
13 Symmetry Protected

topological

phases ( SPT

Quantum phases of matter in ID 1 gap , -1=0 )

Two States are in the same phase iff there
exists a local unitary that transforms one into
the other :

• •

U = T e

' iosdgttlg)

•  •  • •

schematic phase diagram :
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.

trivial

513 ± Spontaneous sym . breaking I Landau theory )

Trivak
Adiabatically connected to Sym . Product state

.

'

SPT ± Phase of matter is not characterized by SB

but instead it is protected by a symmetry
.

Example
5=1 chain with single ion anisotropy
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"
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Symmetries : Translation
, Zax UH ) 222×22 , TR

,
Inversion

How to distinguish the phases ?

.

13.1 30 sonic SPT order in ID=IDSPT stabilized by different symmetries : oh - site
,

TR
, inversion , ...

Focus on on-site symmetries , e.g. spin flip symmetries :

Projective representations
mum

Operators uig ) form a projective representation IPR) if

d
Ulg ) . U 1h ) =

ei 9h
. Ulg . h)

,

{eid9h}
is the factor set I fulfils consistency and : Associating )

.

[ 2- Co  chain 6×6 → UH ]

If fgh :¢sh=O,
the representationis linear

.

Allowing to change the phases utg ) =
eid . Ulg )

,
which

PR can be transformed into each other ?Olin
= ¢ an

+ dgn - dy - Lh

Equivalent PR belong to the same cohomology class HYGUH)



:{ 1. R , R
'

,
... ,R

"

} I

Example

ZN @RIA ⇒ an =eidH

Redefinition kr= e- i%
UR removes the phase : All pr . rep . equivalent

Examples
Zax Zz :{ 1. Rx,Rz,R×R . }

%

ui=ui=l
R×Rz=RzR× ⇒ U× U

,
=e

# U
, U× xD

Phase ¢ = 0,1T cannot be removed : 2 classes b

[ Integer 1 half

integer
representation ]flassificatlondfIDSPTH

) Symmetric under Qj Ujlg) with Ujlgl being a linear on-site

representation of g :
X dimensional

ft Projective representation

VPV→¥u
=ei°¥

"

,
[

V.
A ]=0

linear

representation

of GEG

The projective representation together with the phase eio
classify different SPT.



Sketch of a proof :

1.1 Combine n transfer matrices In;m=¥ytzI±ftnfnff .

If n > ) 5
,

We can write TH
, pp

'  = ] € .

This expression can be decomposed

~ ~  ~ *

Tad
, M

'  = §ALP
Atipi

with

#
Iii

'

=

' ]fh "being the fix . point MPs
.

( same entanglement as the original MPS )

2.1 Study the fix point MPs :

" ftp.t#F.. .

a) Without symmetry : we can always find a local

unitary U that disentanglesthestate

ftp.GO

m Every state can be transformed to a product state

b) With symmetry : Two fix - point M Ps

An
and B can

be transformed by local unitary ill both States

have projective representations of the same class
.



Example

22×22 symmetry in SH spin chain

Sufficient to look at two generators
,

e. s .

Rx
, Rz .

On - site representation in terms of SH operators :

u×=e"T5×
,

uz=e#5 '

I linear representations)

Thus the MPs transforms as

(

§
[ uxsjn th = ei0×

V×PhVI]
Rin=L ⇒QUE AT

Vx
, Vz can be linear or projective representions of Zzxzz ,

i.e.
,

Vx . K =  ± KVX .

AKLT : P
' '

=

Blood,
PE -

tall
:L

,
r

' '

=N}l%
)

Uz = (
"

1

. ,
) m Vz = 52

[ e. a ,
to:D . Kill 'oH= to-9118't t.to to ) ]

- 1

U×= (
. ,

-1 ) ~ ) V×=J×

m )

VxVz
= -

Vzk=

10>10) : Vx =K = TI

n , V×k=±kV×



- AKLT phase hasdeseneracies in the ES since

A commutes with Vx ,
Vz and VXK = - Vzvx .

[ A 14h= Ankh ) , Nxldn ) = An . Vxldnl and An'Hn7=o ]
mm  mm

Hi )

- AKLT can be generalized to higher spin S

even S : fractionalization into integer spin ⇒
"

trivial
"

odd S : fractionalization into half - integer spin ⇒ SPTP

tnvnerslnnymmnrySPT can be protected by inversion symmetry

0 ° 0 | o o o : i = - i - 1

-3 - 2 - 1 0 1 2

MPs transforms as P → PT :

PT=±VpVt
and V=±vT

Tmererersalsymmetrymps

transforms
as P → P* : P

*

= ± V. PV
'

and ✓ =  ± VT

theignatvreolITphases

How to detect an SPT ? No local order parameter !

Edge modes
mm

Finite segment of an SPT has Sbm . protected , gapless edge modes
.



Example : AKLT

tournament
t  n ) 4 - fold degeneracy of the ground state

leg . Kramer 's degeneracy on

both ends )

String order parameter
- - -

Supposethe state 147 is invariant under as ,h EG
,

such that [Quinn] 147 = it IN ) .

Define the string order parameter as

slaxtflimdnlxiioeiugh
;

HY
list

On the first glance :S should be non . zero for any
state that is symmetric under g !

Turns out to bemoresubtle ! If X is chosen approriately ,
S can

distinguish SPT phases
.

Use the MPs representation to understand S :

!???? !!!!!

shirt / i #DpPlDpDp# n' /
d  a @ O  d  •  •  A

+

17*1n*n p
'tp*np⇐np*

ftp.t#sifn.n.ktn.n.r

.
I!

r.hr
.

= Into
.

ii.Hitd  a @ 0  d  •  •  A

n*nn*n p
*P*nAnA



Canon . 17 17[ Form

!]
•

• n n •

•

=

A • • Vgt . Vg •  • N

•
n n

•

,9*

•

*

Suppose that Uguntlhug and

Vnvg
=e

#

VGVN
Choose X to have a particular quantum
number under h :

an
. X.

An
= eit X

.

The matrix Xw= fifth,

transforms the same way underVnµhXVI=eioX
' ]

.

(similarly for XR on the  right)

+

It follows that

trHXhVs]=tr[
KAXNVIVI

]
= ein "

trl

nxnv's
]

m Selection rule : String order vanishes if 01+-0 !

Vanishing string order in a symmetric phase is

What is surprising !

Example : 5=1 chain with Zia , sym .

SnlaxtflimHIS

:L
§je*5y5 ;HY

lijl - ) W

'

\ #z H  = Elsieit ,
+ D. $.?j

'

]



13.2 Major anachain revisited
mm  mm -

µ t µ t M
Dimerized chain of Major ana Fermions : Dee

Described by the Hamiltonian
8

' 02 83 84 05 %

H= i§j't tajtaj ,
t i§

,Mtaittaj
which commutes with ftp.tibinra;] IParity symmetry )

Hamiltonian is real 42=+1 → Class BDI with Z top .
phases

Stacking of chains :

¥
- x

x - × It  TE  + ,
Maiorano modes

; Cannot be coupled
× - ×

by quadratic terms as

What if we allow quartic terms ( e.g. 88881 ? they violate Til !

Coupling 8 Majorana fermions with qvartic term
Can " gap out

" the edge mode n , trivial phase

Thus Z → Zs in presence of interactions
.

Different SPT , classified by how symmetries at on the edges :

- P=R . Pr
,

RPR = ein PRR
,

that
- The way T acts on the edges

,
K=aT

- Commutation relation of Pandy
,

01=0,
IT



Ethnicity

-213

Generalisation

of

AKHto2D:_

5=2 state on the square lattice
.

A segment cut out of 217 plane :

o.gr#:ges=ho:g~.g:mng.:mn....m.:

.

T
th I Mt ) - Itt ) )

m ) 5- k degrees of freedom at the edge

m Can be removed if translation symmetry
is broken Wimevization )

→ SPT phase only if translation symmetry
is preserved !

CZX - model : 22 sym . protected SPT - phase
mmm

SPT that does not require translation symmetry .

Consider a square lattice with four tiny spins per site :

::  ::  ::
e ion , ,

Onsite symmetry
::  :: :: J×

::  :: :

: f.•

F.I ao.io?F:a



Symmetry group generated by

Uczx = Ux Ua .

with U×=ofo×zrYoI
Ucz = ( 2,2 ( Zn ( 2 }y( 241

,

(2--100) (001+101) ( 01 It 1107401 - 111 ) ( 111

n ) 2h group [ Uizx = 1 ]

Hamiltonian contains local terms around plaqueHes

H=§Hp , Hp = - Xa ' Pip
"

Pi Pi
p.gs#y::gp;

with Xa = 10000741111 + Ill " > ( 00001 and ::npg::
P

,
= 100 ) ( 001 + 111 ) ( 111 2

All term commute n ) Into ) = Op / loooo> + him ] Unique GS
,

CZX sym .

Nontrivial character at the boundary : Study reduced density

got.h§tgtfg
E- to >cool +1 " , a , ,

Matti 'S for a block

× S
,

= 10>(01+11) ( 11

Only degrees of freedom at the boundary are free
.

m Effective degrees of freedom IT ) = 111 )
,

10 ) = 1007

(f) = 11 ) , 107=10 ) at corner )



CZX sym .
acts non ttivally on

the effective spins at boundary :

tax = t.IE Mci ; ;n .

Special symmetry :

111 Not an on-site

symmetry

l independent of how we group

the sites )

121 No term with Czx symmetry can yield

a Unique , gap state at

the
boundary n ) SPT phase

t

Proof : Express tax as matrix product unitary jpi
"

(g) = # "

Combinedsymmetry operations .
( MPH "

B.
g.

{T.tl/gPgIh=.fT's '  ' %)In
,

Pg
,
sidelined up to

an arbitrary phase factor

Non
. trivial phase factors when combining three symmetry

. #¥Tf!h,
= eio " " ' ' inf¥T¥f!h ,

1 same pros .  on the right 1

n ) 019 , in , %) form a 3- Co cycle , Classified by HYGMH)
n > CZX is non - trivial !

No gapped state can have a sym . with non . trivial MPU !

I Assumption that the state can be expressed by MPs

leadsto contradiction  ~ hexagon  equation )
see Xie  etal

.

PRB 84,235141


