for the entire 1σ uncertainty band of the diffuse measurement
as well) in the Northern Hemisphere. While most of the contribution in such scenar-
ios would arise from BL Lacs (HBL and LBL & IBL), the maximal share from the
FRSQ population in the 3FHL catalog would add up to 1.9 % to 2.5 % (1.5 % to 3.3 %

accounting for the 1σ uncertainty band of the diffuse flux).
The exact fractions depend strongly on the hypothetical source spectrum. Assuming

different spectral shapes allows the description of a larger share of the total muon
neutrino flux within certain energy ranges. The limits for different hypothetical source
spectra are illustrated in both panels of Figure 8.11. Their maximal contributions r to
the astrophysical muon neutrino flux from the Northern Hemisphere are listed in Table
8.3. Since there is no indication for the blazar populations to follow a single unbroken
power-law, also other scenarios are investigated. As introduced in Subsection 4.2.1,
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Figure 8.11: 90 % C.L. upper limits for various hypothetical source spectra. The data
of the astrophysical muon neutrino spectrum are taken from [41, 68]. The
data for the theoretical model from Petropoulou et al. is taken from [84].

theoretical models allow blazars to follow very hard spectra. In such cases, an energy
cut-off is expected once the hadronic acceleration of protons at the source breaks off.
Such scenarios are illustrated in the right panel of Figure 8.11.
Next to these arbitrary source spectra, additional theoretical predictions for blazars

can be tested. The authors in [84] modeled the SED of several HBL objects by means of
a multi-wavelength leptohadronic emission model, automatically yielding a prediction
for the neutrino emission. For the blazar Mrk 421 the prediction was found to be in
good agreement with the neutrino flux implied by a cascade-like IceCube event located
in the vicinity of the object [164]. Using the neutrino emission shape from Mrk 421 for
all blazars in the 3FHL catalog, this population can account for no more than 38 % of
the astrophysical muon neutrino flux between 240 TeV and 3.5 PeV.
In summary, we conclude that the maximal contribution r to the diffuse muon neu-

trino flux from the 3FHL blazar population within certain energy regions can signifi-
cantly vary based on the choice of the global source spectrum. Nevertheless, independent
of the selected spectrum, the 3FHL blazars cannot describe the bulk of the observed
astrophysical muon neutrinos over the entire energy range between 40 TeV and 3.5 PeV.

8.4.2 Constraints on the Neutrino Emission from GeV Blazars

The outcomes in the previous subsection illustrate that the blazars detected by the
Fermi LAT above 10 GeV within the first seven years of observations cannot explain
the bulk of the observed astrophysical muon neutrino emission. In order to integrate
these neutrino observations in the multi-messenger picture of blazars, it is interesting
to compare these numbers to the associated values in the gamma-ray sector. The con-
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Spectrum dφ
dE Emin [TeV] Emax [TeV] r [%]

E−2 40 3.5× 103 6.6− 14.5
E−2.2 40 3.5× 103 6.1− 13.6
E−2.2,∼ wφph 40 3.5× 103 9.2− 15.8

E−1.0 exp(−E/1 PeV) 79 2.5× 103 9.4− 22.3
E−1.5 exp(−E/1 PeV) 40 1.7× 103 7.4− 16.7
Petropoulou et al. [84] 240 3.5× 103 14.1− 38.0

Table 8.3: Maximal fraction r of the diffuse muon neutrino energy flux that can be ex-
plained by blazars from the 3FHL catalog for different hypothetical source
spectra. The ratios are based on the limits illustrated in Figure 8.11. The
energy ranges used for the comparison consist of the overlapping most rele-
vant regions of the diffuse flux and the respective limit. The ratio r accounts
for both, the 68 % uncertainties of the limits as well as the 68 % uncertainties
of the diffuse muon neutrino flux measurements [41].

tribution of blazars14 to the extra-galactic background light above 10 GeV aggregates
to (42± 8) % [51]. Assuming a power-law with spectral index γ = 2, the 3FHL blazar
population can maximally constitute 14.5 % of the astrophysical muon neutrino flux
above 40 TeV. Hence the relative contribution in the respective messenger sector differs
by at least a factor of 3 in this scenario. While different shapes of a global neutrino
spectrum allow larger contribution to the astrophysical neutrino flux in certain energy
ranges, no assumption on a global spectral shape permits a significantly larger contribu-
tion to the total astrophysical muon neutrino flux over the whole observed energy range.
Consequently, the difference by a factor of 3 depicts a conservative lower-limit estimate,
nearly independent of the spectral assumption of the neutrino emission. Assuming a
direct correlation between the integrated gamma-ray flux φph above 10 GeV and the
neutrino flux in the IceCube energy region on a source-by-source basis, the maximal
possible contribution to the astrophysical neutrino flux from the 3FHL blazars would
be 9.2− 15.8 % (Table 8.3), yielding a difference in the relative contribution of the two
messengers by a factor of ∼ 3.
A possible interpretation of this difference is not trivial. In principle, this could

indicate that a large fraction of the observed gamma-ray flux above 10 GeV from the
3FHL blazars is generated by leptonic processes. Assuming optically thin environments
at the site of the blazars and following the strategy mentioned in Section 4.3 [79], we
can place simplified upper-limits on the relative contribution of hadronic production
mechanisms in the 3FHL catalog. This approach is illustrated in Figure 8.12. In [79]
the distribution of the observed EBL emission at gamma-ray energies is modeled by

14Nearly all of the contribution attributes to sources resolved in the 3FHL catalog
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an initial power-law spectrum with spectral index γ ∼ 2.15. The photon flux above
∼ 100 GeV is strongly attenuated by interactions with cosmic background radiation.
The production rates of gamma-rays and neutrinos from pion decays15 are correlated
according to Equation (4.24). Assuming that all gamma-rays are products of such pion
decays, yields an upper limit on the associated neutrino flux (dashed line in Figure 8.12).
This approach can be easily adapted to the blazars from the 3FHL catalog. Above
10 GeV, these blazars roughly contribute (42± 8) % to the extragalactic background
light. This gamma-ray flux can be used to calculate the maximal possible neutrino flux
from the 3FHL blazars (hashed band) in the scenario where gamma-rays are generated
from pion decays. Comparing this neutrino flux prediction to the actually observed
limits within this analysis yields a limit on the relative fraction of hadronic generation
processes within these sources. Assuming a neutrino power-law shape similar to the
one from the gamma-ray prediction, the maximal fraction of hadronically generated
gamma-rays evaluates to 8.5 % to 16.2 % if the decaying pions itself are produced in
proton hadron interactions (17.0 % to 32.4 % if the pions are generated in photo-hadronic
interactions).
The argumentation in the preceding discussion presumes that the gamma-ray emission

15These pions can be produced in both pp and photo-hadronic interactions (Section 3.2).
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rate from the acceleration site of the source is equal to its generation rate. In particular,
in the case of gamma-ray production in photo-hadronic processes, such a scenario seems
very unlikely. The photon field required for photo-hadronic processes, not only serves
as a target for accelerated protons but most likely also efficiently reduces the rate of
the resulting gamma-rays due to pair-production [181]. In these source scenarios, the
correlation between observable gamma-rays and neutrinos is strongly obliterated and
requires detailed modeling of the environment at the site of acceleration. However,
the specific evaluation of the maximal possible fraction of hadronic processes from the
previous paragraph also applies for the hadronic generation of gamma-rays at the site
of the source. Note that the arguments used throughout this section are based on the
assumption that IceCube neutrinos are generated through the decay of charged pions
and that both the generation spectra of gamma-rays and neutrinos follow a power-law
distribution. More exotic generation models might change the whole picture, but will
not be treated within this work.

In summary, the results within this analysis state that the blazars from the 3FHL
catalog cannot explain the majority of the astrophysical muon neutrino flux observed in
IceCube. Since the 3FHL blazar catalog depicts a rather complete selection of objects
contributing to the blazar induced gamma-ray flux above 10 GeV [51], it is also very
likely that these blazars, in general, do not depict the major origin of high-energy
neutrinos. Moreover, the neutrino limits suggest that the largest fraction of gamma-
rays from these sources are likely to be generated from accelerated electrons. However,
it is worth noting that these results do not claim that blazars, in general, cannot be the
origin of IceCube neutrinos. For instance, blazars that are faint at 3FHL or generally
Fermi-LAT energies could in principle still produce the flux observed in IceCube. Such
scenarios can be studied in dedicated multi-messenger analyses.

8.4.3 3FHL Blazar Limits in the context of TXS 0506+056 and
Transient Sources

The blazar TXS 0506+056 is the found to be the first candidate with high evidence16

to generate astrophysical neutrinos observable at IceCube energies. Although TXS
0506+056 is part of the 3FHL blazar catalog, we did not observe any significant sign for
neutrino emission from this population. The two observations by itself do not constitute
an obvious contradiction. Yet, it seems obvious to check if the outcomes from this
analysis and the TXS 0506+056 studies are in agreement. In Figure 8.13 the average

16Note that neutrino observations of TXS 0506+056 do not count as a discovery but only depict high
evidence for a correlation (Section 4.4).
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Figure 8.13: 90 % C.L. limit on the flux from the blazar population in the 3FHL catalog
for two different spectral assumptions compared to two different scenarios
of the blazar TXS 0506+056. Left: Average flux of TXS 0506+056 during
the 158 d flaring period in 2014/2015. Right: Average Flux of TXS during
∼ 8 years of measurement.

neutrino flux from the position of TXS 0506+056 is shown for two different scenarios.
In the left panel, the 68 % C.L. band for the average neutrino flux TXS 0506+056 is
illustrated, assuming that it is a steady neutrino source over the whole lifetime of the
IceCube detector measurements [5]. In contrary the flux in the right panel represents
the average flux scenario in which this blazar can be interpreted as a flaring source,
producing neutrinos only within a 158 d flare in 2014 and 2015 [5]. For comparison, the
90 % C.L. limits for the blazar population from the 3FHL catalog are shown as well for
γ = 2 and γ = 2.19. Corresponding to the definition of the population analysis in this
work, these limits are produced under the assumption that the whole blazar population
consists of steady emitting sources following a single global power-law. During the short
flaring period of TXS 0506+056 the average flux of this source is on average higher than
the 90 % C.L. limit from the whole 3FHL blazar population. On the other hand, once the
average neutrino activity of TXS 0506+056 over the whole 8 years of IceCube exposure
is compared to the limits from the blazar catalog one can observe that on average the
neutrino emission from TXS 0506+056 is much lower. Since the limits from the 3FHL
population analysis are only giving rejection power for the average neutrino emission of
steady sources, it is not absolutely surprising that individual sources can outshine these
limits over shorter periods of time. The neutrino observations of TXS 0506+056 and
the limits presented in this work show very good agreement but also emphasize how
exceptional the neutrino flare of TXS 0506+056 in 2014/2015 was [179].
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Figure 8.14: Comparison between the neutrino limits from the 2LAC and the 3FHL
blazar catalog. The data for the 2LAC limits are taken from [169]. The
data for the observed diffuse muon neutrino spectrum are taken from [41,
68].

8.5 Outlook

Despite not being able to explain the entire origin of IceCube’s high-energy neutrinos,
the scenario of neutrino production from the 3FHL blazar population is not ruled out by
this analysis but only restricted by the upper limits set in the previous section. Adding
more IceCube data might slightly improve the sensitivity (Subsection 8.2.3) of the anal-
ysis, yet most likely will not vastly change the general observation made in this work17.
Moreover, the implementation of the hypothesis test in this work uses numerous approx-
imations for the evaluation of the respective probability densities. An implementation
with more accurate characterizations of the emerging probability density distributions
is current work in progress. However, similar to increasing the statistics of neutrino
data, this update will most likely only have marginal effects on the outcome of the
analysis.

Although the population of blazars that is dominant at gamma-ray energies above
10 GeV is not responsible for the bulk of the astrophysical muon neutrino flux, blazars

17This depends on the putative time variability of the sources. For highly variable sources one could
by chance pick up a lot of neutrino signal even within short time periods.
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γ = 2.0 γ = 2.2

3FHL (6.6− 14.4)% (6.1− 13.6)%
2LAC (28.1− 66.9)% (26.6− 63.4)%

Table 8.4: Maximal fraction of the diffuse muon neutrino energy flux between 40 TeV
and 3.5 PeV that could be explained by blazars from the respective Fermi-
LAT catalog.

that do not appear at gamma-ray energies, or only appear at the lower energies, can
in principle still contribute a significant fraction. Previous neutrino limits from the
2LAC catalog (detected above 100 MeV, Subsection 8.2.1) constrained the maximal
contribution of these blazars to the astrophysical muon neutrino flux to 27 % [169]. In
their publication, the authors used the derivation of an all-flavor neutrino flux for the
comparison. In order to allow a fair relation to their limits, this flux was reduced to
account for muon neutrinos by assuming a flavor ratio of (ν̂e : ν̂µ : ν̂τ ) ∼ (1 : 1 : 1)

(Subsection 4.2.3). Comparing the limits to an updated version of the actually observed
muon neutrino flux in the Northern Hemisphere (Figure 8.14), a larger contribution of
up to ∼ 67 % might be feasible.
The possible contributions for both, the 2LAC and the 3FHL catalog to the muon

neutrino flux between 40 TeV and 3.5 PeV are listed in Table 8.4 respectively for two
different hypothetical source spectra. An updated version of the 2LAC, namely the
4LAC based on 8 years of observation time was recently released by the Fermi LAT
collaboration [46]. Compared to its predecessor 2LAC, this catalog contains nearly
three times the amount of sources detected with a slightly lower energy threshold of
50 MeV. A re-evaluation of the previous 2LAC blazar population analysis with the
updated source catalog in combination with a vastly increased amount of available
neutrino data can give further insight into this blazar scenario.
Ultimately it is worth pointing out again, that the analysis in this work was im-

plemented with the aim to observe time-integrated neutrino emission from the 3FHL
blazar population. However, the hypothesis test can be easily extended to include
assumptions on potential time-dependent neutrino emission features. This could, for
instance, involve studies correlating gamma-ray and neutrino flaring periods.
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9
Future Prospects for High-energy

Neutrino Astronomy

The history of neutrino physics and in particular high-energy neutrino astronomy at the
South Pole depicts a success story over many decades. The major milestones along the
path towards our current knowledge are illustrated in Figure 9.1. With the detection
of atmospheric neutrinos in AMANDA in 2001 [183], and the discovery of astrophysical
neutrinos in 2013 with the successor IceCube [2], both detectors achieved their primary
objective shortly after their completion. Since then the IceCube collaboration confirmed
this discovery in different distinct analyses. Yet no sources of these astrophysical neu-
trinos have been discovered within the first 10 years of detector lifetime. In 2018 the
blazar TXS 0506+056 revealed first evidence for high-energy neutrino emission in multi-
messenger studies (Section 4.4). As shown in the previous chapter such evidence could
not be confirmed for the general case of blazar or any other source populations yet.
Consequently, it seems reasonable to re-think the possible search strategies for the ori-
gin of high-energy astrophysical neutrinos. For this reason, we summarize the current
status, potential, and issues of point source searches performed in IceCube in the first

Figure 9.1: Timeline of the history of neutrino astronomy at the South Pole. The figure
is taken from [182].
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Figure 9.2: Left: Detection efficiency Neff of the IceCube detector. The orange band
indicates the most optimal region for neutrino point source searches with
this setup. Right: Sensitivity and 5σ discovery potential for neutrino point
sources with 10 years of IceCube data. The data are taken from [3].

section of this chapter. Afterward, we propose a global neutrino telescope network of
existing and prospective neutrino observatories and study its potential in Section 9.2.

9.1 Current Status of High-energy Neutrino Point Source
Searches

Since the first discovery of an astrophysical neutrino flux in 2013, the IceCube collabo-
ration has raised large efforts to localize the origin of these events. Next to independent
searches within neutrino data, several known astrophysical objects and populations (e.g.
the 3FHL blazar population in Chapter 8) have been studied for their neutrino emission.
While one of these multi-messenger studies revealed evidence for neutrino emission from
the blazar TXS 0506+056, no source has been discovered at a 5σ level within the first 10
years of detector lifetime. In order to develop further strategies of neutrino point source
searches, the status and the potential of current analyses with IceCube is illustrated
in both panels of Figure 9.2. The sky map in the left panel illustrates the detection
efficiency Neff of the IceCube detector defined as

Neff(δ, γ) =

∫ ∞
0

Aeff(δ, Eνµ)E−γνµ dEνµ , (9.1)

for a source with spectral index γ = 2. In general, the detection efficiency is proportional
to the number of expected astrophysical events Nνµ (Equation (7.27)) from a source
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with spectral index γ. The distribution in the left panel of Figure 9.2 nicely shows that
for sources with hard γ = 2 power-law spectra, the detection efficiency rapidly drops in
the Southern Hemisphere below δ ∼ −5◦. This effect is caused by atmospheric muons
vastly dominating the event rate in this region. Above δ = 30◦ the detection efficiency of
the IceCube observatory also drops in the Northern Hemisphere due to the absorption
of high-energy neutrinos inside the core of the Earth. Hence the optimal region of
the IceCube detector for such sources is limited to the region around the horizon from
approximately −5◦ to 30◦. Although IceCube constantly observes neutrinos from every
direction in the Universe, this means that only ∼ 30 % of the sky is covered with optimal
sensitivity. The distribution of high-energy track-like events, most likely representing
astrophysical muon neutrino events clarify this observation. The vast majority of these
events are located in the region around the horizon. Some high-energy events are also
detected in the Southern Hemisphere by means of vetoing techniques, that only yield
minor enhancements for statistical searches of neutrino point sources. Two more points
are worth to be noted from the illustration of this sky map. Firstly, the blazar TXS
0506+056 is located exactly within the optimal region of the IceCube detector and thus
has an maximal probability to be detected. Secondly, we can see that only a small part
of the galactic plane is covered by the region around the horizon, while a large part
including the galactic center can only be studied with the considerably worse sensitivity
in the Southern Hemisphere.
The distribution of the sensitivity and discovery potential sources with a γ = 2

spectrum, shown in the right panel of Figure 9.2 reassures the improved sensitivity of
IceCube at the horizon for hard sources. Besides it also provides additional information
about the potential of future neutrino point source discoveries. Next to the sensitivity
and discovery potential of IceCube1, the flux limits of several potentially interesting
sources are shown (blazars, etc.). Several of these sources reveal limits close to the
one observed for TXS 0506+056 and in particular close to the flux threshold required
for discovery. Hence it might be possible that we just reached the threshold for many
more neutrino sources similar to TXS 0506+056. Improving the performance of the
current analyses might shed light on this speculation. The fundamental question is,
if such improvements can be realized by means of additional data from the IceCube
detector. In order to answer this question we have to contemplate the temporal evolution
of the sensitivity and discovery potential with increasing amount of data. We can
identify theoretical boundaries by considering two extreme scenarios. Assuming that the
region around the hypothetical source is dominated by background, then the statistical

1Note that both thresholds are not corrected for the look elsewhere effect that arises from scanning
the whole sky.
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fluctuations of these background events evolve with the square root of the total amount
of events2 and hence the measuring time t. The amount of the signal events on the
other hand increases linearly with t (Equation (7.27)), yielding an improvement of the
discrimination between signal and background that is proportional to

dφmin
thr

dEν
(t, t0) ∝ 1√

t/t0
, (9.2)

where dφthr
dEν

can be both, the flux threshold for the sensitivity as well as the discovery
potential and t0 depicts an artificial reference time. In a background free environment,
the improvement of the analyses performance only depends on the linear growth of the
signal event rate, yielding

dφmax
thr

dEν
(t, t0) ∝ 1

t/t0
. (9.3)

The actual evolution of the discovery potential for single point source searches as well
as for population searches such as the 3FHL blazar stacking in Chapter 8 depict an
average of both scenarios [158]. Assuming a single power-law with spectral index γ = 2,
the performance for both analyses improves with

dφthr
dEν

(t, t0) ∝∼ 1

(t/t0)0.8
. (9.4)

This means that the performance of point source analyses can be improved by ∼ 40 %

when doubling the amount of experimental data. Hence additional data represent a
powerful tool to improve the sensitivity of point source analyses throughout the first
years of data-taking. Nevertheless current point source analyses in IceCube already
make use of ∼ 10 years of data. Hence significant improvements in the performance of
the analyses can not be expected from the collection of more data3.

In 2014 the IceCube collaboration proposed an extension of the current IceCube
detector, called IceCube-Gen2 [184]. This successor is supposed to instrument 10 km3

of glacial ice, with the spacing of the modules optimized for high-energy muon neutrino
tracks. Due to the potential improvements of the reconstructions (a long lever arm
allows both, improved directional as well as energy reconstructions) and a vast increase
in statistics, this detector aims to improve the performance of point source analyses by a
factor of ∼ 5 with respect to the current IceCube detector. While IceCube-Gen2 could

2Similar to the standard deviation of a poissonian distribution.
3Note that neutrino flares could by chance still yield discoveries of neutrino sources with the current
setup.
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Figure 9.3: Location of the observatory sites of the available large volume neutrino
telescopes.

overcome the flux threshold to discover neutrino sources at the horizon, its optimal
performance is limited to the region around the horizon, hence missing roughly 70 % of
the entire sky4.

9.2 Prospects towards a Global Neutrino Telescope
Network

Despite being the only neutrino telescope build in ice, IceCube is not the only neutrino
observatory on our planet that aims to detect high-energy neutrinos. With the Baikal
Gigaton Volume Detector (Baikal-GVD)[135], the Cubic Kilometer Neutrino Telescope
(KM3NeT)[133] and the Pacific-Ocean Neutrino Explorer (P-ONE)[185] three more
neutrino detectors based in water are under construction or running in partially finished
configurations (Subsection 6.4.2). All of these neutrino observatories attempt to find the
origin of high-energy astrophysical neutrinos, bringing light into the physics involved
in multi-messenger astronomy. The different sites of these observatories are marked on
the world map shown in Figure 9.3.

In order to improve the sensitivity for a discovery of high-energy neutrino sources,
we investigate the combined performance of a global network of all four neutrino
telescopes. We will call this global network Planetary Neutrino Monitoring system
(PLEνM) throughout this thesis [185]. Using a combined effort of all existing resources

4Note that both IceCube and IceCube-Gen2 are actually observing these parts in the sky as well but
only with limited sensitivity.
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will not only offer maximal sensitivity towards the detection of neutrino sources but can
also solve the challenges obtained by the individual detectors (such as for instance the
declination dependent analysis performance in IceCube). In the following chapter, we
will study the potential of PLEνM. In a first step, we compare the optimal field of views
from the respective detection site before we derive estimates for the sensitivity and dis-
covery potential of the global telescope network based on simplified, yet conservative
detector assumptions.

9.2.1 Combined Field Of View of PLEνM

As mentioned repeatedly throughout this thesis, the performance of point source analy-
sis in IceCube is optimal for sources located at the horizon. In this region, the event rate
is neither dominated by atmospheric muons (because of the shielding of the Earth) nor
affected strongly by the absorption of the high-energy part of the neutrino flux in the
Earth’s core. These effects are not the result of any specific detector geometry but are
solely caused by the particular location of the detection site. Hence we expect a similar
behavior for each of the other telescopes as well. Yet, instead of the actual horizon,
their best field of view will be at the respective detector horizon of their observation
site. A combined field of view of all four neutrino telescopes is shown in Figure 9.4,
assuming that the optimal detection range of each telescope is similar to the one from
IceCube from δ ∈ {−5◦, 30◦}.
Although being an extremely simplified consideration, this illustration already pro-

vides valuable information about the behavior and the potential of a combined telescope
network. While IceCube’s performance constantly peaks at the horizon, the optimal
detection regions of the other telescopes shift throughout one day due to the rotation
of the Earth. These shifts are illustrated by the four panels in Figure 9.4, which are
respectively shifted by 6 h (corresponds to 90◦). From each of these skymaps, it is
obviously visible that a large region of the Universe is covered by at least one of the
telescopes in optimal configuration at any point in time. Based on the optimal angular
observation range chosen for this illustration roughly 85 % of the sky are provided with
optimal exposure of PLEνM. The missing fraction mostly resides in the region close to
the North Pole, which is not covered by any of the telescopes.

Despite the extension of the total exposure of the Universe by nearly a factor of 3, the
potential of PLEνM compared to IceCube can be highlighted by means of two specific
examples. As previously mentioned, a large fraction of the galactic plane including the
galactic center is located in the low-performance region of the IceCube detector. Using
a combined telescope network completely changes this picture. As visible in Figure 9.4
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Figure 9.4: Optimal field of views from different detection sites at different observation
times. While IceCube is not affected by the rotation of the Earth due to
its exceptional location, the optimal field of views of the Universe from the
other telescope sites are shifted with time.

the galactic center, as well as a large fraction of the galactic plane, constantly appear
within the optimal detector performance region of one of the observatories. In this way,
not only the time-integrated flux but even short transient emission of sources from this
region could be observed. Note that in principle this improvement is not restricted to
galactic phenomena, but could be applied to any kind of neutrino source that is not
located close to the North Pole.
Next to the study of galactic phenomena, a combined neutrino telescope network

could be also used to strengthen or rule out the discovery of neutrino sources for instance
at the horizon. This can be exemplary demonstrated by looking at the particular
example of the blazar TXS 0506+056, that showed evidence for neutrino emission at
a 3.5σ level within IceCube data between September 2014 and March 2015 [5]. From
Figure 9.4, it becomes clear that in the case of TXS 0506+056 being a source, a roughly
similar neutrino signal should have been visible in a combined effort of the remaining
three telescopes. Observing a signal at a similar level (3.5σ) would boost the individual
IceCube result to a combined outcome of PLEνM very close to a point source discovery
at ∼ 4.8σ5. In a similar way, the signal observation by IceCube could have been

5Based on Fisher’s method for two independent results bearing upon the same null hypothesis [186].
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sanctioned and potentially ruled out by not detecting any signal by any of the other
telescopes.

9.2.2 Neutrino Point Source Discovery Potential of PLEνM

In the previous subsection, we pointed out the potential of PLEνM that arises from the
superposition of the best field of views from the individual telescopes. Nevertheless,
in this simplified view, we completely neglect that each of these observatories also
observes neutrinos outside these regions with lower sensitivity towards point source
searches. In this subsection, we want to include the full potential of each telescope
in order to derive a realistic estimation of the sensitivity and discovery potential of
a combined network. Since none of the telescopes apart from IceCube reached their
final detector configuration yet, we cannot rely on performance measurements from
these sites. In order to estimate the combined potential of PLEνM anyway, we built
our study on the basic detector assumptions from IceCube. In the following, we will
assume that each of the neutrino telescopes included in PLEνM performs exactly like
the IceCube detector, but at its respective telescope location. Since each of the new
telescopes under construction (KM3NeT, Baikal-GVD and P-ONE) are designed to
outperform IceCube in the search for high-energy neutrino sources, this depicts a very
conservative assumption. Consequently also the values for the discovery potential that
will be shown depict conservative estimates, that will most likely be outperformed by
the actual implementation of PLEνM.

Since all of the telescopes within the network of PLEνM can be de treated as in-
dependent observatories, we can use a linear superposition of the individual effective
areas

APLEνM
eff =

∑
k

Akeff, (9.5)

with k ∈ {IceCube, KM3NeT, Baikal-GVD, P-ONE}. On the basis two essential facts
we can use this effective area to evaluate the combined potential. Initially we recall from
Equation (7.27), that the number of observable events from a steady emitting source
with flux d2φνµ

dtdE is defined as

Nνµ =

∫
∆E

Aeff(E, δ)
d2φνµ
dt dE

dE τ, (9.6)

where τ depicts the total observation time. Similar to the total observation time τ , the
effective area Aeff incorporates linearly in this definition. Hence constant changes in
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either of the two parameters have similar effects on the number of signal events. In this
sense we observe twice the amount of signal events Nνµ from doubling the effective area
as well as from doubling the total observation time. In the beginning of this chapter we
have observed that the performance quantities such as the sensitivity and the discovery
potential evolve with τ−0.8 (Equation (9.4)) for point source analyses in IceCube. For
the performance study in this section we will attribute changes of the effective area
to relative changes in the observation time. The observation time τ that the IceCube
detector needs to observe the similar amount of events as PLEνM within τ0 is

τ = τ0

∫
∆E A

PLEνM
eff (E, δ)

d2φνµ
dtdE dE∫

∆E A
IceCube
eff (E, δ)

d2φνµ
dtdE dE

. (9.7)

In this sense, the PLEνM network can be interpreted as extension of IceCube’s observa-
tion time by a factor of τ/τ0. Ultimately using the time evolution monitored in IceCube
allows an approximate evaluation of the sensitivity and discovery potential of PLEνM.
Using the approximated effective areas, based on the assumption that detectors are

similar to IceCube we can evaluate these performance magnitudes for the PLEνM net-
work. The effective area depends on both declination and energy. Hence on grounds of
better manageability, we make use of the detection efficiency Neff instead. Assuming a
source following a single power-law distribution, both parameters are correlated accord-
ing to Equation (9.1). The detection efficiencies of all four telescopes for one specific but
artificial moment in time are shown in Figure 9.5. Similar to IceCube, the performance
of the other telescopes is best at their respective horizon and drops vastly towards their
respective southern hemisphere that is dominated by atmospheric muons. While the
rotation of the Earth hardly affects neutrino studies for IceCube6, the local detection
efficiency of the other telescopes rapidly changes throughout one day. Since we are
mostly interested in time-integrated neutrino emission studies over many months up to
years, we only care for the detection efficiency averaged over time periods larger than
a few days day. These average detection efficiencies with respect to IceCube are shown
in Figure 9.6. Note that due to very similar latitude (or declination) of the observation
sites of KM3NeT, Baikal-GVD and P-ONE their average detection efficiencies are very
similar.
In order to generate the scenario of PLEνM, we can simply take the sum of the

average detection efficiencies of the individual observatories7. By comparing this sum

6Note that this only counts for analysis that search for neutrino emission in time windows that are
larger than a few days.

7For sources following a single power-law this shows a similar effect as the superposition of the effective
areas (Equation (9.5).
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Figure 9.5: Detection efficiency for a source following a single power-law spectrum with
γ = 2 at one artificial moment in time for all neutrino telescopes that are
part of the PLEνM performance study. The respectively 100 sources with
the highest gamma-ray emission within the 3FHL and the 4FGL catalog are
illustrated as well [165, 187].

to the respective values for IceCube yields estimates for the increase in observation time
τ/τ0. In the following we will use three different expressions for the resulting sensitivity
and discovery potential values. Next to the absolute values dφconfthr

dEν
for these performance

parameters, we also show the improvement of the detector configuration compared to
IceCube at its optimal location δ = 0 defined as

R0(δ, γ) :=
dφIceCubethr

dEν
(δ = 0, γ) /

dφconfthr
dEν

(δ, γ), (9.8)

and the relative improvement at the actual location defined as

Rrel(δ, γ) :=
dφIceCubethr

dEν
(δ, γ) /

dφconfthr
dEν

(δ, γ). (9.9)

The improvements of PLEνM compared to IceCube for similar observation times and
sources with unbroken power-law γ = 2 is shown in Figure 9.7. The skymap in the
left panel directly reveals that PLEνM opens a window to basically every point in the
Universe with at least the optimal sensitivity of IceCube at the horizon. Even in the

162



Figure 9.6: Detection efficiency for a source following a single power-law spectrum with
γ = 2 averaged over time periods of > 1 d for all neutrino telescopes that are
part of the PLEνM performance study. The respectively 100 sources with
the highest gamma-ray emission within the 3FHL and the 4FGL catalog are
illustrated as well [165, 187].

region close to the North Pole approximately 75 % of IceCube’s optimal performance are
reached. Hence a global neutrino telescope network could accomplish a complete survey
of the sky for these kinds of neutrino sources. Comparing the explicit performance
at each declination directly reveals that PLEνM improves the point source analysis
performance by more than a factor of 20 in the Southern Hemisphere and at least a
factor of 2 everywhere else.

The spectral shape of potential neutrino sources is still unknown. In fact, while for
instance, most theoretical models for blazars predict spectral shapes harder than the
general assumption of γ = 2, the IceCube measurements reveal that the spectral shape
of the entity of astrophysical neutrinos most likely follows a power-law distribution with
a softer spectral index. In order to study both scenarios in the context of PLEνM, sim-
ilar comparisons as shown in Figure 9.7 for γ = 2, are shown in Figure 9.8 for sources
with γ = 1.5 and γ = 2.5 respectively. Similar to the scenario for γ = 2 neutrino
sources, the skymaps in the left panels illustrate that by means of PLEνM nearly the
whole Universe can be studied with at least the optimal sensitivity of IceCube at the
horizon. The explicit improvements at the respective declinations Rrel are differing for
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Figure 9.7: Performance of PLEνM with respect to IceCube for similar run times and
sources following an unbroken power-law distribution with spectral index
γ = 2. The respectively 100 sources with the highest gamma-ray emission
within the 3FHL and the 4FGL catalog are illustrated as well [165, 187].

the two scenarios. For sources with a hard spectral index of γ = 1.5, IceCube per-
forms best at the horizon. Nevertheless also the sensitivity in the Southern Hemisphere
enhances compared to softer sources because the on average higher energies of the neu-
trino events offer a better discrimination power with respect to low-energy atmospheric
muons. Consequently the explicit improvement Rrel (top right panel of Figure 9.8) in
the Southern Hemisphere is less than for softer sources, yet still achieves a factor of
∼ 5. While the relative performance of IceCube in the Southern Hemisphere increases
for hard sources, the absorption of high-energy neutrinos in the core of the Earth yields
a decline in the region close to the North Pole. Hence the combined telescope network
will also yield improvements by a factor ∼ 5 for sources with γ = 1.5. For sources fol-
lowing a softer power-law distribution of γ = 2.5 the situation is exactly the other way
round. In the region above the horizon, PLEνM will outperform IceCube by more than
a factor of ∼ 2.5. In the Southern Hemisphere, IceCube’s sensitivity for neutrino point
sources drops drastically for soft sources. This is caused by the poor energy discrimina-
tion between atmospheric muons and neutrinos and low-energy astrophysical neutrinos.
The remaining telescopes in the PLEνM framework can compensate IceCube’s weak
performance, yielding improvements of more than a factor of 160 in this region.

Up to now we always showed comparisons of PLEνM and IceCube based on the
assumption that both instruments measure over the same time period. Nonetheless,
the IceCube collaboration already measured neutrino data by means of its full detector
configuration for more than 10 years. In order to display a more realistic scenario for the
PLEνM network, we want to account for this fact. In the following, we will investigate
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Figure 9.8: Performance of PLEνM with respect to IceCube for similar run times and
sources following an unbroken power-law distribution with spectral index
γ = 1.5 and γ = 2.5. The respectively 100 sources with the highest gamma-
ray emission within the 3FHL and the 4FGL catalog are illustrated as well
[165, 187].

the improvements of PLEνM, if we turn on this global network after 10 years of exclusive
runtime of IceCube. The evolution of the relative improvements Rrel with increasing
lifetime for sources following a power-law distribution with γ = 2 is illustrated in Figure
9.9. We can see that even after the first year of PLEνM the sensitivity towards point
sources improves by a factor of four in the Southern Hemisphere. After three years the
performance in the south already enhances by a factor of ∼ 8 evolving to a factor of
∼ 14 after 10 years. At the horizon PLEνM enhances the sensitivity by ∼ 50 % after 5
years and ∼ 70 % after 10 years.

9.2.3 PLEνM and IceCube Gen-2

As previously mentioned at the beginning of this chapter, not only new neutrino tele-
scopes are under construction but also the IceCube collaboration itself plans a high-
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Figure 9.9: Relative improvements due to (x)yr of PLEνM compared to IceCube run-
ning for (10 + x)yr. The red band in the colorbar indicates the range of the
values apparent in the respective skymap. The respectively 100 sources with
the highest gamma-ray emission within the 3FHL and the 4FGL catalog are
illustrated as well [165, 187].

energy extension, called IceCube Gen-2, around the currently existing detector volume
that could yield a gain for point source sensitivities by a factor of ∼ 5. In the following,
we will include this successor in the scenario of PLEνM. In the left panel of Figure 9.10
the relative improvement Rrel of a global neutrino telescope network including IceCube
Gen-2 compared to IceCube is shown for sources following a power-law with γ = 2.
Similar to before we presume for this study that IceCube already measured data for
10 years before PLEνM and the IceCube upgrade start their operation for additional
10 years. Similar to the before the largest improvement compared to IceCube arises
in the Southern Hemisphere. Yet, as a result of the IceCube upgrade Gen-2 also the
performance at the horizon and in the Northern Hemisphere increases by nearly a factor
of 4.

In the right panel of Figure 9.10 the influence of KM3NeT, Baikal-GVD, and P-ONE
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Figure 9.10: Left: Relative improvements for sources with spectral index γ = 2 due to
additional 10 yr of PLEνM and Gen-2 compared to IceCube running for
20 yr. Right: Relative improvements due to additional 10 yr of PLEνM
and Gen-2 compared to IceCube and Gen-2 running for (10+10)yr respec-
tively. The respectively 100 sources with the highest gamma-ray emission
within the 3FHL and the 4FGL catalog are illustrated as well [165, 187].

within this scenario is illustrated. Including these detectors to IceCube and IceCube-
Gen2 yields large improvements to sensitivity in the Southern Hemisphere. Nevertheless
in the Northern Hemisphere and at the horizon IceCube Gen-2 dominates the sensitivity
in this scenario. Note that this specific outcome is strongly affected by the primary
assumption made in this study, which established that all other telescopes (except
IceCube Gen-2) operate similar to the IceCube detector. In fact, since probably all of
these detectors will outperform IceCube in terms of point source sensitivities, all results
shown in this study can be interpreted as conservative estimates.
Ultimately the absolute values for the 5σ discovery potential for the previous scenario

are shown in Figure 9.11. As visible, the discovery potential of the combined network
of PLEνM+Gen2 would cover the 90 % C.L. upper limits for all tested sources from
[3]. In order to reach the discovery potential of the combined network of PLEνM and
IceCube Gen-2 at the horizon and the Northern Hemisphere after 10 years of runtime,
IceCube would need to observe the sky for additional ∼ 100 years. To accomplish
a similar performance in the Southern Hemisphere, IceCube would need to run for
auxiliary ∼ 350 years.

9.3 Conclusion

The study described in this chapter revealed that a combined network of neutrino
telescopes at different detection sites can vastly improve the point source sensitivity of
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IceCube within a few years. While a large factor of this enhancement at the horizon
and in the Northern hemisphere can be attributed to the IceCube upgrade Gen-2, the
Southern Hemisphere can only be accessed by means of the other telescopes. In order to
optimally access the region close to the North Pole, another neutrino telescope located
somewhere in the Southern Hemisphere would be necessary.

The study in this chapter only consider point source searches based on track-like
events mainly induced by muons and muon neutrinos. In ice, these track-like events
allow for a median angular resolution of less than 1◦ at energies above 1 TeV. Hence
they depict the optimal event type to observe the local clustering of neutrinos from
astrophysical sources. In contrast, due to scattering and their spherical appearance,
cascade-like events from electron neutrinos and NC interactions can only be recon-
structed with a median accuracy of 10◦ to 15◦ in IceCube (Subsection 6.4.1). As a
consequence cascade-like events in ice are barely valuable in the search of their sources.

This situation changes for neutrino telescopes in water. In water, the propagation
of Cherenkov light is mainly dictated by absorption effects, while scattering only de-
picts a minor influence. Hence, depending on the spacing of the detector modules,
more direct un-scattered photons can be observed which subsequently yields the chance
for enhanced reconstructions. The median angular resolution for track-like events in
KM3NeT is roughly 0.2◦ above 10 TeV, while cascade-like events above 100 TeV can
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still be reconstructed with a median angular uncertainty of 1.5◦ [188]. In this scenario,
not only track-like events but also the second major event topology can be used for
the study of neutrino point sources. While track-like events still outperform the direc-
tional reconstruction of cascade-like events, the latter appears to obtain other major
advantages for point source searches. In contrast to track-like events, the energy of ob-
servable cascade-like events is mostly contained inside detector volume, allowing for an
accurate energy reconstruction. The accurate knowledge of their energy can be utilized
to discriminate against the atmospheric background. Moreover, the total event rate
of cascade-like events at higher energies is not influenced by atmospheric muons that
dominate the rate of track-like events. Hence their total rate is mainly constituted by
atmospheric and astrophysical neutrino events. In combination with the accurate en-
ergy estimation, cascade-like events in water-based neutrino telescopes can introduce a
second alternative facility to discover astrophysical neutrino sources. The exact poten-
tial of these events in this context requires a detailed dedicated study for the respective
telescope.
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A
Theory: Variable Conversions

Experimental results of particle collisions can be measured and interpreted in different
kinds of variables. Hence in order to combine multiple different data sets, it may often
be necessary to convert all these results to values in terms of one common specific
variable. The hadronic production yield data in Section 5.3 represent such a case. In
the following, we will introduce all particle conversions that are necessary to convert all
of these experimental data to the xLab frame (Equation 5.6).

A.1 Particle Interactions

The inclusive production of a particle c in the interaction of particle a and b can be
written as

a + b −→ c + X, (A.1)

where X denotes all other possible products of the interaction. Due to energy and
momentum conservation the following equation holds

pa + pb = pc + pX (A.2)

with pi being the 4-momentum vector of particle i ∈ {a, b, c,X}. More explicitely this
can be written as (

Ea

pa

)
+

(
Eb

pb

)
=

(
Ec

pc

)
+

(
EX

pX

)
, (A.3)

with Ei being the energy and pi being the respective momentum vector. Moreover the
energy momentum relation

p2 = E2 − p2 = m2 (A.4)
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Figure A.1: View on the collision of two particles from two different reference frames.

applies universally for relativistic particles. The center of mass energy (c.m. energy) of
this particle collision is defined as

Ec.m. =
√

(pa + pb)2 (A.5)

A.2 Frame of Reference

Particle collisions can be considered within different reference frames. In the situation
of fixed target experiments the target material is at rest, hence pb = 0. Throughout
this thesis, we will refer to this perspective as the laboratory or fixed target frame. The
situation is illustrated in the left panel of Figure A.1. The center of mass energy can
be written as

E2
c.m. = (Ea + Eb)

2 − p2
a (A.6)

(A.4)
= 2Eamb +m2

b +m2
a (A.7)

Ea�ma,b≈ 2Eamb (A.8)

On the other hand, in the reference frame of collider experiments, particles a and b
collide with opposite momentum, pa = −pb := p. The representation of the collision is
displayed in the left panel of Figure A.1. In case both a and b are of the same particle
type they also have the same mass and hence the same energy Ea = Eb := E (refer to
(A.4)). In the following we will refer to this view as the center of mass frame, with all
particles being written with an asterix ∗. The center of mass energy in this scenario can
be written as

E2
c.m. = (E∗a + E∗b )2 (A.9)
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A.3 Transformation between Reference Frames

Each situation in a specific reference frame of an observer can be expressed also in
the view of another observer by doing a linear Lorentz transformation between the
respective coordinate systems

p∗ = Λp, (A.10)

where Λ represents the Lorentz matrix. A boost along the z-direction from a system at
rest to a system moving with velocity v is characterized by the Lorentz matrix

Λ =


γ 0 0 −γβ
0 1 0 0

0 0 1 0

−γβ 0 0 γ

 , (A.11)

where β = v/c and γ = 1√
1−β2

is the Lorentz factor. According to Equation (A.10),

this transformation yields a relation between the energy and momentum in the frame
at rest and the moving system

E∗ = γ (E − βpz) (A.12)

p∗x = px (A.13)

p∗y = py (A.14)

p∗z = γ (pz − βE) . (A.15)

These relations can be used to describe the transformation of a system from the center
of mass frame to the laboratory frame which is boosted with β = vz

c relative to the
center of mass system such that the particle b is at rest. Following Equation (A.15)
yields

0 = γ (p∗z − (−β)E∗b ) (A.16)

=⇒ β =
p∗z
E∗b

. (A.17)

Assuming that both particles have the same mass ma = mb := m, the energy of the
particles in the center of mass frame can be written as

E∗2
(A.9)
=

E2
c.m.

4

(A.8)
=

1

2
m(Ea +m). (A.18)
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Using this expression the boost factor β can be expressed as

β2 =
p∗2z
E∗2b

(A.19)

(A.4)
=

E∗2b −m2

E∗2b

(A.18)
=

Ea −m
Ea +m

(A.20)

The Lorentz factor γ is defined as a variable of β and can be written as

γ2 =
1

1− β2
(A.21)

(A.20)
=

1

1− Ea−m
Ea+m

=
Ea +m

2m
(A.22)

=
(Ea +m)2

2m(Ea +m)

(A.8)
=

(Ea +m)2

E2
c.m.

. (A.23)

A.4 Variable Conversions

As mentioned at the beginning of this chapter the measured data of hadronic interac-
tions that are used in this work are all evaluated in terms of different variables. In this
section, we will use the formulas that were previously introduced in order to express
them in terms of

xLab =
Ec
Ea

, (A.24)

which is defined in the laboratory frame as the ratio of the energy of the secondary
particle c with respect to the projectile energy Ea.

A.4.1 Conversion from xF (c.m. frame) to xLab

The Feynman variable xF is defined in the center of mass frame as the fraction of
longitudinal momentum of the secondary particle c and the overall center of mass energy

xF =
2p∗c,z
Ec.m.

. (A.25)

Hence the range of possible values for xF is between -1 and 1. Different to the Feynman
xF , xLab can only obtain values between 0 and 1. In order to convert xF to variables in
the lab frame and finally xLab one has to boost the c.m. system to the lab frame. The
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Figure A.2: Relation between xLab and xF for pions and kaons. The different colors
illustrate different transverse momenta pc,T .

energy of the secondary particle in the lab frame can be estimated as

Ec
(A.15)

= γ (E∗c − (−β)pc,z) (A.26)
(A.4)
= γ

(√
m2
c + p∗2c,z + p∗2c,T + βp∗c,z

)
(A.27)

(A.25)
= γ

(√
m2
c +

1

4
x2
FE

2
c.m. + p∗2c,T +

1

2
βx2

FEc.m.

)
(A.28)

Using this one can convert xF to xLab according to

xLab =
Ec
Ea

=
γ
√
m2
c + 1

4x
2
FE

2
c.m. + p∗2c,T + 1

2γβx
2
FEc.m.

Ea
(A.29)

Despite the properties of the interacting particles this conversion does not only depend
on xF but also on the transverse momentum p∗c,T of the secondary particle. An illus-
tration of the effect of the transverse momentum on the conversion is shown in Figure
A.2

A.4.2 Conversion from rapidity y (c.m. frame) to xLab

The rapidity of a particle a is defined in the center of mass frame as

y = arctanh

(
p∗a,z
E∗a

)
(A.30)
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Given this equation the longitudinal momentum p∗a,z can be written as

p∗a,z = tanh (y) · E∗a
(A.4)
= tanh (y) ·

√
m2
a + p∗2a,z + p∗2a,T (A.31)

⇒ p∗2a,z = tanh2 (y) ·
(
m2
a + p∗2a,z + p∗2a,T

)
(A.32)

⇔ p∗2a,z =
tanh2 (y) ·

(
m2
a + p∗2a,T

)
1− tanh2 (y)

(A.33)

⇒ p∗a,z =
tanh (y) ·

√
m2
a + p∗a,T√

1− tanh2 (y)
(A.34)

Using the context of the longitudinal momentum p∗a,z and the Feynman xF from
Equation (A.25) in combination with the conversion introduced in the previous subsec-
tion we can directly get an expression for xLab in terms of rapidity. The Feynman xF is
defined in Equation (A.25) as a function of p∗z. Using this definition and the expression
from Equation (A.34) one can write xF in terms of rapidity y as

xF
(A.25)

=
2p∗c,z
Ec.m.

(A.35)

(A.34)
=

2 tanh (y) ·
√
m2
c + p∗c,T

Ec.m.

√
1− tanh2 (y)

(A.36)

Inserting the above derived expression for xF into Equation (A.29) yields

xLab
(A.29)

=
γ
√
m2
c + 1

4x
2
FE

2
c.m. + p∗2c,T + 1

2γβx
2
FEc.m.

Ea
(A.37)

(A.36)
=

γ

√
m2
c +

tanh2(y)(m2
c+p

∗2
c,T )

1−tanh2(y)
+ p∗2c,T + 2γβ

tanh2(y)(m2
c+p

∗2
c,T )

Ec.m.(1−tanh2(y))

Ea
(A.38)

Similar to above above the expression explicitly depends on the transverse momentum of
the secondary particle c. The influence of the transverse momentum on this conversion
is illustrated in Figure A.3 for pions, kaons and protons.

A.4.3 Conversion from the total momentum p (lab frame) to xLab

The full energetics of a particle with mass m can be described by xLab and the trans-
verse momentum pT of the particle. The longitudinal momentum of the particle can
be derived using Formula (A.4). Yet, of course, this is not the only possible represen-
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Figure A.3: Relation between xLab and rapidity y for pions and kaons. The different
colors illustrate different transverse momenta pa,T .

tation of the properties of a particle in the lab frame. The absolute value of the total
momentum p and the polar angle θ, defined as the angle between the direction of the
projectile particle a and the secondary particle c represent an alternate description.

Using Formula (A.4), these variables can be easily transformed to xLab and transverse
momentum pT values. Since both variable sets are defined in the lab frame no Lorentz
transformation is necessary. The lab momentum can be expressed as

xLab =
Ec
Ea

=

√
m2
c + p2

c

Ea
(A.39)

The transverse momentum can be written as

pT = sin(θ) · |p| (A.40)

Different to the conversion in the previous two subsection the conversion from the total
momentum to xLab doesn not depend on the transverse momentum of the secondary
particle c.

A.5 Transformation of Particle Yields

Experiments like the NA49 and the NA61/SHINE collaboration measure inclusive par-
ticle production yields from hadronic particle collisions. These data are measured in
fixed target experiments, whereas the results are either presented in terms of xF , rapid-
ity y or total momentum p. Throughout this work we aim to use these data to compute
atmospheric lepton fluxes. In order to solving a set of of coupled cascade equations

177



we are in particularly interested in the pT -integrated particle production yields as a
variable of xL

dN

dxLab
=

∫
d2N

dxLab dpT
dpT (A.41)

Hence in the following section we will concentrate on providing the technical apparatus
to convert the experimental outputs from Table 5.1 to Equation (A.41).

The total particle multiplicity is defined as

N =

∫∫
d2N

dxLab dpT
dxLab dpT (A.42)

Assuming we have a different set of variables u and v which can be related to xLab =

xLab(u, v) and pT = pT (u, v) and also cover the full momentum phase-space, the mul-
tiplicity integral can be written in terms of u and v as

N =

∫∫
d2N

dxLab dpT
(u, v) · J dudv :=

∫∫
d2N

dudv
dudv , (A.43)

where J is the Jacobian of the transformation to the new coordinates that is defined as

J =

∣∣∣∣∣∂xLab∂u
∂xLab
∂v

∂pT
∂u

∂pT
∂v

∣∣∣∣∣ =
∂xLab
∂u

∂pT
∂v
− ∂xLab

∂v

∂pT
∂u

. (A.44)

For all the data in Table 5.1 the contribution to the transverse component of the mo-
mentum is measured. Hence we can set v = pT yielding the jacobian

J =
∂xLab
∂u

. (A.45)

Ultimately according to Equations (A.43) and (A.45) the required pT integrated pro-
duction yield from Equation (A.41) can be evaluated from the new coordinates as

dN

dxLab
=

∫
d2N

dudpT
· ∂u

∂xLab
dpT (A.46)

In case the derivate ∂u
∂xLab

is independent of the transverse momentum pT , the integrated
production yields in terms of u can be used directly for the conversion

dN

dxLab
=

∫
d2N

dudpT
dpT ·

∂u

∂xLab
. (A.47)

While this is not the case for u ∈ {xF , y} (refer to Equation (A.29) and (A.38)), the
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derivative of the total momentum p with respect to xLab is independent of pT .
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B
Application: Variable Conversions

The measured particle production data from hadronic interactions that are used through-
out this work are summarized in Table 5.1. In order to apply these measurements to
MCEq, they have to be reproduced to transverse momentum integrated production
yields in terms of xLab (refer to Equation (A.41)). Since each of these data sets is
evaluated in terms of different variables we have to apply an independent conversion
respectively. The technical instruments that are required for these transformations are
summarized in Appendix A. Since each measurement has its own parameter represen-
tation each transformation has its own puzzles. In the following, we will address the
actual conversions of all data sets given in Table 5.1.

B.1 Inclusive Particle Production in Proton Carbon
Interactions at 158GeV

The NA49 experiment at CERN analyzed the particle production within collisions of
protons moving at 158 GeV and a carbon target [99]. As a result, the inclusive pro-
duction yields of charged pions, protons, anti-protons, and neutrons were measured as
variables of xF . The analyzers published both the pT dependent as well as pT integrated
results of the analysis According to Appendix A and in particular Equation (A.46) the
data can be converted to the required quantity. Since the derivate of xF with respect
to xLab is not independent of the transverse momentum we can not apply Equation
(A.47) and use the integrated data directly, but have to make use of the pT dependent
data. This fact becomes more obvious if we look at the conversion of the phase-space
binning scheme that was used in the analysis. This transformation is illustrated for π+

in Figure B.1. The curved shape of the original binning in the xLab space indicates
that the integration along the pT direction differs strongly between the two coordinate
systems, with the biggest effect appearing at low values of xLab. The situation for the
other secondary particles is mostly similar to the effect of this pT dependence weakening
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Figure B.1: Binning scheme used for the π+ production yields measurement performed
at the NA49 experiment [99]. The shaded colors indicate the width of the
respective xF bin in the left panel and the affiliated bin width in terms of
xLab on the right side.

for the heavier particles.
Consequently, we have to use the double differential data to carry out a proper un-

biased conversion. In the following, we will only show the conversion of the production
yields of positively charged pions explicitly, with the general transformation method
being identical for all the other secondary particles. The measured double differential
production yields of π+ in the corresponding binning scheme are illustrated in the left
panel of Figure B.2. According to Equation (A.46) we transform the result of the re-
spective bin to the corresponding bin in the lab frame coordinate system. In a next step,
we define a reasonable binning scheme in the new xLab-pT coordinates and calculate the
mean values in these bins. The transformed outcome from π+ in the new coordinate
system is shown in the right panel of Figure B.2. Ultimately we can integrate these
values along the transverse momentum to obtain the pT integrated production yields in
terms of xLab.
The uncertainties of the original data are propagated along with this procedure,

yielding the resulting uncertainties of the desired variables. In case this conversion
method does not introduce any further uncertainties, these values can be seen as the
total error of the transformed data. In theory, this conversion method could introduce
additional deviation due to the choice of the binning scheme. In order to quantify this
effect, we applied this procedure to Monte Carlo simulated distributions from different
theoretical interaction models. The additional deviation on these simulations is of the
order of . 5 %. Hence to be conservative we introduce an additional uncertainty of 5 %
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Figure B.2: Double differential π+ production yield from proton carbon interactions at
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respective coordinate system. Left: Originally measured data. Right:
Converted production yields. The binning scheme was chosen according to
the phase space coverage of these data.

to all converted data points.

The final converted and integrated outcomes including their uncertainties are illus-
trated in Figure 5.4.

B.2 Inclusive Particle Production in Proton Proton
Interactions

The NA61/SHINE collaboration analyzed the particle production within collisions of
protons moving at different GeV energies and a proton target [102]. As a result, the in-
clusive production yields of charged pions, kaons, protons, and neutrons were measured
as variables of the rapidity y. The analyzers published both the pT dependent as well
as pT integrated results of the analysis Similar to the previous section the integrated
data can not be used directly, since the derivate of the rapidity y with respect to xLab
in Equation (A.46) is not independent of the transverse momentum. This fact becomes
more obvious if we look at the conversion of the phase-space binning scheme that was
used in the analysis. This transformation is illustrated in Figure B.3 for the π+ pro-
duction yield at at 158 GeV beam momentum. Similar to above the curved shape of
the original binning in the xLab space indicates that the integration along the pT direc-
tion differs strongly between the two coordinate systems. The situation for the other
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of the respective rapidity y bin in the left panel and the affiliated bin width
in terms of xLab on the right side.

secondary particles is mostly similar to the effect of this pT dependence weakening for
the heavier particles but being even stronger for lower beam energies.

As a consequence, we have to use the double differential data to carry out a proper
unbiased conversion. In the following, we will only show the conversion of the production
yields of positively charged pions explicitly, with the general transformation method
being identical for all the other secondary particles. The measured double differential
production yields of π+ in the corresponding binning scheme are illustrated in the left
panel of Figure B.4. The transformation to the xLab-pT coordinate system follows the
exact same step as described in the previous section. The transformed outcome from
π+ in the new coordinate system is shown in the right panel of Figure B.4. The pT
integration of converted yields requires a little bit more effort than the one in Appendix
B.1 since no data for low pT values exist above xLab & 0.2. In order to compensate for
this lack of data, we apply a theoretically motivated fit function to these data [102].
The integrated values are then derived from these fits.

Similar to the method in the previous section, the uncertainties of the original data are
propagated along with this procedure. Tests based on Monte Carlo simulations revealed
that the conversion procedure also introduces small additional deviations. Similar to
above we established an additional uncertainty of 5 % to cover these deviations.
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158 GeV beam momentum. The red lines show the binning used in the
respective coordinate system. Left: Originally measured data. Right:
Converted production yields. The binning scheme was chosen according to
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B.3 Inclusive Particle Production in Proton Carbon and
Pion Carbon Interactions

Next to the proton-proton data set from Appendix B.2 the NA61/SHINE also took
data with a carbon target. Next to protons as projectile particles, also measurements
with a π− beam exist. Both data sets were analyzed in terms of the total momentum
of the secondary particles. Since the partial derivative of the total momentum with
respect to xLab does not depend on the transverse momentum the integrated data can
be converted directly according to Equation (A.47).
The converted production yields of both data sets are illustrated in Figure 5.4 and

5.5.
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C
Integration of Hadronic Models in

MCEq

MCEq can solve a set of coupled cascade equations in order to compute the flux of
particles generated along the path of a cosmic-ray induced air shower. Within the nu-
merical implementation hadronic interactions are treated within the interaction matrix
(Equation (5.25)) which contains the elements

ck(Ej)→h(Ei) = ∆Ej
dN int

k(Ej)→h(Ei)

dEi
, (C.1)

where the index j indicates the projectile particle and i the secondary product (refer to
Equation (5.21)).
After the unification of all measured data sets mentioned in Table 5.1, these measure-

ments can be used to describe the hadronic interactions in MCEq. In order to describe
the elements of the interaction matrix, these data have to be converted according to

ck(Ej)→h(Ei) = ∆Ej
dN int

dxLab

dxLab
dEi

= ∆Ej
dN int

dxLab

1

Ej
, (C.2)

where we used the definition of xLab from Equation (5.6) in the last step.
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D
Uncertainty Propagation in MCEq

Using coupled cascade equations, MCEq can calculate atmospheric particle flux within
the order of seconds. Hence MCEq is perfectly suited for the study of the effects from
different components on these outcomes. We can even go one step further and propagate
the uncertainties of the input parameters through the whole cascade. As a result, we
obtain the uncertainties on the final outcomes. In this chapter, we will shortly introduce
the principal concept of uncertainty propagation that we use here and its application
to MCEq.

Assuming we have a function

f(x|a0 · · · an), (D.1)

that depends on set of correlated coefficients {a0 · · · an}. Each of these coefficients is
measured with a given gaussian uncertainty σii. The correlation between the individual
parameters can be described by the correlation coefficient σij . The effect of these
uncertainties on the function f can be quantified by making use of the principle of
quadratic uncertainty propagation. The total uncertainty of f can be written as

∆f(x|a0 · · · an) =

√√√√ n∑
i,j

(
∂f

∂ai

∂f

∂aj

)
σij (D.2)

=

√√√√√√√( ∂f
∂a0

· · · ∂f
∂an

)
Σ


∂f
∂a0
...
∂f
∂an

, (D.3)
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where Σ indicates the covariance matrix containing the uncertainty coefficients σij

Σ =


σ2

00 · · · σ0n

...
. . .

...
σn0 · · · σ2

nn

 . (D.4)

Hence if can access the derivatives of f with respect to the coefficients ai, we can
compute the absolute error ∆f caused by the uncertainties of the coefficients.

This principle can be directly applied to the situation in MCEq. In the following, we
will show this based on a short simplifying example, which can be generally extended
to all other situations. Let us assume that we want to compute the flux of atmospheric
muon neutrinos at the surface of the Earth. This can be easily calculated with MCEq
(Subsection 5.1.3). In a next step, we want to quantify how this result is affected by
the hadronic production of pions in interactions of protons within the atmosphere.

Assuming that these production yields can be described by a function g

dN int
p→π

dEπ
(Ep) = g (Eπ, Ep|a0 · · · an) , (D.5)

which depends on n correlated coefficients {ai}i∈{0···n}, with respective uncertainties σi,
then the total uncertainty of the muon neutrino flux caused by the uncertainties of the
hadronic pion production can be written as (Equation (D.3))

∆φνµ(E|dN int
p→π) =

√(
∂φνµ
∂π

)T
· Σπ ·

∂φνµ
∂π

, (D.6)

where similar to above Σπ corresponds to the covariance matrix of the coefficients in g
and

∂φνµ
∂π

=


∂φνµ
∂a0
...

∂φνµ
∂an

 . (D.7)

The computed atmospheric fluxes in MCEq are numerical solutions of a set of coupled
cascade equations (Subsection 5.1.3). Consequently the simplest way to estimate the
derivatives from Equation (D.7) we apply the approach of finite difference derivatives in
order to get a numerical approximation. In case of the example above these derivatives
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this yields

∂φνµ
∂ai

∣∣∣∣
â

= lim
h→0

φνµ(· · · , âi + h, · · · )− φνµ(· · · , âi − h, · · · )
2h

(D.8)

h�|âi|≈ φνµ(· · · , âi + h, · · · )− φνµ(· · · , âi − h, · · · )
2h

, (D.9)

where â illustrates the set of expectation values {âi}i∈{0···n}.
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E
Data-driven Hadronic Interaction

Model: Additional Material

Projectile Secondary Ep [GeV] ZDDM
ps ∆ZDDM

ps ZSIB
ps (C) ZSIB

ps (air)

p π+ 31 0.0474 0.0009 (1.9 %) 0.0505 0.0502
158 0.0477 0.0033 (7.0 %) 0.0414 0.0412

p π−
31 0.0292 0.0002 (0.8 %) 0.0287 0.0288
158 0.0265 0.0005 (1.8 %) 0.0261 0.0262

p K+ 31 0.0067 0.0008 (12.3 %) 0.0038 0.0038
p K− 31 0.0015 0.0001 (5.1 %) 0.0017 0.0017
p p 158 0.1531 0.0044 (2.9 %) 0.1821 0.1784
p p̄ 158 0.0010 0.0001 (12.4 %) 0.0010 0.0010
p n 158 0.0737 0.0080 (10.8 %) 0.0681 0.0682

π− π+ 158 0.0504 0.0003 (0.7 %) 0.0465 0.0467
350 0.0417 0.0025 (6.0 %) 0.0462 0.0467

π− π−
158 0.1556 0.0437 (28.1 %) 0.2120 0.2118
350 0.1409 0.0390 (27.7 %) 0.2152 0.2151

π− K+ 158 0.0075 0.0001 (1.9 %) 0.0045 0.0045
350 0.0039 0.0004 (10.3 %) 0.0047 0.0047

π− K−
158 0.0093 0.0002 (1.8 %) 0.0082 0.0083
350 0.0056 0.0014 (24.4 %) 0.0092 0.0091

π− p
158 0.0070 0.0002 (2.9 %) 0.0026 0.0025
350 0.0039 0.0002 (3.9 %) 0.0026 0.0025

π− p̄
158 0.0067 0.0001 (0.9 %) 0.0044 0.0044
350 0.0061 0.0013 (21.7 %) 0.0049 0.0048

Table E.1: Spectrum weighted moments for the inclusive particle production yields
shown in Figure 5.4 and 5.5. The experimental data from the DDM are
generated with a carbon target. Comparable values from SIBYLL 2.3c for
carbon and air targets are shown in the last two columns.
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F
3FHL Blazar Stacking: Analysis

Performance

F.1 Background Test Statistic Distributions

The background test statistic distributions of all four blazar categories apparent in the
3FHL catalog are illustrated in Figure F.1. Assuming that all required conditions for
Wilks theorem are fulfilled, the distributions should follow the modified χ2 function
defined in Equation (7.56). This distribution is illustrated by the black lines in Figure
F.1. Due to the multiplicity of approximations applied for the underlying probability
density functions of the hypothesis test, Wilks theorem does not describe the actual
distributions correctly. Hence we use the actual test statistic distributions generated
from background trials for the evaluation of the p-value (Subsection 7.3.4) and the
sensitivity (Section 7.4). In order to access the tails of the distribution at high test
statistic values we make use of another modified χ2 fit

f(Λ|x, y) ∼
{

x if Λ = 0

(1− x) · χ2
ndof=y

(Λ) else .
, (F.1)

where x and y depict the free parameters of f . These distributions are illustrated by
the orange lines in Figure F.1.

F.2 Recovery of Physics Parameters

In order to verify the functionality of the hypothesis test, we want to investigate if we
can recover the true physics parameters λs and γ of a hypothetical neutrino source.
In the following, we will exemplarily assume all sources following a power-law with
spectral index γ = 2. Under the assumption of this spectrum, the recovery of the
physics parameters will be shown exemplarily for the FSRQ sub-category for different
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Figure F.1: Background test statistic Λ distribution for all tested 3FHL blazar cate-
gories.

scenarios. The generally observed behavior of all other blazar categories is similar to
the one of the FSRQ objects.

In general, the hypothesis analysis in this thesis performs best once the model as-
sumptions correspond to the actual true parameters of the source population. Hence,
in order to study the effect coming from putative deviations, we initially recall the
assumptions made for the 3FHL blazar population analysis in Subsection 8.2.2:

• Location of M neutrino sources at the position of 3FHL objects

• A global power-law spectrum with spectral index γ that is valid for all sources.

• All sources constantly emit the neutrinos at a steady rate

• The relative neutrino emission strength of the individual sources follows a prede-
fined distribution according to Equation (7.53). In the case of the 3FHL popu-
lation analysis we fix the relative weights wj of each source j to wj ∼ φj0 := φ0.
Hence all sources are assumed to generate observable neutrinos at the Earth at
the exact same rate with wj = 1/M .

The recovery of the true number of signal events λs and the true spectral index γ
for the case where all these assumptions are correct are shown in Figure F.2. After
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Figure F.2: Recovery of the true physics parameters of the FSRQ source population
based on the assumption that φj0 = φ0.

reaching a certain source strength (λs ∼ 25), both the number of signal events λs and
the spectral index γ can be nicely recovered within the 68 % uncertainties.

F.2.1 Deviations from the Uniform Neutrino Emission Assumption

Nevertheless this situation changes if the relative source weights wj do not follow a
uniform distribution anymore. The potential influence of these weights becomes clear
if we recall the signal likelihood function for the hypothesis of multiple sources defined
in Equation (7.51)

p(xi|{xksrc, φk0}k∈M , γ) =
M∑
j=1

p(xi|xjsrc, φj0, γ) · rj(γ) · wj , (F.2)

where rj(γ) depicts the relative detection efficiency at the position of source j according
to Equation (7.54). As highlighted in this formula, the spectral index γ appears in both
the signal likelihood of the individual source as well as the relative detection efficiency
wj(γ). The declination distribution of the latter for different spectral indices is shown
in Figure F.3. In case all sources emit neutrinos at the same strength as predicted by
the fixed theoretical weights wj = 1/M , the fitted global spectral index γfit should be
able to recover the true spectral shape for a strong signal. This expectation is confirmed
by the outcome in Figure F.2.

Nevertheless, once the real signal strength distribution differs from the uniform as-
sumption fixed in the likelihood method, then the fitted spectral index γfit will try to
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Figure F.3: Detection efficiency for different source spectra based on simulated events
from IC86 2012-2016.

compensate this false assumption by means of the relative detection efficiency rj(γ). In
this case, γfit deviates from the truth value γ even if all pdfs within the analysis are
known perfectly. This behavior will be illustrated by means of two extreme examples
in the following.

F.2.2 Example 1: Major Contribution from the Horizon

In the first example signal events are injected according to the randomly assigned emis-
sion strength distribution shown in the left panel of Figure In this scenario, the strongest
sources come from the region close to the horizon. Nevertheless as before, within the
likelihood method, we assume an equal emission strength with wj = 1/M for all sources
j. The median fitted spectral index γfit and the median fitted number of signal events
λfits are shown in Figure F.5. Above a certain signal strength, the median fitted spectral
index settles far below the true value of γ = 2 at values around γfit0.5. To a large
extent, this deviation can be attributed to the false neutrino strength assumption in
the analysis. In this scenario, the fitted spectral index γfit not only tries to maximize
the test statistic Λ with respect to the individual signal pdfs, but also tries to account
for the deviation of the assumed source strength distribution with respect to the truth.
Since most of the signal contribution comes from sources around the horizon, the rela-
tive detection efficiency rj(γ) tend to prefer hard spectra (for hard spectra the detection
efficiency at the horizon is significantly larger than for sources located at high declina-
tions, Figure F.3). In total, the fitted spectral index compensates the wrong assumption
yielding a spectral shape that is ∼ 1.5 harder than the true spectrum.
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Figure F.4: Left: Relative neutrino strength distributions for example 1. Right: Rel-
ative neutrino strength distributions for example 2. The colors indicate the
relative neutrino strengths wj . The orange circles depict the region where
the strongest sources are located in the respective example.

Ultimately, it seems reasonable to look at the other fit parameter, namely the fitted
number of signal events λs as well. The distributions of λfits for an increasing number
of injected signal events λs is shown in the left panel of Figure F.5. Since both fit
variables, λs and γ are strongly correlated (high energy events from a source can be
easier discriminated from the atmospheric background than low energy events), it is not
surprising that also the fitted number of signal events does not recover the true number
of injected signal events. In fact, since the fitted spectrum is much harder than the true
spectrum it seems obvious that fewer signal events are required.

F.2.3 Example 2: Major Contribution from the High Declinations

The relative source strength distribution of the second example is illustrated in the
right panel of Figure F.4. In contrast to the first example, the major neutrino signal
now comes from sources located at high declinations. The median values of the fitted
source population parameters are illustrated in Figure F.6. The outcome of this second
scenario basically depicts the exact opposite of the observations from the first example.
According to Figure F.3 soft spectra tend to yield high detection efficiencies rj for
sources located at higher declinations. Hence in order to compensate the false source
strength distribution assumption, the fitted spectral index γfit yields a soft spectrum
with values around 2.5. Correspondingly the fitted number of signal events λfits over-
estimates the true value λs.

Based on the observation from these two extreme examples we can state that the
interpretation of the fit parameters λfits and γfit is not obvious. The interpretation as
the true physical population parameters is only valid as long as all model assumptions
are correct. If the true source strength distribution deviates from the fixed assumption,
the estimated parameters can strongly deviate from the corresponding truth. At this
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Figure F.5: Recovery of the true physics parameters of the FSRQ source population
based on the relative source strength distribution in example 1.

point it is worth noting that this issue does not appear if we treat the relative source
strength wj as free parameters in the analysis1.

F.2.4 Implications on the p-value

The fitted population parameters strongly depend on the correctness of the relative flux
strength distribution within the hypothesis test. Yet, it is not necessarily clear what
the observations from the previous section mean for the p-value and the sensitivity or
upper limits of the analysis. These questions will be treated in the following.

If the model assumption is different from the actual truth this affects of course also the
result and hence the p-value of the analysis. The more correct the model assumptions,
the more power is assigned to the corresponding hypothesis test.
If we inject signal events, assuming that all of these sources actually have the same

neutrino strength, then the free fit parameters of the test statistic Λ and in particular
the spectral index try to optimize the signal likelihood of the individual sources in
Equation (F.2). The second highlighted term in this equation will naturally account for
declination dependent detection effects of the detector since the true source strength
distribution is recovered correctly by the model weights wj . In this case, the analysis
builds up the most optimal for the true population scenario. The signal of each source
is accounted for with the correct weight and including detector effects.

1Unfortunately this could not be realized for this analysis since this introduces an enormous number
(M) of additional free parameters. The minimizer used in this work was not able to properly handle
these.
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Figure F.6: Recovery of the true physics parameters of the FSRQ source population
based on the relative source strength distribution in example 2.

Now, let us assume again a scenario of a population of neutrino sources, which all
emit neutrinos at a different strength. Yet within the likelihood analysis, we assume
that all sources obtain an equal emission strength. As before, in order to maximize
the test statistic Λ, the spectral index γfit does not only try to optimize the individual
source signal probabilities, but now also tries to account for the false theoretical source
strength assumption via the detector weight rj . While the fitted source parameters
deviate from the truth, it is still possible to observe test statistic values Λ larger than 0

from such a source class. Yet the analysis would on average behave more optimal if the
correct source strength weights wj would have been chosen. This is mainly caused by
the fact, that the most driving factor for every point source analysis in IceCube is the
spatial accumulation of signal events. The energy term adds additional information to
distinguish between astrophysical signal and background. These energy terms can not
be recovered perfectly once the true source strength distribution is different from the
model assumption. Yet it is still possible to detect the accumulation of signal in space
from all sources.

In summary, one can state that even in the case where the source strength model
assumption is wrong, it is possible to detect a signal from the tested source class (at
least if the model assumption is equal weighting) and hence get a meaningful p-value.
Of course, this p-value could be stronger when choosing the correct model assumption.
The exact effect of false relative neutrino strength assumptions can be estimated by
means of comparing sensitivity values. This is shown in the following subsection.
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Scenario Sensitivity [GeV cm−2 s−1]
1 1.7× 10−9

2 6.7× 10−10

3 2.1× 10−9

4 2.7× 10−9

Table F.1: Sensitivity of the FSRQ blazar population for different source strength real-
izations. More details can be found in the text.

F.2.5 Implications on the Sensitivity and Upper Limits

If the model assumption of the relative neutrino emission strength distribution is differ-
ent from the actual truth also the sensitivity and upper limit evaluations are influenced.
In the following, we will calculate the sensitivity of the 3FHL FSRQ blazars for four ex-
treme scenarios with different true source strength distributions. Within the likelihood
method, equal emission strength is assumed for all of these scenarios. The first scenario
depicts the case where all sources emit the same amount of neutrinos. The remaining
three scenarios constitute realizations with only one source in the whole sample emit-
ting neutrinos. The respective scenarios differ by the declination of this one neutrino
source, with one being located at δ ∼ 0◦ (scenario 2), one at δ ∼ 30◦ (scenario 3)
and one at δ ∼ 50◦ (scenario 4). The corresponding sensitivity values to each of these
scenarios are listed in Table F.1. The first scenario and the last two scenarios yield a
rather similar sensitivity, while the flux threshold in the second scenario is significantly
lower. This results from the fact that the IceCube detector is most sensitive to sources
located around the horizon (at least for not too soft spectra). Hence from such sources
less signal events are needed than for sources at higher declinations.

In fact from this observation it seems, that it is beneficial to have only one source
at the horizon even if the model assumption in the likelihood method is not correct.
This is of course only true for the absolute number of signal events. For the case where
all sources emit neutrinos at the same strength only a weak signal is needed from each
source. On the other hand, once only one source emits neutrinos and all the others do
not, it has to be a very strong source. In this case, a stacking analysis is by definition
not the optimal analysis to find the signal.

In summary, one can state that for the sensitivity it is, in fact, crucial where the
strongest sources are located. If they are located close to the horizon, fewer signal
events are required in total. Nevertheless, if only a few sources contribute, the require-
ment for these few sources is much higher than it would be for the case where all sources
contribute. Everything that is mentioned here for the sensitivity values, accounts simi-
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larly for upper limits. In fact, for both sensitivity and upper limit fluxes, we estimate
uncertainties that account for deviations of the actual source strength distribution from
the uniform assumption. These uncertainties are based on the assumption, that the gen-
eral neutrino source count distribution of the 3FHL population follows a development
similar to the respective gamma-ray source count distribution. The exact procedure is
explained in more detail in Appendix G.
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G
Determination of Flux

Uncertainties and Energy Ranges
for Sensitivity, Discovery Potential

and Upper Limits.

For all fluxes derived in this work we evaluate the 68 % uncertainties of the flux value
corresponding to possible deviations of the equal neutrino strength assumption from the
actual relative neutrino strength distribution. Besides we also estimate the 90 % energy
region for the respective scenario where IceCube has the highest exclusion power. Both
procedures follow the strategies introduced in [169]. In the following, both approaches
are shortly outlined here.
In order to account for deviations of the actual neutrino source count distribution

(SCD) from the equal emission strength assumption, we generally assume that neutrino
source count distribution follows a similar shape as the corresponding photon source
count distribution at 3FHL energies [51]. In this sense, we expect a lot of sources with
faint neutrino fluxes and only a few sources with a significantly larger neutrino emission
rate. Although we do not have any confirmed knowledge about the neutrino source
count distribution of any source population, this assumption might, in fact, depict a
realistic scenario. In order to evaluate uncertainties sensitivity and upper limit fluxes,
we randomly assign source weights wj to the individual sources according to this SCD
and re-evaluate the desired flux thresholds. The 68 % uncertainty of the flux values
assembles from the 68 % central region of these random outcomes.
In order to determine the 90 % energy region that contributes most to the respective

flux, we compare the respective flux to the differential sensitivity of the analysis in
IceCube. The IceCube data have the highest exclusion power at the energies where the
ratio between the flux and the differential sensitivity is maximal. The central interval
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Figure G.1: Determination of the energy range that contributes most to the sensitivity
for different source spectra.

enclosing 90 % of the area under the flux-sensitivity ratio is used to define the energy
range that contributes 90 % to the sensitivity for a given spectrum. This procedure is
illustrated for three exemplary neutrino spectra in Figure G.1
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