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Note: You will be given time to solve the exercises during the tutorial.

Exercise 1.1: Estimate π with Monte Carlo

a) Estimate π by “shooting” (i.e., drawing random numbers) N times uniformly on a
square and counting the number of points hitting a disc target: the ratio of hits to
N should correspond to the ratio of the areas of the target to the area you shoot
on.

b) Estimate the variance of the error for given N by repeating this a few times.

c) Plot the variance of the error versus N on a log-log scale. What is the scaling of
the error?

Exercise 1.2: Metropolis algorithm for the 2D Ising model

Download the script metropolis.py from the homepage, which implements the Metropolis
algorithm for the classical 2D Ising model H = −J

∑
〈i,j〉 σiσj with J ≡ 1. The 2D Ising

model has a critical point at Tc = 2J/ ln(1 +
√

2) ≈ 2.269.

a) What is the script plotting?

b) What are “typical” configurations at temperatures T � Tc, T ≈ Tc and T � Tc?

c) Plot the energy E and specific heat CV versus temperature T for different system
sizes L.

d) Adjust the script to measure the magnetization M = 1
L2

∑
i,j σi,j. Plot how M

changes with simulation time (=the number of updates performed) for T > Tc,
T ≈ Tc and T < Tc. Which time scales can you recognize? In which cases do you
still get the correct expectation value 〈M〉 = 0? Plot 〈|M |〉 (i.e. taking the absolute
value of M before averaging) versus T to see the transition.

e) Include a magnetic field h coupling to the spins with a term H ′ = −h
∑

i σi. Plot
〈M〉 versus T .

Bonus Some further ideas for playing around:

• Instead of restarting from a random state for each new β, re-use the last state of
the previous simulation. You should still perform sweeps without measurements
for the thermalization. Is it better to start with large β or small β?

• Change the lattice.

• Optimize the code.

• . . .
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